2

1. Dé thi ngay 1 (ngay 27/12/2019)
Bai 1. (5 diém) Cho diy sb (x,) xac dinh bdi x; = 1 va

n
Xpp1 =X, +34/x, + — v6imoin > 1.
n+1 n n \/X_ Y

n

a) Chiing minhrang lim Z =0.

n—+4o0o *n

b) Tinh gi6i han lim 2

n—+o0o Xn
Bai 2. (5 diém)
a) Cho ba sb thuc a, b, ¢ théa mén a® + b? + ¢ = 1. Chting minh ring

la—b|+|b—c|+|c—al <2v2.

b) Cho 2019 s6 thuc a;,ay, ..., dyo théa man a? + a2 + -+ + a2

2010 = 1. Tim gia tri

16n nhét ctia
S=lay—ay|+lay—as|+---+ |a2019_a1 .

Bai 3. (5 diém) Cho diy sb (a,) xac dinh béi a; = 5,a, = 13 va
A, = 5a,,,; —6a, v6i moi n > 2.
a) Chting minh ring hai sb hang lién tiép ctia diy trén nguyén tb cling nhau.

b) Ching minh ring néu p 14 uéc nguyén tb clia ay thi p— 1 chia hét cho 2K+ véi
moi so tu nhién k.

Bai 4. (5 diém) Cho tam gidc ABC nhon khéng can ndi tiép dudng tron (0) va truc
tdm H. Goi D, E, F 1an lugt 14 cac diém d6i xitng véi O qua BC, CA,AB.

a) Goi H, 1a diém déi xting ctia H qua BC, va A’ 1a diém d6i xitng ctia A qua O. Goi
O, 1a tAm duong tron ngoai tiép tam giac OBC. Ching minh rang HD’,A’O, cat
nhau tai mot diém trén (O).

b) Liy diém X sao cho tit gidc AXDA’ 13 hinh binh hanh. Chiing minh ring cac
dudng tron ngoai tiép tam giac AHX,ABF,ACE c6 mdt diém chung khac A.
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2. Dé thi ngay 2 (ngay 28/12/2019)

xX—ay=yz
Bai 5. (6 diém) Cho hé phuong trinh (tham sb a): { y —az =zx (véi x,y,z € R).
Zz—ax =Xxy

a) Giai hé khia = 0.
b) Chitng minh ring hé c6 5 nghiém khi a > 1.

Bai 6. (7 diém) Cho tam gidc ABC nhon khéng cin c6 cac duong cao AD, BE, CF véi
D,E,F 13 cac chan dudng cao. Dudng tron dudng kinh AD cit DE,DF lan luot tai
M, N. Ly cac diém P,Q tuong ting trén AB,AC sao cho NP1AB, MQLAC. Goi (I) 1a
dudng tron ngoai tiép tam gidc APQ.

a) Ching minh ring (I) tip xtc véi EF.

b) Goi T 14 tiép diém ctia (I) v6i EF, K 14 giao diém cta DT, MN va L dbi xing véi
A qua MN. Chitng minh rang (DKL) di qua giao diém ctia MN va EF.

Bai 7. (7 diém) Cho s6 nguyén duong n > 1. Ky hiéu T 13 tdp hop tt ca cdc bd
¢6 thit tu (x,y,z) trong dé x,y,z 13 cic sb nguyén duong déi mot khac nhau va
1<x,y,z < 2n. Mot tp hop A cac bod ¢b thit tu (u, v) dude goi 13 “lién két” véi T néu
v6i mébi phin tit (x, y,2) € T thi {(x,y), (x,2),(y,2)} NA# .

a) Tinh sb phén tl cta T.
b) Chiing minh rang ton tai mét tap hop lién két véi T cé diing 2n(n— 1) phén ta.

¢) Chitng minh rang mbi tap hop lién két v6i T c6 khéng it hon 2n(n—1) phan t.
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4
3. Loi giai chi tiét va binh luan

Bai 1. Cho ddy s6 (x,,) xdc dinh bdi x; = 1 v x4, = x,+3 /%, + JLx_n véimoin > 1.

a) Chitng minh rang lim =+ =0.

n—+00 Xn
b) Tinh gidi han lim ;—2
n—+oo Xn
Loi gidi. a) Ta du doan x, > n?,¥n > 1 va c6 thé chiing minh bang quy nap nhu sau.
Véin=2,tacox,=1+3v/1+ % = 5> 22 nén khing dinh diing.
Gia st ta da co x,, > n?, khi d6
X4 > X, +34y/x, >n*+3n> (n+1)%

Do dé, theo nguyén ly quy nap thi khing dinh trén dude chting minh.
Tidédsuyra0< & <1 ma ligrn 1 =0 nén theo nguyén ly kep thi ligrn = =0.
b) Cach 1. (sit dung dinh ly trung binh Cesaro — dinh ly Stolz)
it x, = y? thi céng thitc da cho viét lai thanh y2 | = y?+ 3y, + 5~ nén
n
(Yt = Yud)Yns1 + ¥n) = 3yn + v

n

hay
3¥nt 5 3t 3+ 3
Ynv1 = Yn = = = = 3 .
YurrFYn Y23yt Y 142+ 541
Theo ciu a thi lim £ = 0 nén kéo theo lim + = lim & =0 va dua theo ding
n—+oo Yn n—+oo Yn n—+oo Yn

thic trén thi lifrnoo (¥ns1 — Yn) = 5. Theo dinh ly trung binh Cesaro thi day s6 (u,) cb

: Vs Fuptt
lim u, =1L thi lim === =7,
n—+o0o n—+00

Xét diy 1, = Y,.1 — ¥, ap dung ta dé dang c6 dudc

Cach 2. (ding nguyén ly kep) Trude hét, xét hiéu

~— n 1
Xnt1 — Xn _3 x”+\/LX_n_3 fl_z+\/_x_n
(n+1)* —n2 2n+1 241

)

ta thiy ring néu 1i91 =2 =1 thi theo dinh ly Stolz, ta phdi c6 [ = %\/T —l= %.
n—+o00

Nho du doan nay, ta c6 thé thuc hién uéce luong dé€ xay dung BDT va kep nhu sau: Vi

x, > n* nén ‘/% < 1, tlt d6 de dang chiing minh bang quy nap dudc

9
x, < an,Vn > 2.
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St dung uéc lugng va— b > \/E—%Véia> b> 0, tacod

2 3)?
Xpp1 > X, +34/x, + 3 > (,/xn+ 5) -2

hay
3)? 3 2
xn+1>\l(w/xn+—) —2> /Xyt —-
2 2 X +3

Suy ra /X, .1 > 1/xn+%—% nén
3n 1 1 1
Vx> 1+ = =2+ =+-+=|.
2 1 2

n
Mit khac, dé dang chitng minh bing quy nap rang

1 1 1
—+-+-+-<vn,¥Vnx1
1 2 n

nén ta duge & > /X1 > 2 —24/n.

Theo nguyén ly kep, dé dang suy ra lim ;—i =1 O]

6.
Nhan xét. Cdu b ¢ thé sit dung dinh ly Stolz cho ddy (y,) va ddy %, = n cing thu
dugc ket qud tuong tu, vi thuc ra dinh ly Stolz con to’ng qudt hon ca dinh ly trung binh
Cesaro: Cho hai day so (x,),(y,) cd y, duong, tdng, tién tdi vo cucva lim =1 =

n_)+oo Yn+1=Yn

thi lim ﬁ" = L. Ddu hiéu nhdn biét dinh 1y Stolz cho cdu b la khd ré. Néu & trén khong

n—+400
thuc hién ddt day phu thi vdn co thé xét hiéu 1/ nt1 — +/Xn. Tuy nhién, néu ta dl theo
huéng xét truc tiép ddy Xy va n? thi hoi khé, vi khi d6 khéng dé dé tinh truc tiép duoc
gidi han sau (ciing khé cé thé chitng minh dugc tinh tdng/gidm ctia ddy =4, di trén thuc

té, nd diing la ddy tdng).

Xnt1 — Xn _3MXH+\/%
(n+172—n2  2n+1

Ddy sb theo dang u,., = u, + u% va cd hai y la khong mdi, tity vao gid tri a, ta co thé
udc lugng duge “toe d6” tdng cia day ndy, xap xi véi n,n> hay +, ...

Mot bai tuong tu:

1. (Pé tiéu thu bai gidng trudng Péng mién Nam 2019) Cho day s6 (u,) théa man
u; >0,u,.; =u, +u2,n—1 2,3,. Chu’ngmmhranghm—-?;

2. (VMO 2017 Mock test) Cho day s6 (u,) thda mén

2017 n’ .
Uy = U, +24/u,+—viin=>1.

u
17 2016 " u,

a) Tinh [1/u2018:|.
b) Chitng minh rang a, = ;- + -+ + ;- hoi tu.
¢) Chting minh rang bn:u—11+u32+---+u£_>+oo,
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3. Cho day s6 a, > 0,a,,, = a, + a—”n v6i n > 1. Tinh gi6i han ctia cac déy sb sau

— In ) —
b,=tvac,=a,—n.

4. (Chon di tuyén Péng Nai 2019) Cho day sb (x,) théa man x,,; = 3 (x, + 5?)
Chitng minh rang v/(n—1)* < x, < vn%,Vn > 3 va tinh lim 2=,

Vn2—x,
Bai 2. a) Cho ba sb thuc a, b, c théa mdn a® + b + ¢® = 1. Chitng minh rdng
la—b|+|b—c|+]|c—a| <2v2.

b) Cho/2019 sb thuc ay,ay,. .., az0 théa man a? + a2 +---+a
[6n nhat ctia

010 = 1. Tim gid tri
S =la;—ay| +lay—as|+---+ |a2019_a1|‘

Loi gidi. Nhan xét. Theo BDT Cauchy — Schwarz, ta luén c6

XX+ X, S x| F x|+ F x ] < \/n(xf+x§+~-+x121).
a) Do tinh dbi xting, ta c6 thé gid stt a < b < ¢ va dua vé
la—b|+|b—c|+|c—a]l=(a=b)+(b—c)+(a—c)=2(a—c) <2V a%+c2<2V2.

BDT dugc chiing minh. Dflng thitc xay ra khi (a, b,c) = —g, 0, ‘/75).

b) Cach 1. Khong mét tinh tdng quat, ta cé thé gia st a, 1a sb nhd nhit. Ta xét cac
truong hop sau:

A ~ A N . LR ’ e ~ ’
1. Néu day so a,,a,, ..., dyy e Khong gidm thi tong cac khoang cach da cho chinh
la hai 1an khoédng cach gitta so dau va so cuoi, tic la

S=2|aq, —a2019| <2y/a?+ad,, <2v2.

2. Ngugc lai, trong ddy phai ¢6 mot vi tri a, v6i 1 < k < 2019 ma a; > a,_,
va a;, < a;,, (tlc 1a don diéu ngudc chiéu). Khi d6 |a, —ar_y| + |a., —ai| =
lag., — a_,|. Nhu thé, ta da loai bé dudc sb a, khéi biéu thitc S va ta dwa vé bai
toan chi c6 2018 sb thuc nhu sau:

Cho 2018 sb thuc by, by, ..., bygs théa man b2+ b2 +---+ b2 < 1. Tim gid tri
16n nhat cla

S =|by —by| + |by —bs| + -+ + |byg15 — by].
Suy ra
S < (Iby] + 1bl) + (Ibal + [bs]) + -+ + (Ibyous| + b)) =2 >_  |b,| <2v/2018.

1<i<2018

2 /. > e A 2 ; . A A Y \ ; A qen A 7.
bang thic xay ra khi tat ca cac tri tuyét doi bang nhau va cac so lién tiép trai
A s < A A « A 2 s » N
dau nhau. Do ¢6 chan s6 nén diéu nay c6 thé xay ra dugc va ta chon

+/2018

bl=_b2=b3=_b4="'=_b2018=m'
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Vi thé nén trong bai todn ban du, ta ciing c6 maxS = 24/2018 va ding thitc xay ra
chéng han khi

/2018

2018 "0 =%

Ay =—04y; =03 = —0aq = -+ = —dyy18 =

Cach 2. Trudc hét, ta ¢6 nhin xét:
|x — y| = 2max{x, y} = (x + y).

Suy ra
2019 2019

S
5 = Z max{a;, a1} — Z a;.
i=1 i=1
~ N\ o A ~ A 7 R A . \
RO rang max{a;, a;,;} = a; hodc a,,; nén tdng trén co6 thé viet lai thanh

5 = €10y + €50y + * -+ + €3019A2010;

2019
trong d6 ¢; € {—1,0,1}. Ngoai ra, ta phdi c6 Y. &; =0 (do trong tong & trén c6 2019
i=1
dau — va 2019 dau +) nén trong cac hé s6 nay, phai cé it nhat mot hé so bang 0, vi
néu khong thi ve trai 1a so 1é, vo ly. Khong mat tinh tong quat, gia st €490 = 0. Suy ra

2018 2018
< £:a; < |ai| <4/2018

i

o
o

N |

Il
_
Il
_

i
nén S < 24/2018. Pang thiic x4y ra khi c6 1009 sb ¢, nhan gia tri 1a 1, con 1009 sb
kia nhén gi4 tri 1a —1. Tt d4y khéng kho dé€ chi ra

V2018

m Vé (12019 == 0.

a; = —Ay =" =dygy = —do018 =

O

Nhén xét. Cdu a ciia bai todn la mdt ggi y hiéu qud khi cho ba sb (1é sb) va két qud la
2+/2. Néu thay cdu a gbc thanh bai todn tim GTLN ttng véi 2020 sb thi ta c6 thé thuc
hién ngay BPT Cauchy-Schwarz nhu trén va thu dugc két qud la 2+/2020. Nhu thé thi
bai todn nay cd thé d6i gid thiét tir 2019 — n la sb nguyén duong bdt ky. Xét vé bdn chdt
ctia i gidi, & trudng hop 2019 sb, ta vdn thuc hién dugc tuong tu trén nhung lai khéng
thé chi ra ddu bdng theo kiéu ghép thanh titng cdp dan ddu duoc.

Mot s6 bai todn tuong tu
1. (JBMO TST) Cho a,b,c € R va a® + b* + ¢? = 21. Chitng minh rdng
la—2b|+|b—2c|+|c—2a]| £ 7.
2. Véi cdc s6 thuc X1, X5,...,X, thi ta co

|37 = 5| + |2, — 25|+ + |2, — x4 22max{|xi—xj ,1<i<j<n}
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3. (Komal 2014) Véi n > 2 ,cho cdc s6 thuc 0 < x; < x, < ... < x,va 0 <y, <
n n
Yy < ... <Y, théa man diéu kién >, x; = >.y; = 1. Tim gid tri [6n nhdt ctia

i=1 i=1
a) min{|x; —y;|,1 <i<n}.
n

b) P=Z|xi_yl
i=1

Bai 3. Cho ddy sb (a,) xdc dinh béi a; = 5,a, = 13 vd a,,, = 5a,.,, — 6a, vdi moi
n=2.

a) Chitng minh rdng hai s6 hang lién tiép ciia ddy trén nguyén té cing nhau.

b) Chitng minh rdng néu p la uéc nguyén tb ciia ay thi p—1 chia hét cho 2+ véi

moi so tu nhién k.

Loi gidi. a) Cach 1. Ta thiy (a,) 12 ddy sai phan tuyén tinh cip hai cé phuong trinh
dic trung x? = 5x — 6 voi hai nghiém 13 x; = 2, x, = 3 nén dé dang tim dudc cong
thitc tong quat 1a

a,=2"+3", Vn.

Dén day, gid st coé n>1dé a,, a,,; cb ubc nguyén tb chung 1a p. R6 rang ged(p, 6) =

1. Tacd
pl2"+3" pl3-2" 43" -
%
pl p|2.2n+3n+l p 2

2n+1 4 3n+1

vo6 ly vi ged(p, 6) = 1.

Cach 2. V1 Upyy = = 5a,.., (mod 6) va a; =5,a, =13 nén cac sé hang ctia day luén
nguyén tb cung nhau véi 6. Gia st ton tai sb nguyén tb p=5 dé pla,,a,., véineZ*.
Suy ra

pl5a, —6a,; — pl6a, — pla, ;.

Tir d6 thuc hién lién tiép thao tac nay thi suy ra play, a,, vo Iy vi ged(a,, a,) = 1.

b) Xét s6 nguyén tb p 1a udc cha 2% + 3%, Suy ra 2*° = —3%(modp) — 2*" =
32" (modp). Theo dinh 1y Fermat nh thi

271 =3"1=1 (mod p).

Gia st h1a sb nguyen duong nhé nhat dé 2" = 3"(modp). RG rang khi d6 moi sb b’ >
h thda man diéu kién nay thi ta déu phai c6 h|k’. That viy, Xét phép chiah' =h-t +r
v6i0 <r <h thi

2" = 3" (modp) < (2" - 2" = (3M)' - 3"(modp) & 2" = 3" (modp).

Do h 14 sb nguyén duong nhé nhét nén ta phai c6 r = 0 va h|k’. Theo dé bai thi
h’ = 2K théa man nén ta c6 h|2"*, titc la h = 2* v6i 0 < x < k + 1. Gia st rang
x <k thi

2 = 3*(modp) = p|2* — 3%|2% — 3%,
mau thudn vi p|22° + 3. Do d4, ta phdi c6 x = k+1 va vi K’ = p—1 thda mén nén
2k+1|p — 1. Ta c6 dpem. O
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Nhan xét. Cdu a la mot két qud nhe nhang cd thé thuc hién theo nhiéu cdch nhu
trén. Cdu b la mot bd dé quen thudc vé cdp ciia mét sb lién quan dén sb6 Fermat: Moi
wéc nguyén tb p cia sb 2*" + 1 thi déu théa man 2"|p — 1. Ta con chitng minh duogc
2"2|p — 1. Trén thuc té, cdp s6 (2,1) & trén cd thé d6i thanh cdp (a, b) nguyén té ciing
nhau bdt ky. Va ¢6 Ié y tudng ndy dd dugc khai thdc dé xdy dung thanh bai todn trong
dé thi. Bai todn tuong tu:

1. Chitng minh rdng hai sb hang lién tiép cia ddy Fiboacci (ciing nhu ddy Lucas) thi
nguyén to cung nhau.

2. Chitng minh rang v6i moi n € Z* thi ta luén cé:
a) Neu a, b la cdp so nguyén duong va nguyén to cung nhau thi 2n | ¢(a" + b").
b) VGi moi a nguyén duong thi n|p(a™ —1).

3. (KHTN 2011) Cho ddy s (x,) xdc dinh béi

17 1,

X, =5,x,= ?,xn+1 = anxn_l —2x,—4,Vn>1.

7,

a) Chitng minh rang 2x,,; = x> —8, tit d6 chi ra rdng x,, = 2% +1 + 2727 +1 ygi
moi n.
b) Tim tdt cd cdc s6 nguyén duong n dé [x,]+ 3 la ldp phuong diing.

Bai 4. Cho tam gidc ABC nhon khéng cdn nbi tiép dudng tron (O) va truc tdm H.
Goi D, E, F lan lugt la cdc diém dbi xitng véi O qua BC, CA,AB.

a) Goi H, la diém dbi xitng ctia H qua BC, va A’ la diém dbi xitng ciia A qua O. Goi
O, la tdm duong tron ngoai tiep tam gidc OBC. Chitng minh rang HD',A'O,, cat
nhau tai mét diém trén (O).

b) Ldy diém X sao cho tit gidc AXDA' la hinh binh hanh. Chitng minh rdng cdc
duong tron ngoai tiép tam gidc AHX , ABF,ACE c¢6 mét diém chung khdc A.
Loi gidi. a) Xét hinh vé nhu bén dudi, cac truéng hgp con lai chiing minh tuong tu.

Gia stt H,D cat (0) é K. Goi M 1 trung diém BC thi OD = 20M = AH. Hai tam giac
can OBD va OO,B c6 chung goc day O nén chung dong dang, suy ra

oD OB
~— =" _0D-00, =R
0B ~ 00,

v6i R 1a ban kinh (0).

Suy ra AH-00, = R*nén 4% = 22 md ZOAH = /A'OA, nén hai tam gidc AHO, OA'O,

ddng dang. Vi ttt gidc OHH, D 14 hinh thang cin nén
/0A'0, = /AHO = 180° — ZAH K = 180° — ZAAK.

Vi thé nén 0,,A’,K thing hang, ta c6 dpem.
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b) Goi J 1a trung diém OH thi J 14 tAm duong tron Euler clia tam giac ABC. Goi L 1a
diém dbi xing v6i K qua J. Goi N 13 trung diém AC thi MN 14 dudng trung binh cta
tam giac ODE. Bién d6i goc, ta cb

/KDE = /KDO — ZODE = /AH,K — ZOMN = 180° — ZACK — ZOCN
=180°— ZECK.

Suy ra t( gidc DKCE ndi tiép. Ta biét ring H,A’ d6i xting nhau qua M nén ti giac
OHDA’ 1a hinh binh hanh. Suy ra

—
/ —

— = 1 1—

nén H 14 trung diém DX. T d6 ta c6 X,A’ ddi xing nhau qua J. Theo phép dbi xting
tam J thi:
X«—A,A—DH «—O,L —K.

Ma A, D,O,K cung thudéc mot dudng tron (do ZOAK = ZAH,D = ZODK) nén cac
diém X, A, H, L ciing cung thudc moét dudng tron hay X € (AHL). Ciing theo phép dbi
xtng tAm trén thi A, L, F, B cling cung thuéc mot dudng tron nén L € (AFB). Tuong
tu thi L € (ACE). Vi thé nén cic dudng tron (AHX), (ABE), (ACF) cung di qua diém
chung tht hai la L # A. O]

Nhén xét. Piém K la giao diém ciia (O) véi dudng thdng dbi xitng vdi dudng thdng
Euler OH qua BC nén né chinh la diém Anti-Steiner ciia tam gidc ABC. Badi todn ndy la
khé nhdt cia ngay 1 va y b doi héi phdi cé cdc bude xit Iy khd cdu ky mdi phdt hién ra
duge diém dong quy thit hai ciia ba dudng tron.

Bai todn van con nhiéu cdch tiép cdn khdc nhu ding phép nghich ddo. Theo tinh binh
ddng giita cdc dinh tam gidc, ta thdy rang L con ndm trén duong tron (BCD).
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xX—ay=ysz
Bai 5. Cho hé phuong trinh (tham s6 a): { y —az =zx (vdix,y,z €R).
z—ax =xy

@) Gidi hé khi a = 0.

b) Chitng minh rang hé cé 5 nghiém khi a > 1.

Loi gidi.

a) V6ia =0, ta co hé
xX=yz
y =zx
Z=XxYy

Néu mét trong ba sb bing 0 thi kéo theo hai s con lai ciing bing 0. Xét xyz # 0 thi
nhan cac phuong trinh lai, vé theo vé, ta ¢c6 xyz = 1 nén

*=y*=z*=1.

T do, ta tim dudc
(0,0,0),(1,1,1),(-1,-1,1)
va céc hodn vi. C6 tat cd 5 nghiém phan biét ctia hé phuong trinh nay.

b) D& thiy x = y = z = 0 déu théa méin hé. V6i a > 1, trudc hét ta thiy néu mét sb
bang 0 thi sé kéo theo ca hai s6 kia bang 0, vi thé nén c6 thé gia st xyz # 0. Y tudng
13 tim biéu thitc dbi xtng gifta cac bién x, y, z.

Cach 1.Piatp =x+y+2,q = xy + yz +2x,r = xyz, cdng cic phuong trinh lai, vé
theove, taco x+y+z—a(x+y+2)=xy+yz+zx nén p(1—a) = q. Nhan lan lugt
moi phuong trinh 1, 2, 3 cho x, y,2, ta co
x*—axy =y’—ayz =2*—azx = xyz.
Céng cac phuong trinh vé theo vé, ta c6
x>+ y*+2*—a(xy +yz +2x)=3xyz nén p>—2q —aq = 3r.
Cubi cling, binh phuong cac phuong trinh, vé theo vé rdi cong lai, ta c6
(x— ay)2 +(y— az)* + (z—ax)* = x%y? 4+ y?z® +2°x?

hay
(a*+1)(p* —2q) — 2aq = ¢* — 2pr.
Rt diéu kién g = p(1 —a) & trén, thé xubng phuong trinh duéi, ta c6 p* + ap(a —
D(a+2)=3rva(a®+1)(p?—2p(1—a)) = p?(a—1)*>—2pr. Tt d6 ta c6 hé diéu kién
pP+pla—1)(a+2)=3rva(a®+1)(p+2a—2)+2a(a—1)—pla—1)>=—2r

Giai ra, ta ¢4 (p,q,r) = (0,0,0) hodc (3(1—a),3(a—1)% (1 —a)*), hodc (—a®> —a —
1,a®>—1,a*+ a + 1). Ta xét c4c trudng hop
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1. Néu (p,q,r) =(0,0,0) thi x = y =z =0, d4 xét 4 trén.

2. Néu (p,q,r) = (3(1 —a),3(a—1)% (1 —a)®) thi do p* > 3¢ nén ding thitc phai
xdyra, tatimdugcx =y =z=1—a.

3. Cubi cung véi (p,q,r) = (—a —a—1,a®—1,a* + a+ 1) thi theo dinh Iy Viete,
cac sb x,y,z 13 nghiém ctia phuong trinh béc 3 bién t 13

2+ (@+a+D*+(@-Dt—(a®*+a+1)=0
Xéthamsd f(t) =3+ (a®+a+1)t*+(a®— 1)t —(a* + a + 1) thi
f(0)=—(a*+a+1)<0,f(—2a)=2a*—4a®+3a>+a—1>0,Ya>1
nén theo dinh ly ham lién tuc thi phuong trinh sé€ c6 ba nghiém thuc phan biét
a, B,y trén cac khoang (—oo; —2a), (—2a;0), (0; +00). Theo trén thi hé sé ¢ 2

nghiém 4m va 1 nghiém duong; do dd, trong hoan vi 3! = 6 bo nghiém cua da
thitc nay, ta chi nhin dung 3 nghiém thda man cac diéu kién sau

x<0,y<0,2>0vax<0,y>0,z2<0vax>0,y<0,2<0.

Vay hé da cho c6 5 nghiém la
(0,0,0),(1—a,1—a,1—a)va(a,f,y)

v6i cac diu duge chon nhu trén.
Céch 2. Ngoai cich bién d6i nhu trén, ta c6 thé thuc hién theo huéng khac, d6 “co
bap” hon nhu sau: B qua truong hop x = y =z = 0, r6 rang néu c¢6 hai s6 bang nhau
thi ta suy ra dugc ca ba s6 bang nhau va bang 1—a. Ta xét xyz(x—y)(y—2z)(z—x) # 0
va bién d6i nhu sau:
x—yz y—zx (x—y)z+1)

y oz y-z
Xay dung cac dezmg thic tuong tu va nhan lai, ta c6 duge (x + 1)(y +1)(z + 1) = a®.
Suyrap+q+r=a®—1.Laicé

a=

(a+x)(a+y)(a+z)—;-—-—=1

nén a®p + aq +r = 1 —a®. bén day c6 thé tinh dugc p,q,r theo a nhe nhang hon
nhiéu. Sau d¢, gidi tiép tuong tu nhu trén. O
Nhén xét. O bai todn nay, y a cé thé ndi la khong thé khéng lam duoc. Tuy nhién, y b
lai doi héi phdi tinh todn khd chdc tay. Néu ta bién doi riit cdc bién thé “chong chéo” vao
nhau roi dua vé mdt phuong trinh bdc cao rdt khé dé chi ra né c6 dii 5 nghiém. Y tudng
doi xiing hoa ¢ ddy ciing tuong doi tu nhién. Pdy la mét bai dai so 1tng dung da thiic rat
mdi mé va thii vi.
Dudéi ddy la mét dé tuong tu (1dy y tudng tir “ddu bang” trong BPT Vasile Cirtoaje). Xin
guti ddy dii cd dé lan 10i gidi d& moi nguoi thdy dugc hiéu qud cia tinh dbi xitng héa:
Cho x, y,z la cdc sb thuc khdc 0 théa man diéu kién:

xXP—xy+yz=y*—yz+ax =2>—zx +xy.

par T = &t +2)° . Chitng minh rang T = 27 hodc T = 49.

Xyz
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Chitng minh. PatA=x?>—xy+yz,B=y*—yz+2zx,C =2z>—zx+xy thiA+B+C =
x> +y?+2z%va
A2+B2+CP=x"+ y* + 2t +2(x%y? + y22? + 22x?) = 2(x3y + y3z + 2%x)
=(x2+y2+zz)2—2(x3y+y32+z?’x)=(A+B+C)2—2(x3y+ygz+23x)
& AB+BC+CA=xy +y’z +2°x
DoA=B=Cnén(A+B+C)* = 3(AB + BC + CA) & (x> + y2+22)" = 3(x®y +

¥z +23x). Pidta=x+y+z,b=xy+yz+zx,c=xyzvaA=B=C =k>? Suyra
3k? = x2+ y%? + 2% hay a® —2b = 3k? . Ta ciing c6

=Py +x2yz =k, yt — Yz + xylr = k2y? 2t — 28 x + xyz? = k?2?
xt+yt+t = (Cy + ¥z +22x) + xyz(x +y +2) = 3k*
Theo (*) thi 3(x3y + y%z +23x) = (x2 + y2 +22)° = 9k* nén x* + y* + 2* + xyz(x +
¥y +2) = 6k* & —2b% + 5ca = 3k*. Mit khéc, ta cling ¢
x’yz—xy*z + y*2* = k’yz
y2zx —xyz® +2°x? = k’zx

Zxy —x*yz+x*y* =k’xy

Suy ra x2y? + y?22 + 2°x? = k*(xy + yz + 2x) < b*>—2ca = bk?, ta c6 hé

a?—2b = 3k?
2b% —5ca = 3k* .
b? —2ca = bk?

b = 3k*

b— okl Ta xét 2 truong hop

Tir déng thtc thi 2 va 3, ta ¢6 b? = 5bk* — 6k* = [

1. Néub=3k*thia>=9k* vica=3k* Dod6 T = £ = & = 8K — 57,

ac 3k4

2. Nbub=2k?thia® =7k* vaica=k*. Dodd T =& = £ = 2K — 49,

C ac

VAy gia tri clia biéu thiic T 14 27 hodc 49. O

Bai 6. Cho tam gidc ABC nhon khong cdn c6 cdc duong cao AD,BE,CF véi D,E,F
la cdc chdn dudng cao. Pudng tron dudng kinh AD cdt DE, DF ldn luot tai M,N. Ldy
cdc diém P,Q tuong itng trén AB,AC sao cho NP1AB,MQLAC. Goi (I) la dudng tron
ngoai tiép tam gidc APQ.

a) Chitng minh rdng (I) tiép xtc véi EF.

b) Goi T la tiép diém ciia (I) véi EF, K la giao diém ctia DT, MN va L dbi xiting
vdi A qua MN. Chitng minh rang (DKL) di qua giao diém ctia MN va EF.
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Loi gidi. a) Goi T 14 hinh chiéu cia A 1én EF. Ta thiy ring FC 14 phan gidc trong ctia
gbc ZDFE nén hai tia FM, FT d6i xting nhau qua AB. Mit khac, ZFNA = /FTA = 90°
nén N, T ddi xing nhau qua AB. Suy ra N, P, T thing hang v TPLAB. Tuong tu thi
TQlACvaT,M,Q thflng hang.

Tir d6 dé thiy ring AT chinh 14 dudng kinh cta (I), ma AT LEF nén EF tiép xtc (I).
b) GoiX,Y,Z,J 14n lugt 1a giao diém ctia MN véi EF,AB,AC,AD. Theo tinh chat quen
thudc thi hai diém N, M d6i xting v6i chin duong cao T qua AE,AF thi MN sé di qua
chan duodng cao dinh E, F cia tam gidc AEF. Suy ra EY 1AB,FZ 1 AC. Ngoai ra, theo
tinh d6i xting thi ta cling c6 AD 13 trung tric MN nén J 1a trung diém MN.

Do d6 D(EF, TX) = —1. Chiéu 1én MN, ta ¢6 (MN,KX) = —1. Theo hé thitc Newton
cho hang diém diéu hoa trén thi

JK -JX =JM*=JN?=—JA-JD=JL-JD.
Suy ra tit gidc DLKS ndi tiép. Ta c6 dpem. O

Nhén xét. M6 hinh ctia bdi todn khai thdc khd mdi mé nhung khéng khé. C6 nhiéu cdch
tiép cdn dé chitng minh y b, theo kiéu tinh todn hé thitc lugng hodc bién doi goc. Hudng
xit ly theo kiéu diing hang diém diéu hoa nhu trén khd nhe nhang va dep mdt.

Néu quan sdt kj, ta thdy bdn chdt cdc diém M, N chinh la tiép diém ctia dudng tron bang
tiep (A) cua tam gidc DEF [én cdc canh DE, DF. Ta con chitng minh dugc DK,AX cung
di qua diém chung khdc A ciia (I) va duong tron duong kinh AD.

Bai 7. Cho sb nguyén duong n > 1. Ky hiéu T la tdp hop tdt cd cdc b c6 thit tu
(x,y,2) trong dé x, y, = la cdc s6 nguyén duong ddi mot khdc nhauva 1 < x,y,z < 2n.
Mot tdp hop A cde bd ¢é thit tu (u, v) dugc goi la “lién két” véi T néu véi mdi phdn ti
(x,y,2) €T thi {(x,y),(x,2),(y,2)} NA# D.
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a) Tinh sb phdn tit ciia T.
b) Chitng minh rdng ton tai mot tdp hop lién két véi T ¢6 diing 2n(n— 1) phdn ti.
¢) Chitng minh rdng mdi tdp hop lién két véi T ¢6 khdng it hon 2n(n—1) phdn tit.

Loi gidi. a) Ta thiy ring s6 bd c6 thit tu (x,y,z) € T chinh 14 sb chinh hop chap 3
cta 2nvala
IT| =4}, =2n(2n—1)(2n—2).

b) Xét tap hop

A={(,j):1<i,j<ni#jlu{(i,j):n+1<1i,j <2n,i#j}.

RO rang |A| =2- A2 = 2n(n—1). Hon nita, v6i moi (x,y,z) € T thi ludn ton tai hai
trong ba so X,Y,2 cung thudc mot tap {1,2,...,n} hoac {n+1,n+2,...,2n}. Khong
mt tinh t6ng quat g1a st x, y cung thudc mot trong hai tap trén. Do cach chon A nén
(x,y) € Ava din dén {(x, ), (x,2),(y,2)} NA# @.

¢) Xét graph don v6 huéng G, = (V,E,) trong dé V 1a tp dinh dai dién cho cac sb
1,2,...,2n con E; 1a tip canh; trong d6 hai dinh u > v dugc noi v6i nhau néu trong
tap hop A lién két véi T khong c6 cép co thi tu (u, v).

Khi d6, theo gia thiét thi v6i ba s x, y,z thi phai ¢6 it nhit mot cip thude A; vi néu
khéng, gia st c6 canh ndi ca ba dinh x,y,z thi khong mét tinh téng quat, gid st
X > y >z nén G, chtta ca ba canh (x, y),(x,2),(y,2) dong nghla vGi viéc khi xét b
(x,y,z) thi ca ba cip c6 tht tu trén khong thudc T, miu thun.

Suy ra G; khong chita tam giac. Theo dinh ly Mantel — Turan thi s6 canh cta né sé

(2n)

khong vugt qua = n2. Tit d6 suy ra sb canh trong graph bu sé it nhét 1a

szn —n?’=n(n—-1).

Diéu nay c6 nghia la co it nhit n(n—1) cap (u,v) ma u > v thudc A.

Chiing minh tuong tu thi ciing ¢6 it nhat n(n—1) cip (u,v) ma u < v thudc A (ta chi
cAn xét graph G, = (V, E,) v6i quan hé trong E, 13: hai dinh u < v dugdc nbi véi nhau
néu trong tip hop A lién két v6i T khéng b cip co thi tu (i, v)). Tt d6 suy ra trong
T ¢6 {t nhat 2n(n—1) cap, ta c6 dpcm. O

Nhan xét. Bai todn ndy thuc ra la mét cdch phdt biéu ciia khéo léo, che gidu di bdn chdt
van dé ciia dinh ly Mantel — Turan. Quan hé “khéng c6 tam gidc” phdt biéu théng qua
rang budc khd ré, nhung cdn phdi xit ly cdn thdn, vi dé cho quan hé c6 huéng (trong khi
dinh ly chi dp dung dugc cho graph vé hudng). Ta phdt biéu ré rang lai dinh ly nay cho
truong hgp 3,4 nhu sau:
(Mantel — Turan) Mot graph G = (V, E) ¢6 |V| = n va khéng ¢6 3 dinh d6i mét nbi nhau
z 2 4 > A A Ao 7 v A n?
thi so canh |E| < 7; con néu khong cd 4 dinh déi mét noi véi nhau thi so canh |E| < 7.
Trén thuc té, cdu b chi la mét cdch xdy dung vi du cho ddu bang xdy ra & dinh ly nay.
Con cdu ¢ c6 thé chitng minh truc tiép bang quy nap. Mot s6 bdi todn tuong tu:

1. (Trung Qubc 2017) Mét CLB gom c6 100 thanh vién ma trong 4 ngudi bét ky thi
déu co it nhat mét cdp quen nhau. Chitng minh rang c6 mét ngudi quen it nhat
33 nguoi khdc.
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2. (Nga, 2010) Mbt qubc gia cé 2019 thanh phd, ban dau giita cdc thanh phd chua

6 dudng. Ngudi ta mubn xdy dung mot sb con dudng nbi truc tiép giita cdc thanh
pho sao cho: Néu c6 dudng di tir A dén B va ¢6 dudng di tie B dén C thi khong cé
dudng di tit A dén C. Héi ¢6 thé xdy dung dugc nhiéu nhdt bao nhiéu néu nhu:

a) Pudng di 6 trén 1 2 chiéu (di dugc tit X dén Y thi ciing di dugc tir Y dén X)?

b) Pudng di 6 trén la 1 chiéu (di duoc tit X dén Y thi khéng di dugc tir Y dén X)?

. (Mock test VMO 2020) Cho ho Q gom m tdp con phdn biét, khdc réng ctia tdp

hop {1,2,...,90}. Hai tdp hop trong Q duoc goi la lién két néu giao ciia chiing cé
diing 1 phdn ti; con hai tdp hop dugc goi la than thiét néu giao cta chiing la mot
ddy cdc sb tu nhién lién tiép c6 it nhdt 2 phdn ti.

a) Biét rang trong Q, 2 tdp hop bdt ky déu thén thiét, chitng minh m < 2025.

b) Biét rang c6 thé xép cdc tdp hop ctia ho Q thanh mét ddy lién tiép sao cho hai
tdp hop ké nhau déu lién két va mbi bd hai s6 nguyén a,b véi 1 < a < b < 90 thi
déu ton tai khéng qud mét tdp con trong Q chita nd. Tim gid tri [6n nhdt ciia m.

. (VMO 2017) Bdng 6 vuéng ABCD kich thudc 2017 x 2017 gom 20172 6 vuéng

don vi, mdi 6 vudng don vi dugc t6 bdi mét trong ba mau: den, trdng, xdm. Mot
cdch té6 mau duoc goi la doi xing néu mbi 6 6 tam trén dudng chéo AC duogc to
mau xdm va mdi cdp 6 dbi xitng qua AC dugc t6 ciing mau den hodc ciing mau
trdng. Ngudi ta dién vao mdi 6 xdm sb 0, mbi 6 trdng mot sb nguyén duong va méi
6 den mét sb nguyén dm. Mot cdch dién s6 nhu vy dugc goi la k—cdn dbi (véi k
nguyen duang) néu théa man diéu kién sau:

° MOl cdp 6 dbi xiing qua AC dugc dién cuing mot so nguyén thuéc doan [—k, k].
o Néu hang va cot giao nhau tai 6 den thi tap cde sb nguyén duong duoc dién tren
hang dé va tdp cdc sb6 nguyén duong dugc dién trén cot d6 khong giao nhau; néu
hang va cdt giao nhau tai 6 trdng thi tdp cdc s6 nguyén dm dugc dién trén hang
dé va tdp cdc s6 nguyén dm duge dién trén cot dé khong giao nhau.

Tim gid tri nhé nhat cia k dé véi moi cdch t6 mau doi xitng, ludn ton tai cdch dién
s0 k cdn doi.
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