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@ BAI GIANG CHUYEN TOAN

GHEHEO

§1. HAI PUONG DANG GIAC

Trong bai gidng nay chiing ta sé tim hiéu vé mot khai niém tuong doi la vdi cap
trung hoc co s& tuy nhién lai kha quen thudc vi hau hét ta da lam cac bai tap lién
quan dén né, d6 1a "Hai duong dang gidc". Cac tinh chét Iy thuyét trong phan nay
déu khong dugc stt dung trong céc ki thi bac trung hoc co sé nén t6i phat biéu dudi
dang bai tap, cac em ren luyén nhé.

Trudc hét ta dén véi dinh nghia sau:

Dinh nghia 1.1. Cho goc xOy, hai duong
thang d1,d» qua O dbéi xing qua phan
giac goc xOy dugce goi la hai duong dang
giac trong géc xOy. Ta c6 thé néi dq dang
giac vdi dj trong goc xOy.

Nhin xet: 1.1.

1) Tir dinh nghia trén ta c6 nhan xét don
gian la phan giac trong (phan giac ngoai)
cia géc xOy la dang gidc véi chinh né
trong goc xOy.

2) Néu Oz, Ot 1a dang giac trong géc xOy
thi Ox, Oy ciing dang giac trong géc zOt.

Trong chuong trinh trung hoc cd s& viéc chitng minh cac duong dang gidc cing
xuat hién nhiéu, sau day la mot s6 vi du vé cac cap duong dang giac thuong gap.
Vi du 1.1. Cho tam giac ABC vuong tai A. Chitng minh rang duong cao AH va
trung tuyén AM la hai dudng dang gidc trong géc BAC.

Loi gidi.

Ta c6 tam giac ABC vudng c6 AM la trung tuyén nén AM = MB = MC. Khi dé6
ZACM = ZACB, hon ntta ZACB = ZBAC. Do d6 ZCAM = ZBAH, chung to
AH, AM dang giac trong goc BAC.

Vi du 1.2. Cho tam gidc ABC noi tiép dudng tron (O). Ching minh rang duong
cao AD va dudng kinh AA’ 1a hai duong thang dang gidc.
Loi gidi.



Chu y rang hai duong thang AH, AA” luén cling nam -

trong hodc cling ndm ngoai hai tia AB, AC. Do dé dé

chitng minh AD va AA’ dang giac trong goc BAC, ta

can ching minh ZHAB = ZA’AC. Trong hinh ta xét

tam gidc ABC nhon va AD, AA’ ciing nam trong géc O

BAC.

Ta ¢6 ZABD = ZAA'C va LACA" = 90°, do d6

/BAD =90° — ZABD =90° — LZAA'C = LCAA'. I C

Vay AD, AA" dang giac trong géc BAC.H U
A/

Vi du 1.3. Cho tam giac ABC. Cac diém D, E 1an lugt thudc cac duong thang AB, AC

sao cho 4 diém D, E, B, C clng thudc mot dudng tron. Ching minh rang duong

trung tuyén xuét phat tir A ctia hai tam giac ADE va ABC la cap duong dang giac

trong goc ZBAC.

Loi gidi.

Goi M, N lan luot la trung diém BC va AN. Ta ching

A
minh AM, AN dang giac trong géc BAC.
Do ti gidc BDEC ndi tiép, suy ra ZADE = Z/ACB, E
dan t6i AADE «~ AACB.
Khidg AD _ DE _2DN _ DN p N
~AC __BC 2CM CM’
Dén t6i AADN «~ AACM = ZADN = ZACM, do
| \i/c

dé AM, AN dang gidc trong géc Z/BAC.
Cac duong cao tuong ung chung minh tuong tu ta
cling dang giac trong géc BAC.

Vi du 1.4. Cho tam gidc ABC. Duong tron qua B, C cat AB, AC lan luot tai D, E.
Goi F 1a giao diém ctia BE, CD va K la ddi xtiing ctia F qua trung diém BC. Ching
minh rang AF, AK dang gidc trong géc BAC.

Loi gidi.

AD  DE

A
oror arne 0t B a0 o N
Hom i BF CK’ AC  CK "
/ADF = /ABF + /BFD = L/ACD + /FCK = ZACK(2)
Tir (1) va (2) ta c6 ADAF « AACK, - c
K

»)

. B
suy ra /DAF = ZCAK hay AF, AK dang giac trong

goc ZBAC.



Nhin xét: 1.2.

1) Trong vi du trén AD va trung tuyén AM dang gidc trong géc BAC, ngudi ta goi
duong thang dang giac véi trung tuyén la duong déi trung. C6 nhiéu cach dung
dudng déi trung, vi dung trén 1a 1 cach.

2) Diém P trong vi du trén, hinh chiéu ctda truc tdm trén trung tuyén xuét phat tir
diém A dugc goi la diém A — humpty.

Vi du 1.5. Cho tam gidc ABC nhon noi tiép duong tron (O). Tiép tuyén tai B va C
catnhau tai diém D. AD cat (O) tai E khac A. OD cat BC tai M.
a) Ching minh rang /DAB = ZCAM.

b) Goi P la diém doi xtiing ctia E qua BC. H la truc tim tam giac ABC. Chung
minh BHPC ndi tiép va HP | AM.

Loi gidi.
a) Ta chiing minh dugc DM - MO = MB? va DB> = DE - DA, suy ta DM - DO =
DE-DA.Dan d&én ADEM «~ ADOA va /DEM = /DOA, t giic OMEA noi tiép.

A
Tu &6 /OMA = ZOEA = ZOAE = /ZDME.
Tam giac DEM va AOM ¢ 4ZDEM =
/AOM,/DME = /AMO nén dong dang, suy
ra MA - ME = MO - MD. p O
Mat khédc MO - MD = MB?, tit &6 MA - ME = MB2, \ [
MA _ MB ,
suy ra VB~ ME 1) g W
Ta lai c6 ZAMB = 90° — ZAMO = 90° — /ZMDE =
/EMB. ) S
T (1) va (2) ta c06 AMAB «~ AMEA, suy ra
/MAB = /MBE.
Hon ntta /MBE = Z/CAE,do d6 /ZMAB = ZCAE va
/DAB = /ZCAM.
D

b) Ta c6 ZBPC = ZBEC = 180° — ZBAC = ZBHC, suy ra BHPC noi tiép.

BC 1a trung truc cta EP, suy ra /PME = /BME = ZAME, suyra A, P, M thang
hang.

Vi MP = ME nén MP- MA = /ME - MA = MB?,dan dén AMPB «~ AMBA, suy
ra /MPB = ZMAB.

Tir BHPC ndi tiép, suy ra /ZHPB = /HCB. Khi &6 /ZHPM = /HPB+ /MPB =
/HCB+ /ZMBA =90°,dod6 HP 1. AM.

Vi du 1.6. Cho tam giac ABC noi tiép duong tron tam O. Goi H la truc tdm tam
giac ABC va F 1a trung diém OH. Goi Oy la tam duong tron ngoai tiép tam gidc
BOC. Chitng minh rang Z/O1AC = /FAB.

Loi gidi.



Goi M la trung diém BC va O’ la diém déi xiing ctia ctia O qua M.
Ta c6 AH = 20M = OO, ti gidc AHO'O la hinh binh hanh nén F la trung diém
00"

Vé duong kinh OK ctia (BOC), ta c6 OM - OK = OB?,
ma OO0’ = 20M,OK = 200; nén OM - OK = 00’ -
00, = OB? = 0A2,

Dan t6i AOAO" «~ AOO,A, kéo theo LOAO'
/001A, ma L00,A = /HAO; nén LOAO =
ZHAO;.

Mit khac ¢6 ZHAB = ZCAO nén /BAO; = LCAO'
va LO,AC = ZO'AB.

Nhdn xét: 1.3. Cac vi du trén 1a nhitng cdp dudng dang gidc co ban trong tam gidc,
tlr viéc xac dinh dugc cdp dang giac sé gitp chung ta gidi cac bai toan lién quan.
Tiép theo 1a vi du ma noi dung la mot tinh chat quan trong ctia cap duong dang
giac, tinh chat nay thuong duoc dung dé chitng minh cac bai toan, trong chuong
trinh trung hoc cd s& cac tinh chat nay khong dugc stt dung nén t6i dé dudi dang
vi du cho cac em hoc sinh thu stc.

Vidu 1.7. Cho tam gidc ABC. Céc diém D, E thudc canh BC va AD, AE dang giac
trong géc ZBAC. Khi d6 dudng tron ngoai tiép cac tam gidc ADE va ABC tiép xuc
vOi nhau.

Loi gidi.

Goi d 1a tiép tuyén cua (ABC) tai A. Ta ching
minh d ciing 1a tiép tuyén cta (ADE). Xét hai
truong hop:

Néu d // BC thi tam gidc ABC can tai A, khi d6
tam gidc ADE cling can tai A va d cing la tiép
tuyén ctia (ADE).

Néu d cat BC tai P. Khi d6 Z/PAB = Z/ACB, suy ra
/PAD = /PAB+ Z/BAD = LACB + ZCAE =

ZAED. Do d6 d ciing la tiép tuyén cta (ADE). B b E ¢
Vay duong tron ngoai tiép cac tam giac ADE va
ABC tiép xtic nhau.

Vi du 1.8. Cho géc xOy, A va B 1a hai diém sao cho OA, OB 1a hai duong dang giac
trong goc ZxOy. Goi Ay, Az 1a hinh chiéu cta A trén Ox, Oy; By, B 1a hinh chiéu
cua B trén Ox, Oy. Khi d6 bén diém Ay, A,, By, By cung thuéc mét duong tron co
tam trung diém cua doan AB.

Loi giai.




Ta c6 cac tr giac OA1AAy, OB1BB; ndi tiép.
Suy ra ZOB1B, = ZOBB; = 90° — ZBOB; va
Z0AA1 = ZOAA; = 90° — LAOA, do dob
ZOB1B; = ZOA»A;, kéo theo tui gidc A1AByB;
noi tiép.

Goi I la trung diém cta AB, vé IK1 A;By, khi d6
IK la duong trung binh cta hinh thang ABB;A;
nén K la trung diém ctia A1By, do d¢6 IK 1a trung
truc cua A1By, do d6 IA; = IB;, tuong tu thi
IA, = IBy, hon nita A1B1B>A; ndi tiép nén I la
tam dudng tron ngoai tiép ti giac.

Nhdn xét: 1.4. Vi du 1.8 12 mot tinh chét rdt quan trong ctia hai dudng dang giac.
Ta sé st dung tinh chat nay dé lam cac bai toan khac.

Vi du 1.9. Cho tam gidc ABC nhon c6 BC la canh nhd nhat. Trén canh AB, AC lay
M, N sao cho CM = BC = BN. Goi H la truc tam tam giac ABC, chung minh tam
dudng tron ngoai tiép tam gidac HMN thuoc duong thang Euler ctia tam gidac ABC.
Loi gidi.

Goi P, Q lan lugt 1a giao diém thit hai ctia (HMN) véi AB, AC. BH cat AC tai D va
CH cat AB tai F.

Tacé6 ZNHD = ZCHD =90° — ZACH = ZBAC, suy ra ABHN néi tiép.

Chitng minh tuong tu thi ti gidc AMHC noi tiép.

Ta c6 ZHCQ = ZABH = ZHMB = ZHNP va ZHQC = ZHPN, suy ra HQC
HPNva HC = HN nén AHQC = AHPN, do d6 ZCHQ = ZPHN.

Theo Vi du 1.1 ta c6 CH, CO 1a hai duong dang giac trong géc ACB nén

/ZMCH = ZBCH = ZOCN

Céc tam gidc HCN, OBC can va ZOCB = ZHCN, suy ra AOCB -~ ANCH va dan
CN CH CH

CO CB CM’

Do d6 ACOH « ACMN, suy ra ZCHO =
ZCNM.

Tir d6 ZOHQ = ZOHC — ZCHQ

= /CNM — ZPHN = ZCNM — ZNMA

= /BAC = ZNHE.

Mat khéc I 1a tam duodng tron ngoai tiép tam gidc
HNQ va HELEQ, suy ra ZIHQ = ZNHE =
ZOHQ.

Vay H, I, O thang hang.

den




Vi du 1.10. Cho tam gidc ABC nhon. Trén dudng thang vuong géc véi AB tai B 1ay
diém D khac phia C déi v6i AB va trén dudng thang vudng géc v6i AC tai C lay
diém E khéc phia B d6i vdi AC thdéa man Z/BAD = ZCAE.

a) Goi K 1a giao diém ctia BE va CD. Ching minh rang AK | BC.

b) Vé AF 1 DE. Ching minh rang dudng tron ngoai tiép tam gidc BFC di qua
trung diém ctia DE.

Loi gidi.

a) Goi P, Q lan luot 1a hinh chiéu ctia A trén BE va CD. AF cat BC tai H. Ta can
chitng minh rang ZAHC = 90°.
Dé thay céc ti gidc ADBQ, AECP noi tiép, két hop vdi gia thiét ta c6

/ZBQD = ZBAD = ZCAE = ZCPE

suy ra /BQC = /BPC, tir d6 t giac BQPC ndi tiép, kéo theo /BPQ = /BCQ. (1)
Lai c6 APFQ néi tiép nén /BPQ = ZFAQ. 2)
Tix (1) va (2) ta dugc /BCQ = /FAQ, dan tdi ti gidc AQHC noi tiép, va LZAHQ =
ZAQC =90°,dodo AH | BC.

b) Goi M la trung diém DE.

Ta co cac ta giac ADBF, AECM noi tiép, khi d6 /BFD = /BAD, /CFE = ZCAE,
suy ra ZBFD = ZCFE va DE la phan giac ngoai cua ZBFC.

Goi M’ 1a giao diém cua (BFC) véi DE. Ta ¢6 /ZM'BC = /M'FC = /BFD =

/M'CB, suy ra M'B = M'C. 3)
Lai c6 AB, AC la hai duong déng gidc trong goc DAE, B, C 1a hinh chiéu cta D, E
trén AB, AC nén theo Vidu 1.7 thi MB = MC. 4)

Tir (3) va (4) ta c6 M’ = M va dudng tron ngoai tiép tam gidc BFC di qua trung
diém ctia DE.



Vi du 1.11. Cho géc xOy. OA, OB la dang gidc trong géc xOy. Goi A1, As 1a hinh
chiéu cta A trén Ox, Oy; By, B 1a hinh chiéu ctia B trén Ox, Oy. Goi K, L 1a giao
diém ctia OB, AB véi A;Ay. Chiing minh rang 4 diém By, By, K, L cung thudc mot
duong tron.

Lo gidi.

Goi D 1a giao diém ctia OA va A1 Aj, E 1a giao diém ctia OB va BBy, P 1a giao diém
cua A1 A, va By Bs.
Dé thay céc cap tam gidc OD A1, OEB, va OAA1, OBB, dong dang, suy ra

OD 0A; OA

OE OB, OB

tu do ED // AB.

Tam giac OPE c6 OALPE,PL1OE nén D la tryc tam, suy ra DE1OP, do do
AB1OPtai T, tu d6 PTLPO = PK - PL.

Hon nita OTA1 A, va A1A>B>B1 noi tiép nén PT - PO = PA; - PA, = PB; - PB;.
Khi d6 PK - PL = PB; - PB, suy ra By, K, L, B, cung thuoc mot duong tron.

Vi du 1.12. Cho tam gidc ABC c6 O la tim dudng tron ngoai tiép. Cac duong cao
AD, BE,CF. Goi Ay, By, Cy 1an lugt 1a trung diém cta BC, AC, AB. Goi A’ 1a giao
diém ctia OA va EF, cac diém B’, C’' dugc xac dinh tuong tir. Chirng minh rang cac
du’b’l’lg tron (AlBlC’), (B1C1A’),

(A1C1B’) cting di qua mot diém thuoc dudng thang Euler ctia tam giac ABC.

Loi gidi.

Goi T, K 1a giao diém ctia OH v6i EF va DE.
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Ta c6 AH, AO dang giac trong ZBAC, E, F 1an lugt 1a hinh chiéu ctia H trén AC, AB
va By, C; la hinh chiéu ctia O trén AC, AB, theovidu1.10tac6 T € (B;C1A’). Tuong
tu K thu@c (AlBlC’).

Goi S 1a giao diém cua (B1C;A’) v6i OH khéc T. Ta ching minh S thudc (A1B,C).
Thét Véy ta co LBlSK = ZBlA/E = ZBlC’E = ZBlAlK, suy ra S € (AlBlK) hay
S e (Al Bq C/)

Tuong tu cling ching minh duge S € (A1C1B’). Do dé (A1B1C'), (B1C1A’, (A1C1B')
cung di qua S thudc duong thang Euler ctia tam giac ABC.

@ Bai tap ren luyén

Bai 1.1. Cho tam gidc ABC ndi tiép duong tron tam O , mdt duong tron thay doi
qua BC cat AB, ACtai D, E.

a) TAm dudng tron ngoai tiép tam gidc ADE nam trén duong thang cb dinh.

b) Tiép tuyén tai D, E cta (ADE) cat nhau tai P. Chtiing minh AP di qua diém
c6 dinh.

Bai 1.2. Cho tam giac ABC, vé phia ngoai tam gidc dung cac tam giac ABD va ACE
thoa ZABD = ZACE =90°, /DAB = ZCAE. Goi K la giao diém ctia AE va BD.

a) Chung minh K thuéc mot duong théng c6 dinh.
b) Ching minh trung di€ém ctia DE thudc mot duong c6 dinh.

Bai 1.3. Cho tam gidc ABC, goi M la trung diém BC. Duong thang qua M vuong
g6c AB cat AC tai D, duong thang qua M vudng géc AC cat AB tai E. V& hinh binh
hanh MDPE.

a) Ching minh PB, PC 1a tiép tuyén ctia (ABC).
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b) Goi K 1a diém dbi xing cia A qua M, H 1a hinh chiéu ctia K trén BC. Chuing
minh D, E, M, H cung thudéc mot duong tron.

Bai 1.4. Cho tam gidc ABC, P 1a diém nam trong tam giac sao cho /PBA = /PCA.
Goi D, E 1a hinh chiéu cta P trén AC va BC. Chiing minh trung truc ctia DE luén
qua mot diém cd dinh.

Bai 1.5. Cho tam gidc ABC, cac diém P, Q thay dd6i trén canh BC sao cho /PAB =
Z/CAQ. Goi D 1a hinh chiéu ctia B trén AP, E 1a hinh chiéu cta C trén AQ va M
la trung diém AB. Chitng minh dudng tron ngoai tiép tam gidc MDE ludn di qua
mot diém c6 dinh.

Bai 1.6. Cho tam giac ABC noi tiép dudng tron O va H la tryc tdm tam giac. Goi M
la trung diém OH, goi I 1a tam dudng tron ngoai tiép tam gidc OBC. Ching minh
AM va Al 1a dang giac véi goc /BAC

Bai 1.7. Cho dudng tron (O), day cung BC khong chira tam O va diém A thay doi
trén cung 16n BC. Lay cac diém E va F thoa man: ZABE = /CAE = /ACF =
ZBAF =90°.

a) Chung minh rang AE - AC = AF - AB va diém O la trung diém EF.

b) Ha AD vudng goc véi EF (D € EF). Chung minh cac tam giac DAB va DCA
déng dang va diém D thudc mot duong tron c6 dinh.

c) Goi G la giao diém ctia AD védi duong tron (O) (G # A). Ching minh AD di
qua mot diém cd dinh va GB - AC = GC - AB.

d) Goi K la tim duong tron ngoai tiép tam giac AEF. Chiing minh AK di qua
mot diém cb dinh.
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