STAR-EDUCATION 16/2 Tran Thién Chanh, P.12, Q.10

DAI HOC QUOC GIA TP HCM DE THI TUYEN SINH LOP 10
TRUONG PHO THONG NANG Nam hoc 2022 - 2023
KHIEU Moén thi: TOAN (chuyén)
’Dé chinh thc Thoi gian: 150 phit (khong ke thoi gian phat dé)

Bai 1. Cho hai phuong trinh: 22 —2az +3a=0 (1) vaz?—4x+a=0 (2)
a) Chiing minh {t nhat mot trong hai phuong trinh trén c6 nghiém.
b) Gia st hai phuong trinh déu c¢6 hai nghiém phan bigt. Ty, Ty 13 tong binh phuong
cac nghiem cua (1) va (2). Ching minh 77 + 57 > 68

Bai 2. Cho céac s6 duong a > b > ¢ thda a? + b? + ¢ = 1. Chitng minh:
Va+(b+e)?<2a+b+c<V4+4a?

Bai 3. Cho phuong trinh: 2% + 5Y = k? (z;y; k € N¥)
a) Chiing minh phuong trinh trén vo nghiém khi y 14 s6 chén.
b) Tim k dé phuong trinh ¢6 nghiém.
Bai 4. Cho tam giac ABC ¢6 truc tam H, D déi xing v6i H qua A. I 1a trung diém ctia C'D,
duong tron (I) dudong kinh C'D cit AB tai E, F (E thuoc tia AB)
a) Ching minh ZECD = ZFCH va AE = AF.
b) Chitng minh H la truc tam cia ACEF.

c) BH cat AC tai K. Chiing minh EFKH ndi tiép va EF la tiép tuyén chung cia
(CKE) va (CKF).
d) Chiing minh tiép tuyén tai C' ctia (I) va tiép tuyén tai K ciua (K EF) cit nhau trén
dudng thang AB.
Bai 5. Cho day s6 nguyén a; > as > az > ... > a1 > a9 thda man:
) Ja;] <1lvaa; #0Vi=1;2;...;22
11) CL1—|—CL2—|—(13—|—...+G22=1
a) Ching minh: a;;as > 0
)

Chiing minh ¢6 thé chon & > 1 s6 tit as;as;...;as dé tong S cla ching thda
—10<a; +5<0.

¢) Ching minh tit day da cho c¢6 thé chon n > 1 s6 ¢6 tong bing 0.

_HET -
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STAR-EDUCATION 16/2 Tran Thién Chanh, P.12, Q.10

DAI HOC QUOC GIA TP HCM PE THI TUYEN SINH LGP 10
TRUONG PHO THONG NANG KHIEU Nam hoc 2021 - 2022

Mon thi: TOAN (chuyen)
Thoi gian: 120 phit (khong ké thoi gian phat de)

LOI GIAI

Loi giai dugc thuc hién béi nhém gido vién Star Education:

| D& chinh thic

NGUYEN TAN PHAT - NGUYEN THAI HUNG - VO HOANG THANH -
NGUYEN THUY TIEN - PHAM NGUYEN MANH - NGUYEN MAC NAM

Bai 1.

Bai 2.

a)

Bai 3.

TRUNG
Ta c6: A} = a® — 3a; Ay =4 — a.
Ta co: A + Ay =a* —4a+4=(a—2)*>0.
Do d6 A} hoac A), khong am.
Suy ra it nhat mot phuong trinh c6 nghiém.
Vi (1) va (2) déu ¢6 2 nghiém phan biét nén:
{A’1>O {a2—3a>0© a<0
AL >0 4—a>0 3<a<4d’
Goi aq; as 1a hai nghiém phan biét cta (1).
b1; by 1a hai nghiém phan biét cia (2).
Ta co:
Ty + 5T5 — 68 = (a1 + a2)” — 2ajas + 5 (by + ba)? — 10b1by — 68
= 4a® — 6a + 80 — 10a — 68
= 4a®> — 16a + 12 = 4(a — 1)(a — 3)
e Neua<0Othia—1<0vaa—3<0nénT;+5T —68>0= T+ 5T, > 68
e Néud<a<4thia—1>0vaa—3>0neénT,+5T5,—68 >0=T,+5T, > 68

Vay T, + 515 > 68

Vi+(b+c)2<2a+b+c

S 4+b% 4 2bc+ 2 < 4a® + b2+ 2 + 4ab + 4ca + 2be
s1<a’>+ab+ca

sSa+bP+E<a®+ab+ca

s+ <ab+ca

(luon dang vi @ > b > c nén ab > b? va ca > ?)

2a + b+ ¢ < V4 + 4a?

& 4a? + b2 + 2 + 4ab + 4ea + 2be < 4 + 4a?

& 02 + 2+ 4be + 4ea + 2bc < 4 = 4 (a® + b + )

& dab +4ea + 2be < 4a® + 36 + 3¢2

VP = (2a% + 2b%) + (2a® + 2¢*) + (b* + ¢*) > 4ab + 4ac + 2bc = VT, suy ra dpem.
. 1

Diu” =" xdyrasa=b=c= —

V3
a) Gia stta phuong trinh c6 nghiém véi y chén.
V6i x =1 thi: 2+ 5Y = k* = 2 (mod 5)
Diéu nay vo Iy vi k2 = 0,1,4 (mod 5) v6i moi k € N
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STAR-EDUCATION 16/2 Tran Thién Chanh, P.12, Q.10

e V6i z > 1, do y chan nén dat y = 2m (m € N¥)
Khi do:
2+ 5" =k (1)
& 2" = (k—=5m)(k+5™)

kE—5m=2!

Vik+5">k—5"nénx —t>1
Ta suy ra k = 20-1 4 22-1=1

L 1
Tathaynéut:()thik=§+2f—1gzN. Do dé t > 1.

Maklévat—1l<z—t—1nen2'=1=t=1
Khidé: k=" =2 kE=245"
Thay vao (1) ta dugc:

2 452 = (24 57)° & 2 =4 +4- 5"
S22 =145">1

Nhan xét: x > 3
e r=3thi2=1+5"=1=5"=m=0 (vo ly).
o 1 >3thi2°2:4
Ma 145" =2 (mod 4) nén 1+ 5" 74 (vo Iy).
Vay phuong trinh vo nghiém khi y chan.
b) Vi y chdn phuong trinh v6 nghiém nén y 1é.
e Néu z = 4k + 1 thi:

k2 =2°+5Y=2%.245 =2 modb5, vo Iy vi k> = 0,1,4 (mod 5) v6i moi
keN

o Néu x = 4k + 3 thi:
k?=2%.23 4 5Y =8 =3 (mod 5), vo Iy.
Vay x chén, dat x = 2t (t > 1)

2% 4 5Y = k2

<5 = (k-2 (k+2Y

N k— 2t = 5%
k+2t=5v¢

e Néu s >0 thi 5° —5° : 5nen 271 : 5 (vo 1y)
Do do6 s = 0.
o [ E=1+20

Khi dé: { I — 5 _ ot

Do dé: 14+2t=5Y — 20 = 5Y — 1 =21 (%)

o t>1thi 2tH1: 8.
Dat y =20+ 1
=5 —-1=25.5-1=5—-1=4 (mod 8) (vo 1y do (x))
Vayt=1=k =3,
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STAR-EDUCATION 16/2 Tran Thién Chanh, P.12, Q.10

V6i k= 3 ta tim dugc z =2 vay = 1.
Vay k = 3.

Bai4. a) LECD =/4DFC - /ZEFC =90° - LZAFC = Z/FCH.
IA|| HC = IA1LAB = A la trung diém cta EF.
b) A la trung diém chung cia EF va DH nén DEHF 1a hinh binh hanh.
= DE || FH = FHL1EC.
Ma CH LEF nén ta c¢6 dpcm.

S

c)AH cit BC tai T thi T € (I). Ta ¢c6: BH - BK = BT - BC' = BF - BE.
= H,K,F FE cing nam trén mot dudng tron.

Kéo dai AC cat (I) tai diém tht hai Ia P thi P la trung diém ctia PK.
Ta c6: AE.AF = AE?* = AF? = AP.AC = AK.AC, suy ra diéu phai chiing minh.

d) Lay N d6i xting v6i K qua AB.
/ENF = /FEKF =/FEHF =180° — ZECF = N € (I).
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Bai 5.

a)

AP =AK = AN = /KNP =90°= NP || BC = ENPF la hinh thang can.

= /FECN =/FCP = AECN -~ NACF va AECA ~ ANCF.
:NE:ECVQEA:CA
AF  AC NF CF
:>NE:AF:AE:NF (1)
EC AC AC CF
Tiép tuyén tai N va C ctia (I) cat nhau tai S, SF cat (I) tai B/ (E' # F)

, NE  SE'
DSE'N « ASNF =~ = 22
, EC  SE
ASE'C o ASCF = Lm = 22
NE  EC
= ~Nr - cr 9

T (1) va (2) suy ra: £ = E'

Ma tiép tuyén tai N ctia (I) dbi xiing v6i tiép tuyén tai K ctia (FHF) qua AB nén
ta co dpcm.

Gid st ay < 0.

Via; #0=a; <0=ay < —1

= axp <an <...<az3<ay < -1
:>a2+a3+...+a22§—21

Ma ay +ag + ...+ ax = 1 nén a; > 22 (trai gia thiét)
Dodbas >0=a; >ay, >0

Gia stt khong ton tai k > 1 s6 nao tit cac s as, as, . . ., az dé tong S ciia ching thoa
—-10<a; +5<0.

a1+a3—|—a4+...—|—a22§—11

Khi doé: a4+ as+ag+ ... amp > 1

THl a1+a3+a4+...+a22§—11

Lai ¢6 ay +as +as+ag+ ...+ azp = 1 nén ap > 12 (trai gt).

TH2: a1 +as+as+...a0 >1

Lai c6 a1 +as + as + ag + ... + axy =1 nén ay < 0 (mau thuan cau a)

Do d6 ta c6 diéu phai ching minh.

¢) Ta c6 nhan xét sau:

V6i mdi X 1a tap con thuc sy ctia {1,2,...,22}, luon ton tai ¢ khong thuoc X sao
cho a; trai dau véi s, trong do s la tong cac aj, véi k thuoe X.

Chitng minh:

Dit tong cac a véi k thuoc X la s, tong cac a; véi k khong thuoc X la s’ thi
5.8 = s(1 —s) <0. Do d6 ton tai i khong thuoe X sao cho a;.s < 0.

Quay tr6 lai bai toan, gid sit khong thé chon ra n s6 c¢6 tong bang 0. Chon i; = 1,
v6i moéi 1 < k < 22, chon 4, 1a s6 nguyén duong nhé nhat khac 41,4, ..., 41 sao
cho a;, trai dau véi a;, + a;, + ... + a4, .
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Dat Sy = ai, + a;, + ... +a;, thi S; = a; nén |S;| < 11, ta cling suy ra dugc néu
1S,_1| < 11 thi
|Sn| = [Sn—1 + ai,| = [Sn-1 — (—as,)]
=||S,_1] — |a;,|| (do — a;, cung dau véi S,,_1)
<10 (do 1 < lay, |, |Sn_1| < 11),

nhut vay |S;| < 10 v6i moi i € {2,3,...,22}. Do S; khac 0 nén S; c6 thé nhan 20
gia tri, theo nguyen 1i Dirichlet ton tai m < n sao cho S,, = S,, nghia la tong
aim+1 4+ ...+ ain = 0
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