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KI THI CHON POI DU TUYEN

TRUONG PHO THONG NANG KHIEU MON TOAN
Ngay thi: Tha bay 11/01/2025

Thoi gian lam bai: 180 phit, khong ké thoi gian giao dé

LOI GIAI THAM KHAO

Dap an tham khéo dugc thuc hién béi doi ngn giao vien trung tam STAR Education:
Thay TRAN MINH NGOC - Thiy NGUYEN THAI HUNG - Thiy NGUYEN PHUOC
THINH - Thay VO HOANG THANH - Thiy NGUYEN QUI HUYNH LONG.

Bai 1. Cho a, b, c 1a do dai 3 canh clia mot tam gidc ¢6 chu vi bang 3. Chiing minh rang
|(a —b)(b—c)(c—a)|+ abe < 1.

Loi giai.

Khong mat tinh tong quat, gidsta >b>c. Dtz =b+c—a,y=c+a—b,z=a+b—c,
+ 2 zZ+x T+
i ,C= y.Hdnnﬁatacéx+y+z:3vazzyza:.

b=
, 2 2 2
Bat dang thic can ching minh tuong duong véi

suy ra a =

y—r z2-yY 2-1T :E-I—y+y+z.z-|—xgl
2 2 2 2 2 2

= (y2* + 22 + 2y?) — (VP2 + 222 + 2y) + (2Py + v’z + 222) + (Y + oyt o+ 2a?) + 20y < 8

— 7y +y2® + 22° +ayz < 4.
Doz>y>xzmnén (y—2)(y—x) <0. Tu do ta co

V4 rz <yztay <= oy’ + iz <aylr+2)
oyt +r’z+yl ey <ylr+2)=yB-y)? <4

Vay bat ding thiic duge chiing minh. Dau dang thic xay ra khi v chi khi 2 = y = 2 hay
a=b=c=1. 0

Bai 2. Gia sit ching ta c¢6 thé sdp xép 2025 cac sé6 nguyen duong trén mot dudng tron theo

chiéu kim dong ho l1an lugt 1a aq, as, . . . , asges va théa man diéu kien
2 S 2
ai | aj +1vaa;|a;+1,

v6i moi sb a;,a; canh nhau hoac ching cach nhau mot s6. Tim gia tri 16n nhat cla tong
S=a+as+ ...+ axpes.
(Vi du: hai s6 ay, az 1a canh nhau, hai s6 asg, asges 14 cdch nhau mot s6.)
Loi giai,
V6i cac s6 nguyén duong a,b théa man a | b* + 1 va b | a®* + 1 thi ab | a* + b* + 1. Dat
a? 4+ b? + 1 = kab, ta sé ching minh k = 3.

Dé dang thay k > 3. Xét tap hop

2 2
A:{(a,b)eN*Q:k:%be}.
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Xét (ag,by) € A sao cho ag + by nhé nhat. Khong mat tinh téng quét, gid sit ag > by. Xét

phuong trinh
x® — kboxr + b5 + 1 = 0.
Phuong trinh trén c6 nghiém ag, goi ¢ la nghiém con lai ctia phuong trinh. Theo dinh 1y Viete,

ta co

ag + ¢ = kbo
(1)
apc = b3 + 1
Khi d6 ¢ € N* néen (¢, by) € A. Vi ag + by nhd nhét nén ¢ > ag > by. Tt (1), ta duge

kb 1 1 2
mL - toS
b0‘|—1 Qo C b()

Do d6 kb3 < 2b2 + 2, tit d6 suy ra k < 4. Néu k = 4 thi by = 1; tt apc = b3 + 1 trong (1), ta
suy ra ap = 1 va ¢ = 2; tuy nhién khi d6 a¢ + ¢ = kby khong xay ra. Nhu vay k = 3.

Quay lai bai todn ban dau, tit gid thiét ta suy ra
azz + (122+1 +1= 3&1'@2'4_1
CL? T a?—i—2 +1= 3aiai+2

Do dé Ai+1 = Aj42 hOéC Ai+1 - Ai+2 = 3ai. Néu Ai+1 + it = 3az~ v6i HlOl 1= 1, 2025 thi

2025

2(a; + as + - -+ + asges) = Z(ai—i-l + a;12) = 3(a1 + ag + -+ - + ag;).
=1

Do d6 a3 +as+- - - +aspes = 0 (Vo 1i). Vi vay ton tai it nhat mot cdp (a;, aj11) sao cho a; = a;41.

Hon nta
2 2
aj _|_ aj+1 + 1 — 3ajaj+1
nén a; = a;1; = 1. Khong mat tinh tong quat, gid st a; = ay = 1. Gid st ay,, ay,, . .., a;, 14
cac s6 16n hon 1 trong day ay,as, ..., ases vOi 3 < lj <y < -+ < lp. Ta thay rdng a;, 1 = 1

va aj_q +aj +1 = 3a,_1a;, nén a;, = 2. Két hop véi a2 = a;,—1 = 1 va (2), ta suy ra
aj41=1vaa,2=1Dodéa, =2valy,—1; >1;+3—1; =3. Tuong tu nhu vay, ta suy ra

a, =ap, =---=aj =2va

2025 >l >l 1 +3>--->3(k—=1)+1; > 3k.
Do do k < 675. Tu do ta dudge

a;+as + -+ agos < (14+1+2)-675 = 2700.

Dau “=" xay ra khi agi_1 = asr_2 = 1 vi ag, = 2 véi k = 1,2025. O

Bai 3. Cho hinh binh hanh ABCD c¢6 BAD > 90°. Goi G, E, F 1 cac diém trén BD, CB,C'D
sao cho: AG 1. AC,AE L CB,AF 1 CD.
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a) Chiing minh G, E, F thing hang.

b) Dudng cao qua A cia tam giac ABD va trung tuyén qua A cia tam giac AEF cit
CB,CD lan lugt tai M, N. Chting minh EN, FM va duong cao qua A clia tam giac
AEF dong quy.

Loi giai.
a) Xét vi trf cac diém nhu hinh vé, cac trudng hop khac tuong tu.

A

Ta cb

GD  Sagp AD-sin/GAD  AD-sin(90° — ZCAD) AD -cos ZCAD
GB  Sigs AB-sinZGAB  AB-sin(90° + ZBAD  AB-cos /BAD’

EB  AB-cosZABC _ FC  AC-cos ZACD
EC ~ AC- s ZACB ;;aCFD ~ AD - cos ZADC"
la hinh binh hanh ta suy ra GB.EC"FD:L O
Tu do ap dung dinh ly Ceva dao cho tam giac BC'D ta duge G, E, F' thang hang.

Mit khéac, ta co Két hop v6i ABCD

b) Ta phat bicu va chitng minh bo dé sau: Cho tam giac ABC va hai diém M, N sao cho
AM, AN ding giac. Goi P la giao diém ctia BM va CN, Q la giao diém ctia BN va CM.
Khi d6 AP, AQ dang gidc ZBAC.
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Chatng minh. Ap dung dinh 1y Cevasin cho tam gidc ABC

sin/MAB sin/ZMCA sinZMBC _ sin /NAC sinZNBA sin/ZNCB B
sin/MAC sin ZMCB sinZMBA sin/NAB sinZNBC sinZNCA

Hon nita /ZAMAB = ZNAC, /ZMAC = ZNAB nén

sin/MCA sinZMBC B sin/NBA sinZNCB

sin /MCB sin/MBA sin /NBC sinZNCA
sin ZQCA sin/ZPBC  sinZQBA sin/ZPCB

sin /QCB sin/PBA  sin ZQBC sin ZPCA
sin ZQCA sinZQBC  sin/PBA sin/PCB
sin ZQCB sinZQBA — sin ZPBC  sin ZPCA’

1.

Ap dung dinh 1y Cevasin cho tam giac ABC:

sin ZQAB sin ZQBC sin ZQBC  sin ZPAC sin/PBA sin/PCB
sin ZQAC sin ZQCB sin ZQBA  sin /ZPAB sin/PBC sin/PCA
sin ZQAB _ sin ZPAC (%)
sin ZQAC — sin ZPAB'
Lay X, Y lan lugt thuoc CA, AB sao cho PX || AB,QY || AC. Khi d6
(%) <> sin ZQAY  sin/ZPAX PN YQ XP
sin ZAQY  sin ZAPX YA XA
Mat khac ZAYQ = 180° — LBAC = ZAXP nén AAYQ «~ AAXP, suy ra LZQAY =
/PAX, tit d6 AP, AQ dang gidc ZBAC.
Tré lai bai todn, goi H 1a hinh chiéu tit A len BD, I la trug diém cia EF, AC cit BD
tai O, khi d6 O la trung diém AC, BD (do ABCD la hinh binh hanh).

1

A B

G

Ta c6 LAEF = ZACF (do AECF noi tiép) = LCAB (do CD || AB) va ZAFE =
ZACB (AECF noi tiép). Do d6 AAEF «~ ABAC. Hon nita I, O la trung diem EF, AC,
dé v AB || CD va AHF D nai tiép, ta c6

LIAE = /OBA=/HDF = ZHAF.

Vay AM, AN ding gidc ZFAE. Goi K la giao diém ctia FM va EN, a4p dung bo dé trén
cho tam giac AEF va hai diem M, N ta dugec AK, AC déang gidc ZFE. Ma AC 1a duong
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kinh cta (AEF) nén AK la duong cao (kéo dai) ctia tam giac AEF. Tt d6 ta c6 dieéu
phai chiing minh.

O

Bai 4. Hdi ¢6 bao nhiéu bo s6 ¢6 thit tu (ag,as, ..., aes) thoa man dong thoi ba diéu kien

sau:
i a—ie{1,2,...,2026}.
ii. |a; —aj| > |i —j] véimoii,j € {1,2,...,2025}.
ili. a; # a; v6i moi 7 # j.

Loi giai.
Chu ¥ rang néu (ay, . . ., axes) théa man bai toan thi (2027 — ay, . . ., 2027 — aggys) cling thé, do
do6 ta chi can xét a; < asggas.

Xét cac truong hop

e Trudng hgp 1: Néu c6 k dé aj, = 2026 thi |ay — agees| > [k — 2025], tit d6 1 > |k — 2025
nén k = 2024. Hon nita, bay gio néu c6 | dé a, = 2024 thi |a; — 2025| > |l — 2025| hay
1> |l —2025|, do d6 | = 2024 (vo li). Vay {ai,as,...,a2092} =1{1,2,...,2023}.

Bay gio, lay [ 46 @y = 2023, khi d6 |a — asoss| > |l —2025| nen | = 2023. Tit do
ta ching minh duge @; = [, VI < 2023, khi d6 ta thu dugec mot bo s6 théa méan Ia
(1,2, ...,2023,2026, 2025).

Néu khong ton tai k dé ap = 2026, khi d6 {ai,..., a0} = {1,...,2025}. Thyc hién
tuong tu nhu trén ta duge mot bo s6 thoa man 1a (1,2, ...,2024,2025).

e Trudng hop 2: Goi [ 12 s6 tu nhién nhé nhat da a; # [, khi d6 a; =4, Vi € {1,...,1— 1}
va {aj41, ..., a00255 = {{+1,...,2026}. Ta ching minh a; =57+ 1, Vj € {l,...,2025}.
That vay, 1an lugt xét |a; — asges| véi j = [,2025 ta c6 a; = j + 1, Vj € {l,...,2025}.
Nhu vay méi bo s6 trong truong hop nay c6 duge bang cach chon ra chi s6 | thuoc
{2,...,2025}, do d6 c6 2024 bo s6 théa man trong truong hgp nay.

e Trudng hgp 3: Néu c¢6 j dé a; = 1 thi j = 2, khi d6 néu c6 [ dé ¢, = 3 thi [3—2| =
la; — ai| > |l — 1] (vo li). Do d6 {as,...,a2092} = {4,...,2026}. Tuong tu Truong hop
1, ta ching minh duge a; = [ + 1, VI = 3,2025, do d6 c6 mot bo s6 théa man la
(2,1,4,5,...,2025,2026).
Néu khong c¢6 j dé a; = 1 thi {ay,..., a5} = {2,...,2026}. Tit dé ching minh dugc
a=1+1, VIi>1

Toém lai, s6 bo s6 thoa man 1a 2 [(1 + 1) + 2024 + (1 + 1)] = 4056 (bo). O

HET
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