§9. CAC BAI TOAN VE SO CHINH PHUONG
Huynh Trung Hiéu

Bai gidng nay dé cap dén cac tinh chat va bai bai toan lién quan dén sb chinh
phuong. Chung ta tim hiéu nhing tinh chat thu vi cta s chinh phuong tir d6
gitp giai quyét cac bai toan thi hoc sinh gioi trong va ngoai nudc.

Mot s6 luru y vé 1y thuyét

Dinh nghia 1.6. S6 chinh phuong la binh phuong ctia mot s6 tu nhién.
Viducacsd0,1,4,9,161a 5 s6 chinh phuong dau tién.

Khi chia mdt s6 chinh phuong n* cho sé nguyén m > 1 nao do, ta khong nhan dugc
déy dtcacs6du0,1,2,...,m— 1 macod mot vai sd du nhat dinh, tuy thudc vao gia
tri m. Chéng han khi m = 3 hodc m = 4 thi s6 du khi chia n? 14 0 hodc 1, khim = 5
thisd dula0,1,4.

Tinh chat 1.2.

a) Néu hai s6 nguyén duong a, b théa man (a,b) = 1 va ab = n? thi ban than méi
sba,b phai la s6 chinh phuong. Téng quat hon, néu (a,b) = d va ab = n® thi
a= dal,b = dbl véi cacsb ay, by € Z.

b) n? < k < (n+1)* thi k khong thé 1a s6 chinh phuong.

Céc bai toan thuong gap ve s0 chinh phuong: giai phuong trinh nghiém nguyén,
ching minh dang thuc, tim cac rang budc gita cac s6 trong dang thuc, ... thuong
xuat hién trong vai trdo mot bai todn s6 hoc trong cac ky thi tuyén sinh THPT chuyén,
ky thi HSG céc cap THPT.

Cic vi du

Vi du 9.1. Cho 7 1a sd tu nhién.
a) Ching minh rang n* + 3n + 4 khong chia hét cho 6.
b) Ching minh rang (3n + 1) (57 + 3) khong la s6 chinh phuong.

Loi giai:
a) Xét s6 du ctia s6 da cho khi chia cho 3, ta thay #* 4 1 khong bao gits chia hét cho
3 vi n? khi chia cho 3 du 0,1. Ma 37 + 3 chia hét cho 3 nén n* + 1+ 3n + 3 khong
chia hét cho 3 va n6 cting khong chia hét cho 6.

b) Gia st (3n +1)(5n +3) = m*. Patd = (3n+ 1,51+ 3) thid|3n +1,d[5n 43 —
d|5(3n+1) —3(5n+3) = —4nénd € {1,2,4}. Ta xét cac truong hop:
e Néud = 1 thi3n +1,5n + 3 déu la s6 chinh phuong. Diéu nay voé ly vi 51 + 3
chia 5 du 3.
¢ Néu d = 4 thi ciing tuong ty, cac s6 trén déu la s6 chinh phuong, cting vo ly.
e Néud = 2thi3n+1 = 2x?5n+3 = 2y? chii y rdng 2x? chia 3 du 0 hodc 2,
trong khi 31 + 1 chia 3 du 1, cting vo ly.
Do d6 trong moi trudng hop thi biéu thuc trén khong thé 1a sb chinh phuong.
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Vi du 9.2. Tim cic s6 nguyén duong n sao cho cac biéu thitc sau day 1a sb chinh

phuong
a) A =n®+3n.
b) B=7n+4.

o C=n*+n®+n*+n+1.
Loi giai:
a)) Ta thay n? < n? +3n < (n+2)*nén ta phai c6 n® +3n = (n+1)*,suyran = 1.

b) Dit 7n + 4 = m? thi m phai chia 7 du 2 hoac 5 thi 1an lugt viét m = 7k +2,m =
7k —2voik € Z". Thay vao ta c6

7n+4 = (7k £2)* = 7n = 49k* + 28k = n = 7k> + 4k.

D6 chinh la tat ca cac s6 n can tim.
¢) Ta co
AC =4t + 4’ + 4 +4n+1 < dn* +4n® + 9% +dn+4 = (2n® +n+2)°,
3 4 3 2 2 2 . 2s o ) 2
ma 4C > 4n” +4n° +n° = (2n°+n) nén ta phai ¢c6 4C = (2n“+n+1)" hay
n?> —2n—3 =0 = n = 3. Vay n = 3 1a gid tri duy nhat thdéa man.
Chu y rang bai toan nay hinh thitc don gian nhung viéc nhan thém s 4 vao roéi
danh gia nhu trén thuc sy khong dé nghi ra.
Vi du 9.3.
a) Cho cac s6 nguyén a,b,c sao cho 3a + 4b = 5¢, chitng minh rang a* + b* — ¢ 1a
s6 chinh phuong.
b) Cho cac s6 nguyeén a, b théa man dang thitc (a — b)* = a + 8b — 16. Chiing minh
rang a 1a s6 chinh phuong.
Loi giai:
a) Ta c6 dang thic sau

25(a% + b?) = (3% +42)(a® 4 b?) = (3a + 4b)* + (4a — 3b)* = 25¢% + (4a — 3b)*.

4q —3b
5
cua so hiru ty, con ve trai la so nguyén).

2
Suy ra a® +b* — ¢* = ( ) 1a s6 chinh phuong (vi vé phai la binh phuong

b) Dang thitc da cho c6 thé viét lai thanh phuong trinh bac hai theo bién b nhu sau:
b* —2b(a+4)+a*—a+16 =0.

Khi d6, ta 6 A’ = (a4 4)* — (a® — a + 16) = 9a phai la s6 chinh phuong, suy ra a
cling 1a s6 chinh phuong.

Vidu 94.
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a) Cac sb nguyén duong 1é a,b théa man a’b” la s6 chinh phuong. Ching minh
rang ab cting 1a sb chinh phuong.
b) Cho cac s6 nguyén duong a, b, c théa man c(ac + 1)> = (2c + b)(3c + b). Chung
minh rang c 1a s6 chinh phuong.
Loi giai:
a) Gid stta > b thi ta viét a’b” = (ab)?b*~". Via, b1é nén a — b chin kéo theo b* " 1a
s6 chinh phuong. Vi thé nén (ab)? ciing chinh phuong, nhung b 1é nén phai c6 ab
chinh phuong.
b) Ta co
(2c +b)(3c +b) = 6¢* 4 5bc + b2,
ma vé trai chia hét cho ¢ nén c|b?. Dat ¢ = mn® véim,n € Z" (s6 m khong c6 udc
chinh phuong nao khéc 1) thi s6 b sé c6 dang b = kmn. Dang thic da cho viét lai
thanh
(amn® +1)° = m(2n + k) (3n + k)
hay m|(amn® + 1)2.
Diéu nay cho thdy m = 1 nén c la s chinh phuong.
Vi du 9.5. Tim céc s6 tu nhién n sao cho cac biéu thitc sau day 1a s6 chinh phuong
a) M =3"+63.
b) K=13+2-n.
¢c) P=11+214+3"4+ ... 4nl
Loi giai:
a) Dat 3" + 63 = m?. Néun = 0 thi M = 64 théa man. Sb du ctia M khi chia cho
41a (—1)" + 3 nén phai c6 n chan, vi néu khong thi s6 du trén sé 1a 2, khong thoa.
Khi 1 chan, dat n = 2k thi

3% 163 = m? = 63 = (m— 3% (m + 3%).
Néu k > 4 thi m + 3% > 81,khong théanén k € {1,2,3}. Thi truc tiép, ta thay k = 2
thoa, va khi d6 n = 4.
Vay céac gia tri can tim lan = 0,n = 4.
b) Néu n > 5 thi K chia 5 du 3, khong thoa.
Thu truc tiép voin=1,2,3,4, ta théy con =3thoéavikhido K =13+2-6 = 25.

3) V&i k > 5 thi k! chia hét cho 10 nén chi s6 tan cling ctia P bang véi chi s6 tan
cung ctia 1!+ 2! + 3! + 4! = 1+ 2+ 6 + 24 = 33 va 1a 3. Tuy nhién, s6 chinh phuong
chi c6 thé cé chit s6 tan cungla0,1,4,5,6,9 nén khong thoa.

Th truc tiép véi n = 1,2,3,4 ta thly P cling khong 1a s6 chinh phuong. Do do,
khong ton tai 7 thoa man deé bai.

Vi du 9.6.

a) Tim tat ca cac s6 nguyén to p sao cho 1+ p - 2 1a s6 chinh phuong,.

b) Tim tat ca cac s6 nguyén duong 7 sao cho 7 - 2"~ + 1 1a s6 chinh phuong.
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Loi giai:
a) Voi p = 2, p = 3 biéu thiic trén tuong ting la 9, 25 thoa man dé bai.
Xétp > 5vagiasttontaix € Z' saocho1+p-2 = x° thi
p-2P = (x—1)(x+1).

RO rang x — 1, x + 1 cting tinh chan 1¢, ma vé trai la s6 chan nén cé hai s6 nay phai

cting chan. Ta viét
x+1 x—1
— p.oP2
() ()=

BN 1 x—-1 e PR
Béyrénggcd<x-2l_ ,xz ):11r1é1r1taphalco;9,2"J zcomotsolax

va soO

Kiala X1

v6i p > 5, bang quy nap, ta chiing minh dugc rang 2772 > p + 1 nén dang thic
trén khong thé xay ra.

, nghia la hiéu ctia hai s6 phai bang 1. Suy ra [2/~2 — p| = 1. Tuy nhién,

Vay tat ca cac s6 nguyén t6 can tim la p = 2, 3.

b) Gid st tontaik € Z* saochon-2" 1 +1 =Kk? hay
n-2" 1= (k—=1)(k+1).

Bang cach lam tuong tu cau trén, ta thy trong hai s6 k — 1,k + 1 c6 mot s6 chia hét

cho 4 va mét s6 chia 4 du 2. Do d6 ¢6 hai truong hop:

a) Néuk+1chiaddu2thik—1=a-2"2véia€ Z hayn =a-2"2+1.Dé
thay (a,n) = (2,3),(1,5) la cac nghiém, néu n > 5 thitacén < 2" +1 nén
dang thiic trén khong thé xay ra. Thit lai ta thy chi c6 n = 5 1a théa man.

b) Néuk —1chiad du2thik+1 =a-2""2véia € Z", thay vao dang thiic trén
suyran = a-2""% — 1. Dé thay (a,n) = (4,3) la nghiém duy nhét, thit lai ta thy
khong thda man dé bai.

Vay s nguyén duong n = 5 la nghiém duy nhét ctia bai toan.

Vidu9.7. Gia st rang véi n nguyén duong, ta ¢ n® +n? + n + 1 la sb chinh

n+1

2

phuong. Ching minh r.:émg 1a s chinh phuong.
Loi giai:
Tathdy n® +n*+n+1= (n+1)(n* +1). Datd = (n +1,n* + 1) thi
dn+1=dn*+n,

ma d|n? + 1 nén d|n — 1. Do d6 d|2, kéo theo d € {1,2}. Ta c6 cac trudng hop:
e Néud = 1 thicac sb 1 + 1,1 + 1 déu chinh phuong, vo ly vin? < n* +1 <
(n41)%
e Néud =2thidatn +1 =2x?n*>+1 = 2y* Khi d6, r6 rang
phuong.

n

; ! 14 66 chinh
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Vi du 9.8. Cho cac s6 nguyén duong a,b,c la do dai ba canh tam giac, khong c6
uéc nguyén duong nao chung 16n hon 1. Gia stt rang
a?+ b —c% b+ c2—a? *+a*—b?
a+b—c ' b+c—a ' c+a-b

7

déu la cac s6 nguyén. Chitng minh rang (a +b —c¢)(b+c —a)(c +a — b) 1a s6 chinh
phuong hodc 1a 2 1an ctia s6 chinh phuong.
Loi giai:
faco 2 2 2 2_ 2
at+b"—c" (a+b)" —c*—2ab Cadbac— 2ab
a+b—c a+b—c a+b—c
1a s6 nguyén, kéo theo 2ab chia hét cho a + b — ¢. Tuong tu ta cling c6 2bc chia hét
cho b+ ¢ — a, con 2ca chia hét cho ¢ +a — b. Do d6

(a+b—c)(b+c—a)(c+a—Db)]|8(abc).
Dat S 1a dién tich tam gidc tuong tng vdi cac canh 4, b, c thi
165> = (a+b+c)(a+b—c)(b+c—a)lc+a—Db). (x)
Khi d6, ton tai sb k dé 8(abc)*(a + b+ ¢) = 16kS? = 2kS? = (a + b+ ¢)(abc)*.
a+b+c

2
T (alsyc) 1a binh phuong ctia s6 hitu ty.

Néu 2k 1a s6 chinh phuong thi a + b + ¢ ciing chinh phuong, tir (*) suy ra dpem,

a) Néuged(k,a+b+c) =1thi

con néu k 1a s6 chinh phuong thi atoTe 1a s6 chinh phuong, ta cing c6 dpem.

2

b) Néu ged(k,a+ b+ c) > 1 thi goi p la mdt wdc nguyén td chung nao d6 gitra k
va a + b + c. Tuy nhién, néu p > 2 thi p|abc, gia st p|a thi kéo theo p|b + ¢ nén
p|b+ ¢ —a va p|bc. Suy ra p|b, p|c, mau thuan vi 4, b, ¢ khong ¢6 ude chung lon
hon 1. Do d6, p = 2 va ta cling dua vé tuong tu trudng hop trén.

Vi du 9.9. Cho cac sb nguyén duong a,b,c,d doi mot phan biét sao cho a + b =
¢+ d = p vdi sé nguyén duong 1é p > 3. Chiing minh rang abed khéong la s6 chinh
phuong.

Loi giai:
Gid st rang abcd = n® v6i s6 nguyén duong n € Z". Ta ciing sap thit tu cac sb
a<c<d<b Khidog,taco

bd+ac—ad —bc=(b—a)(d—c) >0,

nén
2
ad + b < %(ad+bc+bd—|—ac): (“+b)z(c+d) :%.

Ky hiéu ged(ad,bc) = k € Z* thiad = ku?,bc = ko véi u,0 € Z", vau <
v,gcd(u,v) = 1. Tix a,b, ¢, d nguyén t6 cting nhau vdi p ta suy ra gcd(k, p) = 1. Do
do

k(v* —u?) =bc—ad = (p—a)c—a(p—c) = p(c—a).
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Thé nén p|v* — u? viged(k, p) = 1.Suy ra, p|v — u hodc p|v + u. Trong ca hai trudng
hop, ta déu c6 u + v > p. Tir d6 ta c6 thé két luan rang

2
ad+bc:k(u2+vz)>k%2%

theo bat dang thic Co-si.
Tuy nhién, diéu ndy mau thudn véi danh gia & trén nén abced khong thé 1a sb chinh
phuong.
Vi du9.10. Choa,b,c,dla cac sb nguyén duong saochoa < b < c¢ < d,ad = bcva
Vd — v/a < 1. Ching minh ring a 1a s6 chinh phuong.

Loi giai:
bitb=a+x;c=a+x+y,d=a+x+y+zvdix,z>0vay >0.Tacod

a(a+x+y+z)=(@+x)(a+x+y) < alz—x)=x*+xy

va

Vatx+y+1<Va+lex+y+z—1<2Va

Ta thay rang tir dang thic thi nhat, tacéz — x > Ohay z > x + 1néna < x* + xy.
Theo bét dang thirc Co-si thi

2Va<2y/x2+xy=24/x(x+y) <x+x+y<z—-1l4+x+y=x+y+z—1.

Déng thitc phéi xdy ranény = 0 = a = x2.

Vi du 9.11. (JBMO 2014) Chtng minh rang khong ton tai cac s6 nguyén duong 4, b
sao cho ab,a + b déu la cac s6 chinh phuong, ngoai ra 16a — 9b la sd nguyen tb.
Loi giai:
Dat ged(a,b) = d vaa = day, b = db thi ged(ay, by) = 1. Ta 6 d(16a; — 9by) 1a s6
nguyeén to. Ta xét cac truong hop sau
a) Néud = 1thia = u?,b = v* va p = 16u* — 9v* = (4u — 3v)(4u + 3v). Do d6
4y —3v =1,4u+3v = p.Suyrap+1 = 8u,p — 1 = 6v kéo theop chia 8 du 7,
chia3ddulnénpchia24du?7,datp =24t+7,thiu =3t +1,0v=4t+1. Do do
(3t +1)% + (4t +1)* = 25¢% + 14t + 2 1a sb chinh phuong.

Tuy nhién diéu nay vo Iy vi (5t +1)* < 25¢% + 14t +2 < (5t +2)%.
b) Néu 16a; —9b; = 1 thitdn tai t € Z+ d€ay = 9t +4,by = 16t + 7 nén

ab = d*a1by = d*(9t +4) (16t +7) = d*(144+> + 127t + 28)
Tuy nhién, (12¢ 4 5)* < 144> + 127t + 28 < (12t + 6)* v6i moi t € Z* nén biéu

thitc trén khong thé 1a s6 chinh phuong.
Do d6, trong moi trudng hgp, cac s6 a, b 1a khong ton tai.
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Vi du 9.12. Tim tt ca cac cdp sb nguyén duong x, y sao cho x> + 8y va y* + 8x la
céc s6 chinh phuong.
Loi giai:
Khong mat tinh tong quat, gia st x > y, khi do
2 <248y < (x+4)°.

Ma 2 + 8y ciing tinh chin 1é véi x® nén chi ¢6 thé 1a x2 + 8y = (x +2)* hay x =
2y —1.Khid6 y? +8x = > + 16y — 8 = (y+2)° +12y — 12 > (y+2)*vay> +
16y — 8 < (y + 8)>. Tuong ty, ta ciing thay rang y* + 8x cung tinh chan 18 véi y?
nén cé cac truong hop

o Néuy?+16y —8=(y+2)> = y=1.Khidéx = 1.

o Néuy?+16y—8 = (y+4)> =y =3.Khid6 x = 5.

e Néuy?+16y —8 = (y+6)° = y = 11. Khi d6 x = 21.
Th lai ta thay déu thoa. Vay cac cdp s6 can tim 1a (x,y) = (1,1),(3,5), (11,21).
Vi du 9.13. (Dua theo dé thi tuyén sinh PTNK 2013) S5 nguyén duong n dugc goi
la “t6t” néu nhu tong binh phuong cac udc cta nd (tinh ca 1 va n) thibang (n + 3)%.
a) Ching minh rang 287 1a sb tot.
b) Gia st v6i hai s6 nguyén tb p, g nao d6 (khong nhéat thiét phan biét) thi n = pg

1a 56 t6t, chiing minh rang n + 2 va 2(n + 1) 1a cac s6 chinh phuong.

Loi giai:

a) Ta c6 n = 287 = 7 - 41, nén tong binh phuong cac udc ctia né la
124724412477 417 = (124 7%) (12 +41%) = 50 - 1682 = 100 - 841 = 290> = (287 + 3)*.
Suy ra n = 287 la sb tot.
b) Ta xét hai truong hop sau: Néu nhu p = g thi cac wdc cta n = p>la 1,p, p* nén
nlasb totkhi (p? +3)° = 1+ p? + p* hay 5p% + 8 = 0, vo nghiém. Suy ra p # q va
cacudcctian = pqlal,p,q,pg. Néu nlatbt thi (pg +3)* = 1+ p> + 4% + p°q° hay

Apg+2)=(p—q)°
8(pg+1) = (p+q)°

Do (p — q)* va 4 1a céc sb chinh phuong nén 1 + 2 = pq + 2 ciing phai 1a s6 chinh
(p+9)°

phuong. Tuong tu, 2(n + 1) = — cting 1a s6 chinh phuong.

Vi du 9.14. Tim tAt ca cac s6 nguyén duong 7,k sao cho 2F + 1012 + n* 1a s6 chinh
phuong.

6pq+8:p2—l—q2—>{

Loi giai:
Dat m = 2F 4 10n* + n*. Ta xét cac trudong hop sau:
a) Néu n 1é thi m chia 8 du 3,5, 7, khong thé 1a s6 chinh phuong. Do d6 n phai chan.
b) Néun =2thim = 2% 1+ 56. Khi dé6 k > 4 sé kéo theo m chia hét 8 chi khong chia
hét cho 16, ciing khong thé 1a s6 chinh phuong. Thit cac truong hgp k € {1,2,3}
tacok =3 thim = 64.
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c) Néun > 4 van chén, tacé m > (n2—|—4)2, ma m ciing tinh chan 1é véi n? nén
m > (n*+6)°. Do d6 28 + 101 + n* > (12 +6)° = 25 > 2n® + 36. Dt n = k- 2
voit > 1vakle, trongdét,k € ZT. Vi2k > 2n? +36 > 2n> = k- 2% = k — 2t >
2. Taco

m =25 4 10k% - 228 - k. 2% = 22 (2K L 10k% + K4 - 2%

cht y rang biéu thiic trong ngoac chia 4 du 2 do 2572, k* - 2% déu chia hét cho 4
con k? 1é. Diéu nay khong thé xay ra vi m 1a s6 chinh phuong.
Tir d6 ta thay rang chi c6 (n,k) = (2,3).

Vi du 9.15. Tim tat ca cic s6 nguyén duong a, b sao cho 2 + 2% 1a s6 chinh phuong.
Loi giai:
Néua = b = 1thi2" +2” = 4. Connéua = b > 1 thia!,b! 1a céc s chan, dit
ching la 2k thi
261! i zb! —9. 211! — 2LZH-1 — 22k+1’

khong thé 1a s6 chinh phuwong. Néu a # b, gia st rang a > b thi 2% (297" 1+ 1). Ta
O cac truong hgp sau

e Néub =1thi2" +2 = x? + 2, khong thé la s6 chinh phuong.

e Néub > 1thi2" ¥ +1 = x>+ 1, cling khong thé 1a s6 chinh phuong,

Vay tht ca cac cap so can tim 1a (a,b) = (1,1).

Bang cach tuong ty trén, ta c6 thé bai todn sau: Tim tat ca cac sb nguyén duong
a,b,c sao cho 2% 4- 2% 4-2¢ 1a mot 1ap phuong dung.
Vi du 9.16. Hai tap hop céc s6 nguyén duong A, B dugc goi la “lién két” nhau néu
chiing déu khac rong va véi moia € A, moi b € B thi s6 ab + 1 1a chinh phuong.
a) Voi tap hgp A = {1,2,3,4}, chitng minh rang khong c6 tap hgp B nao lién két
voi A.
b) Xét hai tap hgp A, B lién két nhau, a1,a; € A; by, by € Bsao choay > ay, by > bs.
Chung minh réng a1by > 13a,b,.
Loi giai:
a) Gia st ton tai tap hop B lién két voi A thixétn € B. Taphdicon +1 = x2,4n +
1 =y véi x,y € Z nao d6. Khi d6

Py = (n+1)dn+1) =4n* +5n + 1.

Cha y rang (2n +1)* < 4n> 4+5n+1 < (2n+ 2)* nén day khong thé 1a sb chinh
phuong, vo ly.

Do do6, khong ton tai tap hop B nao théa man.

b) Via; > ap,b; > by nén (a1b1 + 1)((12172 + 1) > (a1b2 + 1)(a2b1 + 1) hay

V (@bi + 1)1/ (a2bs +1) > [ (a1h2 + 1)1/ (azbs + 1),
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Chd y rang biéu thic dudi dau can déu 1a cac s6 chinh phuong nén ca hai vé déu
nguyén va ta co

V(@b + 1)/ (a2bs +1) 2 y/(aaba + 1)1/ (azby +1) + 1.

Binh phuong va khai trién, ta di dén

a1b1 + arby > a1by + ar by +2\/(alb2 + 1)(112b1 + 1) +1 > a1by + arby + 2/ a1a>b1 bs.
Theo bat dang thitc Co-si thi

a1by +axby > 2+/ajaxbr by,

nén ta co

a1b1+a2b224\/mhay@+124 Zl_Zl-
|| a2b2

azbz

batt = %thitz—élt—i—lZOhaytZZ—l—\/gnén
\/ 202

b
M 24V =743 T 44D =13
azbz 2

Ta c6 diéu phai chiing minh.

@ Bai tap ren luyén

Bai tap 9.1. Ky hiéu A = 111...11,B = 444 ...44. Chang minhrang A+ B+ 11a

2m chit sb m chit sb

s6 chinh phuong. Tim chit s6 hang don vi ciia VA + B+ 1.

Bai tap 9.2. Chiing minh rang s6 cac udc ctia s6 nguyén duong n la 1é khi va chi
khi 7 1a s6 chinh phuong. Tir d6 chi ra rang s cac udc ctia s6 n?°'® 4 3 1a s6 chan
voimoin > 1.

Bai tap 9.3. Tim tat ca cac s6 tu nhién x dé cac s6 sau day 1a s6 chinh phuong:
a) n=x>+7x+4.

b) m = x° +16.

) k=7"+15.

Bai tap 9.4. Cho n la s6 ty nhién khac 0 va d 1a u6c nguyén duong ctia 2n%. Ching
minh rang n* + d khong phai la s6 chinh phuong.

Bai tap 9.5. Tim tat ca cac s6 nguyén a dé phuong trinh x> — (3 +2a) x +40 —a =0
co nghiém nguyén x.

Bai tap 9.6. (Bai todn vé phuong trinh Pytago) Gia stt cic s6 nguyén duong x,y,z
khong c6 udc nguyén t6 chung va x* + y? = z2. Chiing minh rang ton tai m,n € Z*
sao cho z = m?* 4 n? va sb xyz chia hét cho 60.
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Bai tap 9.7. Chiing minh rang khong ton tai n nguyén duong sao cho (n? +1) (51> +
9) 1a s6 chinh phuong.

Bai tap 9.8. Cho bdn s6 nguyén duong 4, b, ¢, d sao cho tich ctia ba s6 bat ky trong
d6 1a s6 chinh phuong. Chirng minh rang méi s6 a,b,c,d cing déu l1a s6 chinh
phuong.

Bai tap 9.9. Cho cacsb nguyén duong a, b, c théa man ged(a, b, c) = 1vaalbe, b|ca, c|ab.
. b )

Chung minh rang ;C la s0 chinh phuong.

Bai tap 9.10. Cho hai s6 nguyén duong ab nguyén t6 ciing nhau sao cho ab chia hét

cho a — b. Chitng minh rang a — b 1a sb chinh phuong.

Bai tap 9.11. Gia st 2° + 2% + 2" 1a s6 chinh phuong véi 1 nguyén duong nao do.

Ching minh rang 7 = 10.

Bai tap 9.12. (Han Qudc, 2011) Cho cac sd nguyén duong x, y nguyén t6 cing nhau

va x + 3y* 1a s6 chinh phuong. Ching minh rang x* + 9y* khong thé 1a sé chinh

phuong.
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