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§2. TRUC DANG PHUGNG - TAM DPANG PHUONG

Cho hai duong tron khong dong tam (Oy; Ry) va (Oy; Ry). Tap hop cac diém M ma phuong
tich ctia M dbi véi hai dudng tron bang nhau la mot duong thing.

Chiing minh. Goi H 1a hinh chiéu ctia M trén O;0, va I 1a trung diém O;0,. Khi do:

P01 = Puj0s) & MO~ Rt = MO; — Rj
& MO? — MO?2 = R? — R?

& (MH?*+ HO?) — (MH? + HO3) = R} — R}
& HO? — HO? = R? — R?

& (HO; — HOy)(HO, + HO,) = R? — R?

& 0,0, -2HI = R} — R}

2 _ p2
& TH = % (1) O4 H O,
102

Tit (1) ta ¢c6 H ¢6 dinh, do d6 quy tich cac diém c6 phuong tich v6i hai dugng tron bing nhau la
duong thing qua H vuong goc véi O10,.

: 1 \N
Dinh nghia 3.3 /4

Dudng thing trong dinh 1y 3.2 dugce goi la truc dang phuong cita hai duong tron.

Tinh chat 3.4. Cho hai duong tron (O) va (I). Tt dinh 1y 3.2 ta suy ra dugc cac tinh chat sau:
(a) Truc ding phuong clia hai dudng tron vuong géc véi dudng thang noi tam.
(b) Néu hai dudng tron cit nhau tai A va B thi AB chinh la truc dang phuong ctia ching.

(c) Néu diém M c6 cting phuong tich déi véi (O) va (I) thi dudng thang qua M vuong géc véi O
la truc déing phuong cta hai duong tron.

O
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(d) Néu hai diém M, N c6 cting phuong tich d6i v6i hai duong tron thi duong thang M N chinh la
truc dang phuong ciia hai duong tron.

(e) Néu 3 diém c6 cuing phuong tich déi v6i hai duong tron thi 3 diém d6 thang hang.

(f) Néu (O) va (1) tiép xtic nhau tai A thi duong thing qua A va vuong géc véi OI chinh 1a truc
déng phuong ctia hai duong tron.

Cho 3 duong tron (C4), (Cy) va (Cs). Khi dé 3 truc déing phuong ciia cic cap dudng tron trimg
nhau hodc song song hodc ciing di qua mot diém, diém dé duge goi la tam déng phuong clia
ba duong tron.

Chitng minh. Goi d;; la truc ding phuong ctia hai dudng tron (C;) va (C;).
Ta xét hai truong hop sau. Gia sit ¢c6 mot cap dudng théng song song, khong mat tinh tong quat ta
glé su d12 // d23. Ta c6 d12 1 0102, d23 1 0203 suy ra 01, 02, 03 thezmg hang Ma d13 1 0103Slly ra

diz /| dos /| dio.
Gia st dig va dog c6 diem M chung. Khi d6 ta co:

P01 = Pmy(0,)
1 = Pujon = Pujoy = M € diy

Pr)(02) = Pm/(0s)

Tit day suy ra néu c¢6 hai duong thing triing nhau thi dé ciing 1a truc déing phuong ctia cap duong
tron con lai.

Néu hai truc ding phuong chi cat nhau tai mot diém thi diém d6 ciing thudce truc ding phuong con
lai.

\N
/4

Diém dong quy trong dinh ly 3.3 trén duge goi la tam ding phuong ctia ba dudng tron.

Dinh nghia 3.4

Tinh chat 3.5. Tit dinh 1y tren, ta cé:

(a) Néu 3 duong tron doi mot cit nhau thi cac day cung chung ciing di qua mot diém.

O
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(b) Cho 3 dudng tron wy, ws, wy ¢6 tam lan lugt 1a Oy, Os, O5. Gol d;; 1a truc déng phuong ciia
w;, w;. Khi d6 néu dig va dy3 cat nhau tai P thi P la tam dang phuong ctia 3 duong tron. Khi
dé truc dang phuong dog 1a dudng thang qua P va vuong goéc véi 0,05

Tit cac tinh chat tren dé ching minh céc duong théng vuong géc thi ta cé thé ching minh duong
théing nay la truc dang phuong ctia hai duong tron, va dudng théng con lai thi song song hodc triing
vl duong thang qua tam hai dudng tron dé, van dé 1a lam sao dé xac dinh duge truc dang phuong
va truc dang phuong ctia hai dudng tron nao, day la van dé kinh nghiem lam bai va kha niang suy
luan ctia cac ban. Tat nhién ta phai xuat phat tit cadc vi du co ban va don gidn nhat.
A N
Vi du 3.8. (Dinh 1i bén diém) Cho cic doan thing AB va C'D. Chiing minh ring AB
vuong goéc C'D khi va chi khi

AC? — AD* = BC? — BD?

P Loi giai
Xét cac duong tron (C;CA) va (D; DA) ta c¢6
302 — CA2 = BD2 — BD2 = 3”3/(0;@1) = gZB/(D;DA)

Do d6 AB la truc déang phuong ctia (C) va (D) nén AB L CD.

Nhan xét:

e Dinh Iy bén diém duge ching minh & cap hai bang dinh 1i Pitago, ¢ day thi ta diing truc
déng phuong, tuy vay ching minh dinh If vé truc dang phuong ciing tit Pitago nén ban chét
cac cach ching minh 1a nhu nhau.

e Dinh Ii 4 diém ciing 14 mot tiéu chuan hay dé chitng minh hai duong thang vuong.

Dinh li bén diém la mot dinh 1f kha nhe nhang ap dung trong viéc chimg minh vuong géc, ta xem

mot vi du ctua dinh 1i nay nhé.

A
Vi du 3.9. Cho tam giac ABC, cac duong phan giac trong géc B, C' lan lugt 1a BE, CF. Goi
O la tam dudng tron ngoai tiép tam giac ABC va I, 1a tam dudng tron bang tiép goc A. Chiing

minh rang OI, vuong goc véi EF.

P Loi giai
Nhan xzét:
e Sit dung 4 diém thi ta can ching minh OE? — OF? = [, E* — I, F*

e Kinh nghiém tinh toén 1a ta dua cac do dai vé cac do dai ctia tam giac goc ABC'; & day chinh
l1a do dai canh ctia tam giac ABC,
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e Déxit li OE? OF? ta can sit dung phuong tich ctia £, F déi véi (O).

e O day toi trinh bay 2 15i gidi v6i mitc do tinh toan khac nhau chit, tuy vay 16i giai chan
phuong it suy nghi nhiéu thi tinh toan c¢6 vé phic tap hon, nhung theo toi d6 1a 1oi giai tu
nhién hon.

Céach 1.

bat BC = a,AC = b,AB = ¢,p =

a+b+c
5
Ta tinh dugce cac do dai:
ap ke CE = ab ,Apzi,
a+c a+c a+b
Khi do
2
OF? — R+ FA-FB = g2 — ¢
(a+b)?
va )
O — R? — acb
(a+c)?
Suy ra
b2 abc?
FPoop?=2“"__ 1
0 0 (a+ c)? (a+b)2()
Ta co
FH = AH — AF = p— %
B —P a+b
va b
EK = AK — AE =p— —%
a—+c
Suy ra
be be
I,F> - I,E*>=FH* - EK? = (p— 2 _(p— 2(2
=) )@
Theo dinh 1y 4 diém thi 1,0 L EF khi va chi khi OF? — OF? = I,F? — I,E?, tuong duong
ack’  abc? (- be (- be 2
(a+c¢)? (a+0b)? a+b a+c

Ta c6 thé kiem tra dang thiic trén ding bing bién doi triyc tiép, tit dé ta c6 diéu can chitng minh.
Cach 2. Céch hai ta dyung truc dang phuong ctia (O) va (I,) va chitng minh truc dang phuong nay
song song véi EF.
Goi P,Q la giao diém cta truc dang phuong (O) va (I,) giao véi AB, AC, ta can chitng minh
PQ | EF.
bat AP =z, AQ =y, ta cb

PA.PB = PH?

O
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hay
2 P
x(r—c)=(p—1x) :m_a—i—b
tuong tu thi
P
y_a+c
Theo cach 1, ta c6
AE — be AP — BC
a+c a+b
suy ra
AE AF
—=—=FEF/)P
ap ~ag  ErIre

ma PQ 1L Ol, nén EF 1 OlI,.

Ngoai ra tit dinh 1 4 diém ta c6 thé chitng minh dinh 1i Carnot khac ndi tiéng sau:
A h
Vi du 3.10. (Dinh 1li Carnot) Cho tam gidc ABC, cac diém M, N, P lan lugt thuoc cac
dudng thang BC, AC va AB. Khi d6 duong thang qua M, N, P lan lugt vuong goc BC, AC va
AB dong quy khi va chi khi

MB? - MC? + NC?> - NA* + PA*’ - PB?>=0

—
P Loi giai

Goi X la giao diém ctia duong thang qua P vuong géc AB va duong thang qua N vuong goc AC.
Theo dinh 1i 4 diém ta c¢6

XA? - XB*=PA* - PB* va XC? - XA* = NC? - NA?

Suy ra PA* — PB* + NC* — NA? = XC? — XB? do d6 XM vuéng géc v6i BC khi va chi khi
XC? - XB*=MC? - MB?
Hay PA? — PB?> + NC? + NA* = MC? - MB? & MB? — MC? + NC* - NA> + PA* - PB? = 0.

Ta quay lai v6i ting dung ctia truc dang phuong trong viéc chiing minh céc dinh Ii khéc.
A
Vi du 3.11. (Dinh ly Brocard) Cho tit gidc ABC'D noi tiép duong tron (O). Cac duong
thang AD va BC cit tai E; AB va CD cit nhau tai F.

(a) Chtng minh g0y + Prj0) = EF?.

(b) Goi I 1a giao diém ctia AC' v BD. Chiing minh OI | EF.

—
P Loi giai
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W )
(a) Goi K la giao diéem ctia (AFD) va EF. Tac6 /EKA = /ADC = /ABE, suy ra EK AB noi

tiép.
Khi 6 Pg0) + Prjo0) = BEA.AD + FD - FC = EK - EF + FK - KE = EF”.

(b) Tac6 LFKD+ /EKB = /ZDCB + /BCD =2/C = ZAOB, suy ra K BOD noi tiép.
Chitng minh tuong ty ta ciing c6 KAOC nai tiép.
Khi d6 tam ding phuong ctia (O), (KBOD), (K AOC) dong quy tai I. Hay O, I, K thing hang.
Hon nita KO, KF lan luot 1a phan gidc trong va phan gidc ngoai ctia BK D nén vuong goc.
Vay OI L EF tai K.

Ta hay gap dinh li nay véi phién ban kha quen thude 6 bac THCS sau:
AN

Vi du 3.12. Cho tam giac ABC, cac dudng cao BD va CE cit nhau tai H. P la giao diém
ctia EF vi BC va M la trung diém BC. Chitng minh PH 1 AM.

P Loi giai
Xét duong tron duong kinh AH tam I va duong tron ngoai tiép tam gidc BCH tam K, ta co
PE-PF = PB- PC nén P thuoc truc ding phuong ctia hai duong tron nay. Hon nita c6 H 1a diém
chung, do d6 PH 1a truc ding phuong ctia (AH) va (BPC), suy ra PH 1 IK. (1)

Goi O la tam ctia (ABC), dé thay K, O va dbi xting nhau qua BC| tit d6 ta ¢6 AIK M 1a hinh binh
hanh, suy ra AM |/ IK. (2)

Tu (1) va (2) taco PH L AM.
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Vi du 3.13. Cho tam gidc ABC noi tiép duong tron tam O. Cac dudng cao AD, BE, C'F cat
nhau tai H. Goi P la giao diém ctia EF va BC; @Q la giao diém ctia DF va AC. Chitng minh
OH vudng goc PQ.

P Ldi giai
Nhan xét:
e OH la duong thang Euler, va la duong thing qua tam ngoai tiép v tam duong tron Euler.

e Viéc chiing minh bai toan chi can chiing minh PQ 13 truc ding phuong ctia dudng tron ngoai
tiép va duong tron Euler hay song song véi truc ding phuong.

A L
N
0 D)
O
D
C
K

Dé thay ti giac BOFE 1a ti giac noi tiép, do do6
PE-PF =PB-PC = toﬁP/(DEF) = 40]]3/(,430)

Twong ty thi
Zq/pEF) = ZQ/(ABC)
suy ra PQ la truc déng phuong ciia (DEF) va (ABC), do d6 OH L PQ.

Tit vi du trén ta thay, trong tam gidc c6 nhitng dudng tron co ban nhu dudng tron ngoai tiép,
dudng tron noi tiép va duong tron Euler, véi mdi cip dudng tron co ban nay ta xem xét cach
dung truc ddng phuong giita chiing, tit d6 ta c6 nhitng bai toan khac nhau.

A )
Vi du 3.14. Cho tam gidc ABC noi tiép duong tron (O). Cac dudng cao AD, BE c&t nhau

tai H va cat (O) tai K va L. Goi M va N lan lugt la trung diém AH va BH. Goi P la giao
diém ctia DN va AL; Q 13 giao diém ctia EM va KB. Chiing minh OH vuéng géc PQ.

P Loi giai

Chiing minh tuong ti bai trén, chi can chiing minh BKEM va ALDN noi tiép, suy ra PQ la truc
dang phuong ctia (O) va duong tron Euler.

O
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Vi du 3.15. Cho tam giac ABC khac tam giac can noi tiép duong tron (O), trung tuyén AM
cit (O) tai M. Dudng thing qua M vuong géc OA cit tiép tuyén tai M’ ciia (O) tai X; cac
diém Y, Z dugc xac dinh tuong tu. Ching minh ring X,Y, Z thing hang.

P Ldi giai
Nhan xét:
e Chu y vai tro X, Y, Z la nhu nhau;
e XM1AO co thé suy ra duge dicu gi?

e M thuoc dudng tron Euler, tit d6 c6 thé dy doan X thuoc truc dang phuong clia (O) va
duong tron Euler.

Goi H la tryc tam tam giac ABC, N la trung diém AH. Khi d6 M N 1a duong kinh ciia dudng tron
euler.

Dé thay AOMN la hinh binh hanh. Ma AO L MX, suy ra MN L MX, do d6 MX la tiép tuyén
cua duong tron euler.

Ta c6
/XMM =90°— ZOAX = /OM'X — ZOM'A=/XM'M

suy ra tam giac X MM’ can tai X.
T do6
Px)r = XM = XM? = P o)
Do d6 X thudc truc ding phuong ctia (F) va (O).
Chitng minh tuong ti ta ciing c6 Y, Z thuoc truc ding phuong ctia (F) va (0), do d6 X,Y, Z thing
hang.
Trén day la mot s6 cac dung truc dang phuong clia duong tron Euler va dudng tron ngoai tiép. Ta
xét cach dung truc dang phuong ciia dudng tron ngoai tiép va dudng tron noi tiép sau.

O
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Vi du 3.16. Cho tam gidc ABC ndi tiép duong tron (O), dudng tron tam I noi tiép tam giac
ABC tiép xtic véi BO, AC, AB tai D, E, F. Goi P la giao diém ctia EF va BC, Q la giao diém
ctia DF va AC. Goi M, N lan lugt la trung diém ctia DP va EQ), ching minh O 1L MN.

P Loi giai
Nhan xét:
e Tinh chat quen thuoc la (DP, BC) = (QFE, AC) = —1;

e Ta can ching minh M N la truc dang phuong, lien hé cac hé thitc newton, maclaurin.

Dé thay
PB DB

PC ~ DC
, v6i M la trung diem PD, tit ding thiic trén ta co:

= PB-DC=PC-DB

(PM + MB)(MC — MD) = (PM + MC)(MD — MB) < MB-MC = MP-MD = MD?

suy ra Py = Pujo0)- Chiing minh tuong tu ta ciing c6 Py = Py o)

Tit d6 M N 1a truc déng phuong ctia (1) va (O) nén OI L MN.

Sau day ciing 1a mot cach dung khéc, cac ban tr lam nhé.

A )
Vi du 3.17. Cho tam giac ABC noi tiép duong tron (O), dudong tron (I) noi tiép tam giac
tiép xtc véi cac canh BC, AC, AB tai D, E, F. duong thang qua D vuong géc EF cit AB tai
K va AC tai L. Duong tron (AKL) cit (O) tai P. Goi M la giao diém ctia AP va EF. Céc
diém N, @ dugc xac dinh tuong ty. Ching minh M, N, ) thing hang.

g Y.

Ta biét ring truc déng phuong qua trung diém ciia doan théng tiép tuyén chung, do dé6 duong thing
qua trung diém ctia hai doan thing tiép tuyén chung la truc ding phuong ctia hai dusng tron. Ta ¢
thé sit dung céc ¥ tudng nay dé giai cac vi du sau
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Vi du 3.18. (Dé thi HSG Qudc té IMO nam 2000) Cho hai dudng tron w; va wy cat nhau
tai M va N. Goi [ 1a tiép tuyén chung ctia wy,wsy sao cho I gan M hon N. Goi tiép diém ciia
[ v6i wy 1a A, v6i wy 1a B. Dudng thang qua M song song véi | cat w; tai C' va cit w, tai D.
Duong thang C A va DB cit nhau tai E; dudng thing AN va CD cét nhau tai P; BN va CD
cat nhau tai Q. Chitng minh raing EP = EQ.

P Ldi giai
Nhan xét:
e Truc dédng phuong di qua trung diém doan thang tiép tuyén chung ctia hai duong tron.

e MN la truc dang phuong do dé M N qua trung diém AB.

Goi F la giao diém ctia NM va AB. Ta c6
Priw) = FA? Priw) = FB?
ma M N la truc déng phuong ctia wy v w,, suy ra FA = FB.
Ta c6 PQ ) AB, dé& thay M N qua trung diém F ctia AB nén M la trung diém ctia PQ.
Ta c6

LFBA=/FDM = ZABMva/FAB = ZBAM

suy ra AAEM = ABEM, tit d6 BE = BM,AE = AM va AB la trung tryuc cua EM, suy ra
EM 1 AB, kéo theo EM 1 PQ.
Do d6 tam giac EPQ can tai F.

O
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Vi du 3.19. (IMO shortlist 1997) Cho tam giac ABC. D la diém thay ddi trén tia ddi tia
C'B. Chitng minh ring truc ding phuong dudng tron noi tiép cia hai tam giac ADC va ADB

luon di qua mot diém ¢b dinh.

P Lai giai
Nhan xét:

e Day I bai toan hay va tuong doi kho, viec du déa diém cb dinh tuong déi khé khan, ta phai
tim céc diém cé dinh phu trudée.

e Ta phai lién hé v6i mot s6 tinh chat vé duong tron noi tiép quen thudce, § day néu ta cho BI
cat EE’ thi ZBIA = 90° va P sé nam trén duong trung binh tam gidc ABC tng v6i BC, do
d6 P la diém cb dinh.

e Truc dédng phuong di qua trung diém ctia doan tiép tuyén chung ctia hai duong tron.

e 2y trén chinh la chia khéa dé dan dén 1oi giai bai toan nhut dudi day.

Goi (I) 1a duong tron noi tiép tam giac ABD, tiép xtic véi BC, AD tai E va F; duong tron (I') noi

tiép tam giac ACD tiép xtic CD tai E', AD tai I,

Goi P la giao diém ctia BI va EF, theo b dé vé duong tron noi tiép chuong 1, ta c6 LZAPB = 90°
va, P thuoc duong trung binh ctia tam giac ABC, suy ra P c6 dinh.

Tuong tu goi P’ la giao diém ctia E'F’ va CI', suy ra P’ ¢6 dinh.

Truc déang phuong ciia (1) va (I') qua trung diém cta EE’ va FF', ma P thuoc EF va P’ thuoc
E'F' do dé di qua trung diém ctia PP’ ¢ dinh.

Dé dung truc ding phuong c6 nhiéu cach, néu hai duong tron tiép xtc nhau thi truc ddng phuong
chinh la tiép tuyén chung, ta sé sit dung v tudéng nay dé gidi quyét cac bai toan sau:

O
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Vi du 3.20. Cho tam gidac ABC ndi tiép dudng tron (O). Goi M, N, P lan lugt 13 trung diém
ctia BC, AC, AB. Tiép tuyén tai A ctia (O) cdt NP tai X; cac diém Y, Z duge xac dinh tuong
tu. Chitng minh réing X, Y, Z cting thuoc mot dusng thing vuong géc véi dudng thang Euler
cua tam giac ABC.

P Loi giai

Xét ba dusng tron (ANP), (0),(MNP) thi AX la truc déng phuong ctia (ANP) va (O), NP la
truc déng phuong ctia (M NP) va (ANP), suy ra X la tam ding phuong clia ba dudng tron nay,
do d6 thude truc déng phuong ctia (M N P) va (O).Tuong tu Y, Z ciing thuoc truc dang phuong ctia
(MNP) va (O). Tit dé ta c6 X,Y, Z thing hang vi vuong géc véi dusng thing qua tam hai duong
tron nay, d6 chinh la duong thing Euler ctia tam giac ABC.

O
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AN )
Vi du 3.21. (IMO Shortlist 2011) Cho tam giac ABC néi tiép duong tron (O), goi B',C’

la trung diém ctia canh AB va AC. Duong tron (1) qua B',C’ va tiép xtic véi (O) tai X (khéc
A). Goi D la chan duong cao ha tit A cia tam giac ABC va G la trong tam tam giac ABC.
Chiing minh rang X, D, G thang hang.

P Loi giai
Nhan xét:

o (AB'C") va (O) tiép xtc nhau tai A, (XB'C’) va (O) tiép xtc nhau tai X; va (B'C") 1a truc
dang phuong ctia (AB'C") va (XB'C’), tit d6 ta thiy tiép tuyén tai A, X cta (O) dong quy
tréen B'C’;

e Day la chia khoa ra diém phu P, tit d6 lam tiép, tat nhién ciing phai biét bién doi géc mot
chit.

Goi P la giao diém ctia tiép tuyén tai A va tai X ctia (O).

Ta c¢6 P thuoc truc ding phuong cia (B'C'X) va B'C'A), suy ra P thuoc B'C’.

Do A, D d6i xitng qua B'C’ nén ta ¢6 nén PD ciing la tiép tuyén ctia (B'C’'D).

Vé AY /) BC, chiing minh duge D, G,Y thang hang. Cho XD cat (O) tai Y’ ta c6
ZADY' + ZAY'D = %ZAPX + LJACX = %ZAPX + %AOX = 90°

suy ra AY' / BC nén Y =Y’. Vay X, D, G thang hang.
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Vi du 3.22. (Dé thi HSG Qubéc gia nam 2015) Cho dudng tron (O) va hai diém B, C cb
dinh trén (O), BC khong la dudng kinh. Mot diém A thay déi trén (O) sao cho tam gide ABC
nhon. Goi E, F lan lugt 1a chan dudng cao ké tit B,C' ctia tam gidc ABC. Cho (1) la dudng
tron thay déi di qua E, F va c6 tam la 1.Gia sit (I) cit canh BC tai hai diéem M, N. Goi H 1a
truc tam tam gidgc ABC va P, Q 1a céc giao diém ctia (I) v6i duong tron ngoai tiép tam gidc
HBC. Dusng tron (K) di qua P, Q va tiép xiic v6i (O) tai diém T (T cung phia A dbi véi PQ).
Chitng minh ring duong phan giac trong ctia goc ZMTN luon di qua mot diém c6 dinh.

P Lai giai
Nhan xét:

e Khi lam bai nay gia thiét hai dudng tron tiép xtc tai 17" gdi y cho ta vé tiép tuyén chung, day
13 ¥ tudng vé yéu t6 phu khé tu nhién va don gian.

e Két hop v6i truc dang phuong va bién doi géc ta sé lam duge bai nay.

V@ tia tiép tuyén Tz clia (O) va (TPQ), thi Tz 1a truc dang phuong ctia (O) va (T PQ).
Xét 3 duong tron (O), (TPQ) va (HBC) thi truc dang phuong dong quy tai mot diém néen PQ, BC, Tx
dong quy tai diém, dat ten la X.
Lai ¢6 truc ddng phuong ctia (BEFC), (I), (HBC) dong quy, nén X thuoc EF.
Do d6 ta c6
XT?=XB-XC=XF-XE=XM-XN

nén X7 tiép xuc v6i (TMN).
Ta co6
LXTB+ £4BTM = /XTM = Z/XNT = ZACB + ZCTN

O
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LBTM = ZCTN
Goi S 1a diém chinh gitta cung BC khong chiia A ctia (O) thi

LBTM + ZMTS = £BTS = £LCTS = ZOTN = LCTN + ZNTS

hay la

LMTS = ZNTS
Vay phan giac gidc ZMTN luon di qua S ¢6 dinh.
A )
Vi du 3.23. (D& thi chon d6i du tuyén PTNK nim 2016) Cho tam gidc ABC, D la
mot diém thuoc canh BC. Duong tron tam I noi tiép tam giac ABD tiép xtic véi BC, AB tai
M, P, duong tron tam K noi tiép tam gidc AC'D tiép xtc véi BC, AC tai N, Q.

(a) Chitng minh ring dudng tron ngoai tiép tam gidc KD di qua mot diém cé dinh.

(b) Goi X la giao diém ctia M P va NQ. Chitng minh X D vuong géc véi TK.

For g %

P Lsi giai
Nhan xét:

e Bai nay la mot bai kha tha vi, ¥ a thi quen thudc nhung ¥ b thi méi duge minh phét hién khi
nghich véi geogebra.

e Lic dau c6 thé chitng minh bing dinh 1i 4 diém, v& c6 mot vai ban lam theo cach nay trong
phong thi. Tuy vay dé cho 15i giai dep hon thi ta diing truc ding phuong, ¢ day phai két hop
véi tinh chat quen thugc ctia duong tron néi tiép ¢ chuong 1.
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A B

Goi T 1a tam noi tiép clia ABC va R la tiép diém ctia (T') véi BC.
Ta c6
ANIMD ~ DNK = IM - KN =DM - DN

Ma

AB+BC - AC AB+BD-AD DC+DA-AC

2 2 2 DN

MR = BR—- BM =

suy ra RN = M D. Do dé
RM-RN =DM -DN=IM-KN

dan t6i AIMR «~ RNK, suy ra ZIRK = 90°. Vay tu giac IRDK noi tiép, nén (IDK) luon
di qua diém R c6 dinh.

Goi U la giao diém ctia AI va PM; V la giao diém ctia AK va NQ. Khi d6 ta chiing minh
duge LDUA = /ZDV A =90°.

Ta ¢6 /B
ZXJWN:APMX=90°—T
va
/B
LXVU =£XVD+2£DVU = ZNKD + /DAU = ZIDM + /DAU = 90° — -

Suy ra ZXMN = £XVU, kéo theo MUNYV nai tiép.

Khi d6 XN-XV = XM - XU, suy ra XD thuoc truc ding phuong ciia duong tron dusng kinh
DK va duong tron duong kinh DI, vay XD | IK.

Vi du 3.24. (Chon ddi tuyén Viét Nam 2006) Cho tam gidc ABC' la tam gidc nhon va
khong phai tam gidc can noi tiép trong duong tron tam O ban kinh R. Mot duong thang d
thay ddi sao cho vuong géc véi OA va luon cét tia AB, AC. Goi M, N lan lugt la giao diém
ctia d va AB, AC'. Gia st BN va CM cit nhau tai K, AK cat BC tai P.

(a) Goi P la giao diém ciia AK va BC. Chitng minh ring dudng tron ngoai tiép tam giac
MNP luon di qua mot diém ¢6 dinh.

(b) Goi H la truc tam clia tam giac AMN. Dat BC' = a va [ 1a khoang cach tit A dén KH.
Chiing minh K H di qua truc tam cta tam giac ABC, tit d6 suy ra | < VAR? — a?

P Lai giai

e Day la mot bai toan hay, tuy khong qua khé nhung két hop cac kién thitc vé phuong tich, hang

diem dicéu hoa, he thitc maclaurin;

e Bai nay moi viéc chitng minh dién ra mot cich kha tir nhién vi nhi thay khé r6 hudéng di.
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Goi Q la giao diém ctia M N va BC, E la trung diém BC. Xét tit gidc BM PC thi ta biét ring
O, P, B,C 1a hang diém didu hoa, khi d6 QB - QC = QP - QE.

Mat khac BONM noi tiép nén QB - QC = QM - QN.

Suy ra QM - QN = QFE - QP, ti giac MNEP noi tiép, vay dudng tron ngoai tiép tam giac
MNP qua trung diém E ctia BC' ¢6 dinh.

Gia st 3 duong cao AD, BF va CJ clia tam giac ABC cat nhau tai I; ba duong cao M X, AY, NZ
clia tam giac AMN cat nhau tai H. Ta can chitng minh K, I, H thing hang.
Xét duong tron tam (O;) duong kinh BN va tam (O,) dudong kinh C'M. Ta thay:

KC-KM =KB-KN;IC-1J=1B-1F;HM -HX =HN-HZ

Suy ra K, I, H ciing thuoc truc ding phuong ctia (O;) va (Oy) nén thing hang. Tt d6 suy ra
AL < Al

Ma
BC?
AIZQOEZQ RQ—T=V4R2—G2
nén
AL =1 < V4R2 — q?
A )

Vi du 3.25. (Iran TST 2014) Cho tam gidc ABC c¢6 duong tron noi tiép la (I). Duong
thang qua I vuong goc véi Al cit AB va AC lan lugt tai B’ va C”. Goi B”,C” la cac di¢m
thuoc tia BC' va CB sao cho BB” = BA va CC” = C A. Goi giao di¢m ctia dusnmg tron ngoai
tiép cac tam giac AB'B” va AC'C” 1a T khac A. Chitng minh tam dudng tron ngoai tiép tam
gidc AIT thuoe BC.

P Lsi giai

' Q16/2 Tran Thién Chanh, P12, Q10, TP.HCM

O
Trang 26/30




0 Nguyén Ting Vii [ 098 313 0298 ‘
(o

Goi B; va O déi xing v6i B’ va C' qua BI va CI. D la tiép diém ctia duong tron noi tiép véi BC.
Ta ¢c6 BB'- BA = BBy - BB" suy ra B; thuoc (AB'B"), tuong tu cing ¢6 C; thuoc (AC'C").

Tu
IBy=1IB =1C"=1CvalB" = 1A =1C"

két hop v6i ID L BC thi {By,C1} va {B”,C"} dbi xiing qua D. Khi d6
DB, -DB" = DC, - DC"

suy ra D thudoc AT.

Mat khac I’ déi xing véi I qua BC, hon nita

LC"IC, = LAIC" = 90°

DA-DT = DC"-DC, = DI* = DI - DI
do d6 I’ thuoc (AIT), hay tam ctia AAIT thuoe BC.

@ BAI TAP REN LUYEN

Bai 3.1. Cho duong tron (O), A, B 1 hai diém c6 dinh, d6i xting qua tam O ndm trong (0). M la
, ) . AM  BM
diem chuyén dong trén (O), M A, M B giao véi (O) tai P,Q. Ching minh rang aP + B0 khong

doi.
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Bai 3.2. Cho tam gidac ABC nhon, goi O 1 tam ngoai tiép va H 1a tryc tam tam gidc. Chiing minh
rang
OH? = R*(1 — 8cos Acos BcosC)

Bai 3.3. Cho hai dudng tron (O) va (O') cat nhau tai P va Q. Tiép tuyén chung AB tiép xtc v6i
(O) tai A va (O') tai B sao cho AB gan P hon Q. Dudng thang qua A vuong géc véi BP cat OO’
tai K. Ching minh ZAPK = 90°.

Bai 3.4. Cho tam gidac ABC. Cac dudng cao AD, BE cat nhau tai H. Tiép tuyén tai A clia dudng
tron ngoai tiép tam gidc AHB cit BE tai K. Duong thing qua E vuong géc BC cit AB tai F. Goi
M 1a trung diém AB. Ching minh ring truc tam tam giac FA/K thuoc duong thing AC.

Bai 3.5. ti gidc ABCD nai tiép duong tron tam O. F 1a giao diém ciia AC v6i BD. P la diém bat ki
nim trong tit giac ABC'D, XY, Z, T lan lugt 1a tam cac duong tron (ABP), (BCP),(CDP),(DAP).
Chitng minh ring X Z, YT, OF dong quy.

Bai 3.6. Cho tam gidc ABC c¢6 cac duong cao AD, BE, CF cit nhau tai H. Goi P, @ lan lugt thugc
céc canh AB, AC sao cho B, C, H, P, @ cung thuoc duong tron. DE, C'F cat nhau tai M, DF cit BE
tai N. Goi G la giao diém ctia PQ va BC, I 1a giao diém ctia BQ va C'P. Chitng minh MN J IG.

Bai 3.7. (VMO 2012) Tron mit phang, cho tit gidc 16i ABC'D noi tiép dudng tron tam O va c6
cac cap canh dbi khong song song. Goi M, N tuong ting la giao diém ciia cdc duong thang AB va
CD,AD va BC. Goi P,Q,S,T tuong ting la giao diém cac duong phan gidc trong ciia cic cip géc
LMAN va LMBN, ZMBN va ZMCN,ZMCN va ZMDN,ZMDN. va ZMAN. Gié st bon diém
P,Q,S,T ddi mot phan biét.

(a) Chiing minh ring bén diém P, Q, S, T cung nim trén mot dudng tron. Goi I 1a tam ciia dudng
tron doé.

(b) Goi E la giao diém ctia ciac duong chéo AC va BD. Chiing minh ring ba diém E, O, I thang
hang.

Bai 3.8. (RMM 2013) Cho tt gidc ABC'D noi tiép dudng tron w. Goi P 1a giao diém ctia AB, CD;
Q la giao diem AD, BC va R la giao diém ctia AC, BD. Goi M la trung diem PQ, doan RM cat w
tai 7. Chiing minh TPQ va w tiép xiic nhau.

Bai 3.9. Cho tam giac ABC nhon, /B > ZC. Goi M la trung diém doan BC va E, F lan lugt la
chan dudng cao tit B va C. Goi K, L lan lugt la trung diém ctia ME, MF. Goi T la giao diém ctia
KL sao cho T'A J/ BC. Chiing minh T'A = T'M.

Bai 3.10. Cho tam giac ABC nhon, ké duong cao AD, BE, C'F cat nhau tai H. Cho K 1a mot diém
tily § trén canh BC' va khac B,C ké duong kinh KM clia dudng tron ngoai tiép tam giac BFK
va duong kinh KN clia dudng tron ngoai tiép tam gidc C EK. Chiing minh riang ba diém M, H, N
thang hang.

Bai 3.11. (D¢ dé nghi thi HSG Toan Qudc Té 2014) Cho w la dudng tron tam O ngoai tiép tam
gidc nhon ABC v6i AB > BC. Tia phan giac cia goc ZABC' cat w tai M khac B. Goi C' 1a dudng
tron duong kinh BM. Tia phan gidc cac géc AOB va BOC cat C tai diém P va Q. R la diém trén
dudng thing PQ sao cho BR = M R. Chiing minh BR J/ AC.

Bai 3.12. (VMO 2014) Cho tam giac nhon ABC noi tiép duong tron (O), trong d6 B, C' ¢ dinh va
A thay doi tren (O). Trén cac tia AB va AC lan lugt lay cac diem M va N sao cho MA = MC va
NA = NB. Céc dudng tron ngoai tiép cic tam gidc AMN va ABC cét nhau tai P (P # A). Duong
thang M N cit duong thing BC tai Q.
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(a) Chiing minh ring ba diém A, P, Q thang hang.

(b) Goi D la trung diém ctia BC. Cac dudng tron c6 tam 1a M, N va ciing di qua A cit nhau tai
K (K # A). Dudng thang qua A vuong goc véi AK cat BC tai E. Dudng tron ngoai tiép tam
giac ADE cit (O) tai F(F # A). Chitng minh ring dudng thing AF di qua mot diém c6 dinh.

Bai 3.13. (Dé thi duyen Héi Bac Trung Bo nam 2014) Cho hai dudng tron (O;) va (Oq) cat nhau
tai A va B. AX, AY lan lugt 1a cic duong kinh ctia (O;) va (O2). Goi O la trung diém doan théng
XY .I la diém thuoc phan gidc géc ZXAY sao cho OI khong vuong goc véi XY va I khong thude
hai duong tron.Dudng thing qua A vudng goc véi Al lan lugt cat hai duong tron (Oy), (0s) tai E
va F khac A. IX cit (0y) tai K, IY cat (O,) tai L.Chitng minh FK, FL va OI dong quy.

Bai 3.14. Cho tam giac ABC noi tiép dudng tron (O) véi goc A nhon. Goi D 1a diém chinh giita
clia cung nhé BC va E, F lan lugt 1a trung diém ctia AC, AB. Gia st DE, DF cét lai véi (O) tai
diém thit hai tuong ting 12 Y, Z. Dudng tron (AEY) cit (AFZ) tai diém thtt hai M. Goi N la trung
diém ctia BC va duong tron (DN M) giao véi BC tai diém tht hai X. Chitng minh ring AX 1a tiép
tuyén cua (O).

Bai 3.15. (Thi HSG Trung Qubc nam 2008) Lay AB la day cung ciia dudng tron tam O, M 1a diém
chinh giita cung AB va C la diém nim ngoai dudng tron (O). Tt C vé hai tiép tuyén dén (O) tai
tiép diem S, T. Goi E la giao diém ctia M S vAAB, F 1a giao diém ctia MT va AB. T E, F vé cac
dudng thing vuong goc v6i AB, cat OS va OT lan lugt tai X va Y. Mot duong thang qua C cat
(O) tai P va Q, MP cit AB tai R. Chiing minh rang XY di qua tam dudng tron ngoai tiép tam
giac PQR.

Bai 3.16. Cho tam gidac ABC nhon. Dudng tron dudng kinh AB cit dudng cao O'D tai hai diém
M va N, M nim ngoai tam gic; dudng tron dusng kinh AC' cit duong cao BE tai hai diém P va
Q, Q ndm ngoai tam giac.

(a) Chting minh 4 diém M, N, P,Q ciing thuoc mot dudsng tron.
(b) Chitng minh M P, NQ va BC dong quy.

Bai 3.17. Cho hai dudng tron (C)) va (Cy) tiép xtic ngodi véi nhau tai tiép diém M. Goi AB la
mot tiép tuyén chung ciia ()C1) va (Cq) v6i A, B phan bigt lan lugt 1a cac tiép diém. Trén tia tiép
tuyén chung Mx ciia hai dudng tron (Ma khong cit AB) lay diém C khac M. Goi E va F lan lugt
Ia giao diém thit hai ctia CA véi (C;) vi CB véi (Cy). Chitng minh ring tiép tuyén cta (C) tai E,
tiép tuyén cia (Cy) tai F' va Mz dong quy.

Bai 3.18. Cho tam gidac ABC la tam gidc nhon, khong can noi tiép duong tron tam O. Goi
AD,BE,CF la ba dusng phan gidc trong ciia tam giac ABC. Goi L. M, N lan lugt la trung diém
cia AD, BE,CF. Goi (O1), (03), (03) lan lugt 1a cac dudng tron di qua L, tiép xic véi OA tai A; di
qua M, tiép xic véi OB tai B; di qua N tiép xic véi OC tai C. Chiing minh rang (O;), (Os), (O3)
c6 ding hai diém chung va dudng thing ndi hai diém dé di qua trong tam tam gidc ABC.

Bai 3.19. Cho tam giac ABC va diém D thay doi trén canh BC. Puong tron ngoai tiép tam giac
ABD cat AC tai E, duong tron ngoai tiép tam giac ACD cat AB tai F. Goi H 1a tric tam.

(a) Duong tron ngoai tiép tam gidc AEF va dudng tron dudng kinh AH cét nhau tai diém thi
hai 13 P. Chiing minh AP di qua trung di¢m ctia BC.

(b) Chitng minh tryc tam tam gidac PEF thuoc mot dudng théng cd dinh.
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Bai 3.20. Cho tam gidc ABC vdi tryc tam H, tam noi tiép 1a I. Goi K 1a tryc tam tam giac IBC.
Al cat HK tai L, goi P la tam duong tron ngoai tiép tam giac /LK. Chting minh truc ding phuong
ciia (I) va (IKP) di qua tam ngoai tiép cta tam giac ABC.

Bai 3.21. Cho tit gidc ABCD noi tiép dusng tron (O). Goi F la giao diém ctia DA va BC, F la
giao diém ctia AC va BD. Tiép tuyén tai A vi B ctia (EAB) cit nhau tai X; tiép tuyén tai C' va D
clia (EC'D) cat nhau tai Y. Ching minh rang:

(a) E'F song song XY.
(b) Truc dang phuong ctia (OXY') va (O) qua F.

Bai 3.22. Cho tit giac 16i ABCD c¢6 AD va BC khong song song. Gia st duong tron dudng kinh
AB va duong tron duong kinh C'D cit nhau tai £ va F beén trong tit gidc. Goi wg 14 dudng tron qua
chan duong vuong goc tit E dén AB, BC va CD; wp 1a duong tron qua chan dudng vuong goc tit I
dén CD, DA va AB. Chitng minh ring trung diém ctia EF thuoc truc ding phuong clia wg va wp.

Bai 3.23. Cho tam giac ABC. Diém D trén canh BC, goi E, F la giao diém ctia (ABD) va (ACD)
v6i AC, AB. Duong tron (I) qua B, C tiép xtic ngoai v6i (AEF) tai T. Goi M la trung diém ciia
BC, S la giao di¢m ctia TM va EF. Chiing minh DS1BC.

Bai 3.24. (ISL 2017) Cho tam giac ABC' ¢6 w la duong tron bang tiép tng véi dinh A. Goi D, B, F
la cac tiép diém ciia w véi cac canh BC, AC, AB tuong tmg. Dudng tron ngoai tiép tam gidc AEF
cit canh BC tai P va Q. Goi M la trung diém AD. Chitng minh dudng tron ngoai tiép tam giac
M PQ tiép xtic véi w.

Bai 3.25. (ISL 2015 - G5) Cho tam giac ABC ¢6 CA # CB. Goi D, F va G la trung diém canh
AB, AC va BC. Duong tron w qua C va tiép xtc v6i AB tai D cit cac doan thang AF, BG tai H
va I. Goi H' 1a déi xiing ctia H qua F va I’ 1a déi xing ctia I qua G. Duong thing H'I' cit CD va
FG tai Q va M. CM cét w tai P. Chiing minh rang CP = CQ.

Bai 3.26. Tt gidc ABCD nai tiép duong tron tam O.AC, BD cit nhau tai F.P la diém bat ki ben
trong tit gidc va X, Y, Z, W lan luot 1a tam dudng tron ngoai tiép cac tam gidc ABP, BCP,CDP, DAP.
Chitng minh rang X Z, YW, OF dong quy.

Bai 3.27. (Sharygin2011-P2) Cho tam giac ABC ndi tiép (O), duong cao AA; - OA; cit (BOC) tai

A’. Tuong ti xac dinh cac diem By, C1, B', C’. Chitng minh rang cac duong tron (AA; A) , (BB.B') , (CC,C")

¢6 diem chung.

Bai 3.28. (Sharygin2016-P8) Cho tam giac ABC, duong tron noi tiép (I) tiép xic véi BC,C A, AB
tai D, B, F.AX, BY,CZ la cac phan giac ctia tam giac ABC. Goi O la tam dudng tron ngoai tiép.
Chiing minh réing tam dang phuong ctia cac duong tron (AX D), (BY E),(CZF) nim trén dudng
thang OI.

Bai 3.29. (Sharygin2017-P3) Cho tit giac ABCD. Goi X4 la tich Pa/sep) - Spep. Tuong tu xac
dinh Xg, X¢, Xp. Chitng minh rang X, + X5 + X + Xp = 0.
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