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§2. UGC CHUNG - UGC CHUNG LON NHAT

@ LY THUYET

Dinh nghia 2.3. Cho hai s6 nguyén a,b. Mot s6 nguyén d 1a uéc ciia a va b dude goi 1a wée chung

cua a va b.

Dinh nghia 2.4. Mot s6 nguyén duong 16n hon 1 chi ¢6 hai uéc duong 1a 1 va chinh né duge goi la

SO nguyeén to.

Dinh nghia 2.5. Cho cac 86 a,b khac 0, tap cdc uée chung ctia a va b 1a khac rong (vi luon co s6
1) va hitu han nén c6 s6 16n nhat; khi dé s6 16n nhat d6 duge goi 1a uéc chung lén nhét ctia a va b.

Ki higu 1 ged(a;b), UCLN (a;b) hay c6 thé chi don gidn hon 1a (a;b).

Dinh nghia 2.6. Néu u6c chung 16n nhat clia a va b bang 1 thi a va b dude goi 1a nguyén t6 cling

nhau.

Tinh chat 2.3. Cho a,b la hai s6 nguyen.

(a) (a;b) = (a;a—0).

a b

(¢) Néu ax + by = m thi (a,b) | m.
Chiing minh.

(a) Dat d = (a,b),d = (a,a —b). ta can ching minh d =d'. Taco d | a,d | bsuy ra d | (a —b). Do
d6 d 1a u6e chung ctia a va a — b. Ma d' = (a,a — b) nén theo dinh nghia ta c6 d < d'. (1)
Tuong ty, d' | a,d" | (a —b) suy rad' | [a— (a—b)] hay d' | b. Do d6 d’ 1a wéc chung ctia a va b
nen d < d. (2)
Tu (1) va (2) taco d =d'.

(b) Dat a =d-d',b=d-V, ta chitng minh (a',b') = 1. Gid sit ngugc lai (a’,b") = m > 1. Khi d6
a=d-a =d-m-a";b=d-m-V' suy ra md(> d) 1a uéc chung ctia a,b vo 1y vi d 1a uéc chung

16n nhét ctia a va b. Vay (a’, ) = =1.

o b
d d
(c) Dat d = (a,b) tacoé d| a,d| b= d| (ra+ yb) hay d | m.

Tinh chét 2.4. Cho hai s6 nguyén a va b, d la nguyen duong, khi d6 d 1a wéc chung 16n nhét clia

a, b khi va chi khi d chia hét cho moi wdc chung khac ctia a va b.
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Chitng minh. Goi e > 0 1a mot u6c chung clia a va b, ta chiing minh e | d. Dt a=d'-d,b=10"-d
khi d6 (a/,b) = 1.

Giastd=gqge+r, trongdo 0 <r<e—1,tacéa=d(qe+r)=dqe+adr,b="V(qge+r)=Vqge+0r.
Khidoé e |a're|br, dat k= (e;sr)tacoe=k-€e,r=Fk-r' va(e';r) =1.

Khi d6 ke’ | a'kr’, suy ra €' | '’ ma (¢/;7) = 1 nén €' | o

Chiing minh tuong tu thi ¢’ |V, suyrae =1, e=k,r=c-r',suyrar =0, hay d | d.

Tinh chdt 2.5. Cho a,b la hai s6 nguyeén, khi dé véi moi s6 nguyen duong c thi (ca;ch) = c- (a;b).

Chitng minh. Dat d = (a;b) va d’ = (ac; be), ta can ching minh d’' = cd.

Ta c6 d | a,d | bsuy ra dc | ac,dc | be, suy ra de | d (1).
Mat khac ¢ | ac,c | be suy ra ¢ | d', dat d' = ¢ - d; ta ¢6 ed; | ac,edy | be suy ra dy | a,dy | b, do d6
di | d,suyrad |cd (2)
T (1) va (2) ta c6 d' = cd ta c6 diéu can chiing minh.

Tinh chat 2.6. Thuat toan Euclide tim uéc chung 16n nhat ctia hai s6 nguyén duong «
va b.

Dau tién ta chia a cho b duge r1(0 < r; < b) , chia b cho ry duge du ro(0 < ry < 7y), cit tiép tuc nhu
thé ta duge day giam cac s6 nguyén khong am: b, ry, 7, .... Do d6 sé ton tai n sao cho r, 1 = 0.
Khi d6 ta co

a=bg+r(0<r <b)

b=riq+7r2(0 <rp <r1)

1 =12g2 +1r3(0 < rg <o)

Tno = Tn_1qn — 1+ 1,(0 <7 < 7 q)
Tn—1 = Tn(Qn

Theo dinh 1y 8 ta ¢6 (a,b) = (b,11) = (r1.12) = ...(rn, — 1,7) = 7p.

Dinh 1i 2.4. Cho a,b 1a cac s6 nguyen va d = ged(a; b). Khi d6 ton tai z,y nguyén sao cho
d=xa+yb

Chitng minh. Dat T = {za+yb | z,y € Z,xza+yb > 0}. Khong mat tinh tdng quét, ta co thé gia
st a #£ 0.

e Néua>0,tac6l.a+0b=a>0,suyraaecT.

e Néua<0,tacéo —a=(-1).a+b0=—-a>0,suyra—a€cT. Vay T # .
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e Khi d6 T c6 phan t nhé nhat, ta diat e = za + yb. Gid st a = ek + 17, v6i 0 < r < e , suy ra

r=a—ek=a— (xa+yb).k =a(l —zk)+ b.yk.
e Néu r > 0 thi r < e mau thudn vi e 1a phan ti nhd nhét ctia 7.
e Vay r = 0 suy ra e | a. Chung minh tuong ty ta c6 e | b do dé e | d.
e Mit khac d | a.d | bsuyrad | (za+ yb) hay d|e. Tu dé tacdd=e.

Heé qua 2.3. Cho céc s6 a, b nguyeén, goi d 1a wéc chung 16n nhat ctia a va b. Chitng minh rang moi

uéc khac cia a va b déu 1a uée cta d.

Chitng minh. Goi ¢ | a,e | b 1a u6c chung clia a,b. Ta can ching minh e | d. That vay theo tinh
chat trén thi ton tai cac s6 nguyén z,y sao chod = z-a+y-b, hon nitae | a,e |bnéne | (z-a+y-b)

hay e | d.
Hé qua 2.4. Cho a,b la cac s6 nguyén t6 cing nhau, khi d6 ton tai cac s6 nguyén z,y sao cho
xa+yb=1
Dinh 1i 2.5. Cho céac s6 nguyén a, m, n.
(a) Néu m | a,n | @ vi m,n nguyén t6 cing nhau thi mn | a.
(b) Néu a | mn va (a,m) =1 thi a | n.

Chiing minbh. e Vim | a,n | aneén co haisd x,y sao cho a = ma = ny. Vi (m,n) = 1 nén ¢o hai
s6 nguyen u, v théa man um+wvn = 1. Nhan a vao hai vé ta c6: a = nym-+mavn = mn(uy+vz).

Do d6 mn | a.

e Vi (a,m) =1 nén c6 hai nguyén x,y sao cho ax +my = 1. Suy ra n = anz + mny. Ma a | mn

nén ta c¢o a | (anx + mny) hay a | n.
Hé qua 2.5. Cho b,c 1a uéc ctia a va (b;¢) = 1 thi b- ¢ cing la wée cia a.
Chitng minh. Do b, ¢ nguyén t6 cliing nhau nén ton tai x,y sao cho
z-b+y-c=1(x)
Hon nita b | a,¢ | @ nén c6 cac s6 nguyén m,n thoa
a=m-b=n-c(xx)
T (*) nhan 2 vé cho a ta ¢6
a=xz-b-(nc)+y-c-(mb)=(xn+ym)- (bc)

Do d6 be | a.
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T trén ta quy nap thi c6 tinh chat sau:

Tinh chat 2.7. Cho nguyeén a va k sb6 nguyen mq, ms, - -+ ,my, doi mot nguyén té ciing nhau va la

uée cua a, khi d6 tich my - mso - - - my ciing la uée cta a.

Ching minh. Quy nap theo k

Vi du 2.6. Tim hai s6 nguyén duong biét wéc chung 16n nhat 1a 6 va téng bing 72.
Vi du 2.7. Chiing minh rdng véi moi n thi u6c chung 16n nhat ctia 22n + 11 va 33n + 16 1a 1.

Vi du 2.8. Chiing minh rang v6i moi s6 nguyén duong n thi cdc phan s6 sau toi gian:
n
3In+1

dn + 7
5n+9°

(a)

(b)

Vi du 2.9. Chitng minh ring néu a, b nguyén té ciing nhau thi a — b, a® + ab + b* c6 uéc chung lén

nhat 1a 1 hosc 3.
Vi du 2.10. Chiing minh riing néu a, b nguyén duong, (a,b) = 1 va ab = n® v6i n nguyén duong thi
ton tai x,y sao cho a = 22, b = >
@ BAI TAP REN LUYEN
Bai 2.25. Chimg minh rang v6i moi sd nguyén n thi (22n + 7,33n + 10) = 1.

Bai 2.26. Chiing minh ring véi moi s6 nguyén duong n thi cdc phan s6 sau la toi gian:

5+ 7

@) o1z

n?+5n+1
n-+>5

(b)

Bai 2.27. Chimg minh ring khong c6 cac s6 nguyen a, b théa man (a,b) = 3 va a + b = 65.
Bai 2.28. Chiing minh rang c6 vo s6 cap s6 nguyén a va b véi ged(a,b) =5 va a + b = 65.

Bai 2.29. Cho day u, théa u; = 1,us = 1,Upp1 = Uy + Up_1 v6i moi n > 1. Chitng minh rang

ged (Uny1,un) = 1, v6i moi s6 nguyen duong n.

Bai 2.30. Cho ged(a,b) = d, va x va y 1 cac s6 nguyén sao cho a = xd va b = yd, hdy chi ra rang
ged(z;y) = 1.

Bai 2.31. Chiing minh rang néu ged(a;b) = 1 va ged(a; ¢) = 1, thi ged(a; be) = 1.
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