NGUYEN TANG VU

STAR-EDUCATION DE THI THU VAO LOP 10
WWW.STAR-EDUCATION.NET HUGNG DAN: TOAN CHUYEN

DAP AN - THANG DIEM
Bai 1. (2 diém)

22 — (3m + )z +2m? + 2m
T

(a) Tim m dé phuong trinh

= 0 ¢6 hai nghiém

21, o phan biét thoa

(Va1 —m + oy —m)* = (2m — 1)?

Vri—y=z-1
(b) Giai he phuong trinh ¢ /12 —z=2—1
V2—xr=y—1

Loi gidi.

a) (1 diém) Phuong trinh da cho c6 hai nghiém phan biét khi va chi khi
phuong trinh
2 — (3m+ 1)z +2m* +2m =0

c6 hai nghiém phan biet khac 0. Diéu nay tuong duong véi

{A=(3m+1)2—4(2m2—|—2m)>0 {E){(m—l)2>0 — m ¢ {0,£1}.

2m? + 2m # 0 m#0vam#—1

Ta co

(\/ml —m + v/ —m)2 = (21 + x2) —2m+2\/x1x2 —m (x1 + xa) + m?
=m+1+2ym.
nén dieu kién trong dé bai tuong duong vdi
m+2y/m+l=2m—-1 vm=1++3
m+2y/m+1=-2m+1 Vm =0 '
D6i chiéu lai diéu kién ctia m, ta suy ra m = (1 + \/§)2
b) (1 diém) Diéu kien xac dinh: z,y,z > 1.

Binh phuong hai vé 3 phuong trinh ctia hé rdi cong lai theo vé, ta suy ra
r+y+ 2z =3, tit két qua nay, cong vé 3 phuong trinh ciia hé, ta co

Vit —y+ iyt — 2+ V22— =0,

suyra 2 —y =y? — 2= 22— 2 =0. Do d6 22 + y? + 22 = 3. Tuy nhién,
cha ¥ rang

3@+ + ) > (e +y+2)? =09,
déng thic xay ra khi va chikhiz =y =znéntasuyraz =y = 2 = 1.
Thit lai, ta két luan hé da cho c6 nghiém duy nhat r =y =2 =1
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Bai 2. (1.5 diém) Cho céc s6 z,y, 2 nguyen duong théa z > y > 2.

a) Cho (z;y; 2) thoa yz + z(x + y + z) = 2021.
Tim gia tri nhé nhat ciia biéu thic

A=(z—y)P+(x—2°+({y—2)°
b) Chitng minh rang néu y khong nhoé hon trung binh cong clia x va z thi
(x+y+2)(vy+yz+az—2) > 92yz
Li gidi.

a) (0.75 diém) Ta c6 (z + y)(x + z) = 2021 = 43 - 47 = 1 - 2021.
Maz+y>x+2z>2 Suyrax+y=47x+ z = 43.
Khi d6 (z — y)* + (z — 2)* + (y — 2)? = (22 — 47)%* + (22 — 43)* + 16
= 822 — 360z + 432 + 47% + 16 = 8(a? — 4bx) + 4074.
Doz +y =472 >y suy ra x > 24.
Suy ra 22 — 452 = (x — 24)(x — 21) — 504 > —504.
Do d6 A > 4074 — 8 - 504 = 42.
Déng thitc xay ra khi x = 24,y = 23,z = 19.
Vay gia tri nhé nhat ctia A 1a 42 khi x = 24,y = 23,z = 19.

b) (0,75) Tacé x> y+1> 2+ 2. Suy ra
(@—y)?>1, (y—2°21, (—-2)?72>4

Suy ra

Pyt >2ey 41 P+ >224+1, 22422 >2244
Tu do
2+ o2yt > 2eyz + 2, wyt F a2 > 2ayz 4w, yat 4yt > 2xyz + dy
Cong lai ta c6

zylx+y)+yz(y+2)+z2x(z4+x) >6ryz+x+4y+ 2

Suy ra (z 4y + 2)(zy +yz + zo —2) > 9xyz — .+ 2y — =.
1 R L aa a .
Viy > 5(1 + z) nén ta c6 dieu can ching minh.

Bai 3. (2 diém) Cho z,y la cac s6 nguyen khong dong thsi bing 0 sao cho 2% +y va
x + 1 chia hét cho 22 + 3.
(a) (0.5 diém) Tim z,y néu zy = 0.
(b) Chitng minh ring zy # 0 thi x,y 1a nguyén t6 ciing nhau.

(c) Tim tat ca cap sO nguyen (z,y) théa dé bai.

Loi gids.
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a) (0.5 diém) Néu zy = 0, gia st y = 0 thi 2 chia hét cho 2? (hién nhién)
va x chia hét cho #? nén néu z # 0 thi |z| > 2% do d6 x = £1. T d6 suy
ra tat ci cac sd nguyén x,y théa man dé bai la (z,y) = (0,£1), (£1,0).

b) (0.75 diém) Dat ged (7,y) = d thi 2 = da,y = db,ged(a,b) = 1,a,b €
Z\ {0}. Tac6 d* | 2 + y* nén d* | x + y* = da + d®V® nén d | a. Tuong
tud|bnénd=1.

c) (0.75 diém) Tit ¥ a), ta chi can xét truong hop zy # 0. Lic nay, ta co
ged(z,y) =1 var? +y° | 28 +y, 2* + v* | 2(2* + ¢*) nén

@yt ly -yt =y (1—ay).
Ma ged(z,y) = 1 nén ta suy ra 22 +y2 | 1 — zy. T d6 ta c6
zy| + 1> |ay — 1] > 2 +y* > 22y
nén |zy| < 1. Ma zy # 0 nén |zy| = 1. Tu d6 ta tim duge (z,y) = (1, 1),
(1,—1), (—1,1), (=1, =1).

Bai 4. (3 diém) Cho tam gidac ABC nhon, c6 truc tam H; AH cit BC tai D. Tren
tia d6i tia DH lay diém M. Duong tron ngoai tiép tam giac MBH cit AB
tai £ cat BC tai K; duong tron ngoai tiép tam giac MCH cat AC tai F va
BC tai L.

(a) Ching minh BEFC noi tiép va ZEMA = /ZFMA.
(b) ME c&t CH tai P, MF cat BH tai Q. Chiing minh PQ vuong goc OA
véi O 1a tam dudng tron ngoai tiép tam giac ABC.
(c) HK cat AC tai U, HL cat AB tai V. Chting minh UV luon song song
v6i mot duong thang ¢ dinh khi M thay déi.
Loi gida.

a) (1 diém) Ta c6 tit giac EBM H noi tiép nén JAEH = /AMB, suy ra
hai tam giac AEH va AM B dong dang, kéo thco AE - AB = AH - AM.
Chiing minh tuong tu ta thu duge AF - AC = AH - AM = AE - AB, tu
d6 dé dang c6 duge hai tam gidc AEF va ABC dong dang (canh - goc
- canh) nén ZAEF = ZACB, suy ra BEFC noi tiép. Ta c6 HMBE va
HMCF la cac t1t giac noi tiép nén

/HMFE =/HBE =90°— Z/A=/HCF =/HMF.

b) (1 diém) Ta c6 LAEF = ZACB = 90° — ZBAO nén AO L EF. Vi vay

ta chi can chiing minh PQ || EF.

That vay, ta ¢c6 M H la phan gidc goc PM Q) va
1
ZPHQ =90°+ LZACH =90° + ZHM @ = 90° + iéP]\/[Q
nén H 1a tam dudng tron noi tiép tam giac PM Q. Do do
/PQM =2/PHM —180° = 180° — 2/MHC = 180° — ZABC.
Lai ¢6
/EFM = /EFC—/MFC =180°-/ZABC—-/MHC = 180°-2/ABC.
Suy ra ZPQM = ZEFM nén PQ || EF, kéo theo PQ L AO.
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c) (1 diém) Ta co
/HUF = /UKB - /ACB = /AEH — /AEF = /FEH

nén FHEU noi tiép. Chitng minh tuong ty ta ciing c6 FHEV noi tiép
nén UV FFE noi tiép. Suy ra /FUV = /VEF = /FCB nen UV || BC.

Vay UV luon luon song song véi BC' ¢ dinh.

Bai 5. (1.5 diém) Trong mot hoi nghi Toan qubc té c6 n ngusi, méi ngusi trong ho
c6 thé néi duge nhiéu nhat 3 ngon ngit. Trong 3 ngudi bat ki thi luon c6 2
ngudi c6 thé néi chung mot ngon ngit.

(a) Chiing minh ring néu n > 9 thi c6 mot ngon ngit ma c6 thé néi bsi khong
it hon 3 nguoi.

(b) Néu n = 8, diéu két luan ctia cau a) con ding khong? Tai sao?
Loi gids.
a) Gi4 st moi ngon ngit déu duge bdi nhiéu nhat 1a 2 ngudi.

e Khi d6 mdi ngudi c6 thé giao tiép duge véi nhidu nhat 3 ngusi khéc
v6i 3 ngon ngit khac nhau. Tic 13 A ¢6 thé néi véi nhieu nhat B, C, D
v6i ngon ngit khac nhau. Néu nguge lai A néi them v6i E thi theo
nguyeén 1 Dirichlet sé néi cung ngon ngit véi A hoac B hoac C. Khi
dé ¢6 mot ngdn ngit ¢6 3 ngudi noéi, mau thuan.

e Tac6 Andivéi B,C, D véi 3 ngon ngit khac nhau. Xét nguoi £ thi £
cling giao tiép véi 3 nguoi 1a F, G, H. Do d6 con mot ngusi X ngoai
nhoém nay. Khi dé A, E, X khong néi chung ngdén ngit nao. Vo ly.

b) Két luan khong con ding, vi du: chia 8 ngusi thanh 2 nhom, A, B, C, D
va E, F,G, H. Hai ngudi trong cing nhém néi v6i nhau, méi cap néi ngon
ngit khac nhau. Khi dé sé théa dé bai. Xem hinh vé:

F A

10
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