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KY THI CHON DOI TUYEN NAM HOC 2023-2024
DAI HOC QUOC GIA TP.HCM MON TOAN
TRUONG PHO THONG NANG KHIEU Ngay thi: Thi ba 19/9/2023
Thoi gian lam bai: 180 phait, khong ké thoi gian giao dé.

e . 1
Bai 1. (5 diém) Cho day (u,) thoa man u; = 1 va up1 = up + ﬂ,Vn >1

n

a) Chiing minh rang ugg3 > V2023 - In 2023.

b) Tim lim tn - T

n—-+4o0o n

Bai 2. (5 diém) Tim tat ca cdc ham s6 f : R — R théa man dong thoi f(z + 1) = f(z) +1 va
f (1,2024 +l’2023 L4t 1) _ (f($))2024 T (f(x)>2023 IS f(ill') T 1
vl moi x € R.

Bai 3. (5 diém) Cho duong tron (O) va diém P c¢6 dinh ndm ngoai duong tron. Tit P vé céc
tiép tuyén PA, PB dén O (A, B la tiép diém). C la diém thay doi trén cung nhé AB ciia
(O). Tiép tuyén tai C cia (O) cit PA, PB, PO lan lugt tai D, E va F.
a) Ching minh rang duong thang qua tam cta (PDE) va tam cta (PCF) luon di qua
mot diém c¢b dinh.
b) Tt O vé cac tiép tuyén OX,0Y dén (PDE) (X;Y la tiép diém). Tt O vé cac tiép
tuyén OU,OV dén (PCF) (U,V la cac tiép diém). Chitng minh ring giao diém ctia
XY va UV thuoc mot duong thing cb dinh.
Chu y: Ki hi¢u (ABC) 1a dudng tron ngoai tiép tam gidc ABC.

Bai 4. (5 diém) Cho n la mot s6 nguyen duong. Mot bang 6 vuong gom n hang va n cot gom

n? 6 vuong don vi ta goi 1a mot bang n x n.

V6i mdi s6 nguyén k (1 < k < n), trén mdi hang ta chon k hang lién tiép va trén mdi cot ta
chon k cot lién tiép, khi dé k? 6 vuong ndm & phan giao nhau ta goi 1a mot bang con k x k
clia badng n x n ban dau.
a) Dién cac s6 1,2,3,...,81 vao bang 9 x 9. Chiing minh riang ton tai bang con 2 x 2 ¢6
téng ciia 4 s6 duge dién trong né 16n hon 137.
b) Gia st n 1a s6 1&. Mdi 6 vuong don vi clia bang n X n ta dién mot s6 thuoc {—1;0;1}
sao cho moi bang con 2 x 2 ¢6 tong clia 4 s6 dude dién trong no6 1a 0 . Goi S 1a tong

cia n? s6 trong bang n x n. Tim gié tri 16n nhat cia S.

_HET-
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KY THI CHON DOI TUYEN NAM HOC 2023-2024
DAI HOC QUOC GIA TP.HCM MON TOAN
TRUONG PHO THONG NANG KHIEU Ngay thi: Thi nam 21/9/2023
Thoi gian lam bai: 180 phait, khong ké thoi gian giao dé.

Bai 5. (6 diém) Cho a,b,c la cac s6 thie duong théa man dicu kien ab + be + ca = 1.
Ching minh ring ta c6 bat ding thic

Va3 + Vb3 + Ve3> /243,

Bai 6. (7 diém) Cho tam gidc nhon ABC nai tiép duong tron (O). Goi H, D, E, F lan lugt la
trie tam va chan cac dudng cao qua A, B,C. L, M, N tuong tng la giao diém ciia AO véi
EF,BE,CF. Duong tron qua A, trung diém I ctia EF va trung diém P cta AH cét lai
duong tron (AEF) tai K.

a) Chiung minh AK di qua tam J ctia dudng tron (HMN).
b) Céc tiép tuyén tai £ va F cua cac dudng tron (EDL) va (FDL) cat nhau tai T. Chiing
minh TH va AJ cat nhau tréen BC.

Bai 7. (7 diém) Cho hai s6 nguyén duong m,n > 2. Tim s6 nguyén duong k 16n nhat dé ton tai
cac s6 thuc ay, as, . .., a; théa man dong thoi cac diéu kién sau:

i Veil<I<k—mth g +aus+--+a.,>0.

ii. Véi1SlSk‘—nthial+1+al+2+“'+al+n<0.

_HET-
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DAI HOC QUOC GIA TP.HCM
TRUONG PHO THONG NANG KHIEU KY THI CHON DOI TUYEN NAM HOC 2023-2024
MON TOAN

Thuyc hién béi doi ngt gido vién - trg giang trung tam STAR EDUCATION
Thiy NGUYEN VINH KHANG - HUYNH TRUNG HIEU - DOAN QUANG
DPANG - NGUYEN THAI HUNG - NGUYEN THUY TIEN

g =i )

nn
Cho day (u,) thoa man u; =1 v w1 = up + —,¥n > 1

a) Chiing minh rang uggo3 > V2023 - In 2023.

b) Tim lim >

n—-+o0o n

Loi gidi. a) Ta ching minh réng u, > vVnlnn véi moi n > 5. Véi n = 5, ta tinh uy = 1, uz =

In3
1+In2,uy=1+1In2+ 1_;1112, va

| +ln24 B3 Ind
= n
- 1+1n2

In3

1+In2
tnit s

3 3
Dat In2 = a, ta danh gia 2a > In3 > 5 (tir 2° < 3? ta suy ra §ln2 < In3), nén

a
1 < <1
+a+2(1+a) Uy ~|—a+1+a
va
1 taq 3a L 2a 2a* + 19a® + 40a? + 19a + 2
Us a =
2(1+a) l4at 2a 2(a+1)(a? +4a+1)

1+a
/35
Mait khéc, ta ¢6 5% < 27, nén V51In5 < 3 In 2. Ta chttng minh

2a* 4+ 19a® + 40a? + 19a + 2 S 35
—a
2(a+1)(a®?+4a+1) —V 3

& 3(2a* + 19a® + 400 4 19a + 2)* — 140a(a + 1)*(a®* +4a + 1) > 0

Xét f(x) = 3(22* +192° + 402% + 192 + 2)? — 1402 (2 + 1)*(2* + 42 +1)* = 122° + 882" +1632° —
1122° — 2902 — 1122° + 1632% + 88z + 12. Viét lai
fz) =12(z® — 22" + 1) +88(2" — 22" + x) + (512 — 902 + 5122) 4 112(2® — 2° — 2 + 2?)
= 12(z* — 1)? +88z(2® — 1)* + (2°® + 102* + 2%) + 50(2® — 1)? + 1122%(z — 1)(2® — 1) > 0
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35
ta co f(x) >0 v6i moi x > 0. Nhu vay f(a) > 0, va us > \/?a > v51Inb.

*Gi st u, > Vnlnn véi n > 5 nao do, ta ching minh w,1 > \/(n + 1)In(n + 1). That vay

| -1 | -1 |
un+l:(u_+nn>+" w2t 0 e 1)/
n n n

U, n Unp n
LA T nz l—Inz o _ e
Mit khac ham f(z) = — ¢6 f'(z) = 5— < 0 v6i moi x > 3, nén f(r) nghich bién trén
x T
. 1 1 1
[3,+00). Két hgp v6i n > 3, ta ¢ i n(n + ),
n (n+1)

Upt1 > (n—l—l)\/an >+/(n+1)In(n + 1)

Theo nguyén 1y quy nap, ta cé u, > vVnlnn véi moi n > 5. Nhu vay usgez > v 2023 In 2023.

Inn Inn . . s . Inn
b) Theo cau (a), ta €6 Uy — U, = — < {/—— v6i moi n du I6n. Nhung lim — = 0,
Un n n—oo N
nén |
. . Inn
lim w,y1 —u, = lim =0
n—o00 n—00 Uy

Theo dinh 1y Stolz-Cesaro, ta ¢6 lim )

n—oo M

_Innin(n+1) _ \/lnnln2(n+1)

Innln? 1
Do lim et

n n—00 n

Thém nta, tit cau (a), ta cing c¢6
n

Innl

n—00 Up,

= 0 theo dinh 1y kep.

T 2 két qua trén, ta duge

lim u, 1 In(n+1) —u,Inn = lim (u,11 —u,) In(n+ 1) + u,(In(n + 1) — Inn)
n—oo

n—oo
~ lim Innln(n+ 1) LU In(1+1/n) _0
In(1+1 In(1 1
v6i lim n(l+1/m) = 11a tur gi6i han lim In(1 + ) = lim =1 (theo luat L’Hopital). Theo
n—00 1/n z—0 €T z—=0x + 1
nl
dinh 1y Stolz-Cesaro, ta ¢6 lim Un T 0. O

n—00 n
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g =i |

Tim tat cd cac ham s6 f : R — R thoa man dong thoi f(z + 1) = f(z) + 1 va

FEP 4208 1 pz 1) = (F(2)*% 4 (f@)®2 + ..+ flz) + 1

v6i moi x € R.

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan. Trudc hét, bang quy nap ta chitng
minh dugc
flz+n)=f(z)+n, VzxeRneclZ

Dat P(z) = 2** +2* + ... + £ + 1. Ta ¢6 cac nhan xét
i) Vi P la da thiic bac chdn nén ton tai C' > 0 sao cho P(z) > —C + 2 v6i moi x € R.
ii) Ton tai a > 0 sao cho P dong bién trén (a;+00).
iii) Ton tai b < 0 sao cho P nghich bién tren (—o0;b).
Ta chiing minh P nhan moi gia tri trén [1;400). That vay, xét t > 1 tuy y, vi P(0) = 1 va

lim P(z) = +oo nén theo Pinh ly gia tri trung gian thi phuong trinh P(x) = ¢ luén cé

T—+00

nghiém trong R.

Ta c6
f(P(x)=P(f(zx))>—-C+2, VreR.

Do P nhan moi gia tri trén [1; +00) nén tit danh gia trén ta suy ra
flz) > -C+2, Vz>1.
V6i moi x € R, ta co
f@)=f(z]+{z}) = el =1+ f(A+{a}) 22 -2-C+2=2-C

Nhu vay f(x) > 2 — C v6i moi z € R.
Bo6 dé. Cho trudc ¢ > 0. Néu f(x) > x — ¢ vdi moi x € R thy f(x) > J}—g vdi moi x € R.

. L. A . € 9. e .
Chiing minh. Gia st ton tai © € R sao cho f(z) < x — 5" Khi do6, v6i moi n € Z,n > a+¢ — ,
ta co

(x—i—n)—g>f(x)+n:f(x+n)>n+:v—£>a.

Diéu nay dan dén

P<x+n—g> >P(f(x+n)=f(P(x+n))>Plx+n)—e, VneZn>a+e—uz.
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Diéu nay tuong duong vdi

P(x—i—n)—P(x—l—n—E)
1> 2

£
v6i moi n nguyén du 16n. Diéu nay khong thé xay ra do vé phai la mot da thiic bac 2023 véi he
2 2 € . .
s6 cao nhat duong. Nhu vay f(z) >z — 5 v6i moi x € R. O

Ap dung Bo dé tréen véi € = C' > 0. Khi d6, bang quy nap ta chimg minh duge
C
f(x) 2x—2—n, Ve e R,n e N.

C6 dinh z € R, cho n — +oo ta suy ra f(z) > 2. Nhu vay f(z) > z v6i moi z € R.

Ta ching minh f(z) = 2 v6i moi z € R. Gia st ton tai x € R sao cho f(z) > x. Khi d6, v6i moi
ne€Zmn> f(r)—btaco
b> f(x) —n >z —n.

Khi d6, do P nghich bién trén (—oo;b) nén ta suy ra

Pz —n)> P (f(x) =n) = P(f(r=n)) = f(P(x —n)) = P(xr —n),

vo ly. Nhu vay f(z) = x v6i moi z € R, thit lai ta thiy ham s6 nay théa man. Vay tat c4 ham s6

can tim 13

flx) =z, VxeR

Nhan xét. Mot s6 bai toan tuong ti
(1) Tim tat cd ham s6 f: R — R théa man dong thoi
i) fl(x+1)= f(z)+ 1 véi moi x € R;
ii) f(2*) = f(x)* v6i moi x € R.
(2) Tim tat cd ham s6 f: R — R théa man dong thoi
i) fl(x+1)= f(z)+1 v6i moi x € R;
i) f(z*—2%) = f(2)* — f(2)* v6i moi z € R.
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g c:is |

Cho duong tron (O) va diém P c¢6 dinh nam ngoai dudng tron. Tit P vé cac tiép tuyén
PA,PB dén O (A, B 1a tiép diém). C 1a diém thay doi trén cung nhé AB ciia (O). Tiép
tuyén tai C ctia (O) cat PA, PB, PO lan luot tai D, E va F.

a) Chitng minh rang duong thang qua tam ctia (PDE) va tam ctia (PCF) luon di qua
mot diém c¢b dinh.

b) Tt O vé céc tiép tuyén OX,0Y dén (PDE) (X;Y la tiép diem). Tt O vé cac tiép
tuyén OU,OV dén (PCF) (U,V la céc tiép diém). Chiing minh ring giao diém ctia
XY va UV thudc mot dusng thing ¢ dinh.

Chu y: Ki hieu (ABC) 1a dudng tron ngoai tiép tam giac ABC.

L&i giai.

Thay NGUYEN VINH KHANG - HUYNH TRUNG HIEU - DPOAN QUANG DANG -
NGUYEN THAI HUNG - NGUYEN THUY TIEN



STAR-EDUCATION Trang 8 star-education.net

Ki hiéu (OP) la dudng tron duong kinh OP.

a) Goi H la giao diém ctia dudng thang ED va dudng thang qua O vuong géc véi OP.

Xét tam gidac vuong HOF vuong tai O ¢6 dudng cao OC, ta c6 HO? = HC - HF, hay Puor) =
Puyper) (1).

Tiép theo, ta c6 bién ddi goc sau

— l—x 11— l—rr —=
HOD = HOA+ AOD =90° — §AOB + §AOC =90° — §BOC = HEO.

Tit d6, ta c6 AHOD «~ AHEO. Do d6, HO* = HD - HE, hay Pyjop) = Puyror) (2).

T (1) va (2), ta duge H ¢6 cung phuong tich véi 3 dudng tron (OP), (PDE), (PCF). Tu do, ta
két luan PH la truc dang phuong chung clia 3 duong tron nay. Do d6, tam ciia chiing thang hang,
suy ra dudng thang qua tam ctia (PDE) va tam cta (PCF) di qua trung diem OP la diém cb
dinh.

b) Goi M la giao diém ctia XY va OH. Goi H' 1a trung diém OM.

Ta thay H' thuoc dudng trung binh ciia tam gidc OXY, chinh la truc ddng phuong ctia dusng
tron (O;0) va dudng tron (PDE). Ma OH' 1a tiép tuyén cta dudng tron (OP), do d6 Py jop) =
H'O® = Purjo0) = Prrj(pom)-

Két hop v6i H' thuoc OH, ta két luan H' tring H. Do dé, XY di qua diém déi xiing ciia O qua
H.

Lap luan tuong tu, ta thu duse UV ciing di qua diém déi xing ctia O qua H. Do do, giao diém
ctia XY va UV thuoc dudng thang OH c6 dinh va la diém doi xiing ctia O qua H. U
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Cho n 1a mot s6 nguyen duong. Mot bang 6 vuong gom n hang va n cot gom n? 6 vuong

don vi ta goi la mot bang n x n.
V6i méi s6 nguyen k (1 < k < n), trén mdi hang ta chon k& hang lién tiép va trén méi cot
ta chon k cot lien tiép, khi d6 k% 6 vuong nim & phan giao nhau ta goi 13 mot bang con

k x k ctia bang n x n ban dau.

a) Dién cac s6 1,2,3,...,81 vao bang 9 x 9. Chitng minh rang ton tai bang con 2 x 2

c6 tong ciia 4 s6 duge dién trong n6 16n hon 137.

b) Gia st n 1a 6 18. Méi 6 vuong don vi ciia bang n x n ta dién mot s6 thuoc {—1;0;1}
sao cho mdi bang con 2 x 2 ¢6 tong clia 4 s6 duge dién trong né 1a 0 . Goi S 1a tdng

ctia n? s6 trong bang n x n. Tim gia tri 16n nhat cia S.

L&i giai.

a)

2 | & g
L) ap
s ol |28 | BT

Béng 9 x 9 ¢6 thé tach thanh bang 8 x 8 va hinh chit I' gdbm 17 6 vuong.

C6 4 cach tach bang nhu thé. Céc dang hinh chit T' (ky hieu lan lugt T'(é),i = 1,4) la :

g ag % % % g

a a 85— & P ——

25 17 17 25 17
(1) el (3) (4)
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Dat 51:a1+a2+...+a9+...a17;
Sg=a9+a10—|—...+a17+...a25;
Sg:a17+...—|—a25—|—...+a32—|—a1;

S4:CL25+...+CL32+CL1+...+CL9.
Ta co:
S14+ Sy + S35+ Sy ="(a1+ag+ a7 +ags) +2- (a1 +as+ ...+ az)

< (81 + 80 + 79 + 78) + 2(81 + 80 + ... 50) = 4510

R 4510 | ,
Suy ra ton tai i € {1;2;3;4} sao cho S; < 4 = 1127,5. Khong mat tinh tong quéat,gia st

S, < 1127.

Téch bang 9 x 9 thanh bang 8 x 8 va hinh I'(2). Tong céc hinh trong I'(2) 1a S; < 1127. Do
d6 tong cac s6 trong bang 8 x 8 phai 16n hon hoac bang (1+2+...81) — 1127 = 2194. Chia
bang 8 x 8 thanh 16 bang 2 x 2 roi nhau, trong 16 bang nay phai ton tai 1 bang 2 x 2 ¢6
tong cac s6 phai 16n hon hodic bing % = 137,125 > 137. Hoan tat ching minh.

Téch bang n x n thanh bang (n — 1) x (n — 1) va hinh chit T’ gom 2n — 1 6 vuong. C6 the
chia bang (n — 1) x (n — 1) thanh cac bang con 2 x 2 r6i nhau nén tong cac sé trong bang
(n —1) x (n — 1) bang 0. Gia stt tong S > n. Khi d6 tong 2n — 1 s6 trong hinh chit ' phai
16n hon hogc bang n + 1. Vi mdi 6 vuong chita 1 s6 thuoc {0;1; —1} nén trong hinh ' phai
c6 it nhat n + 1 6 chita s6 1. Do d6 ton tai 2 6 lien ké b1,b2 ciing chiia s6 1.

Khong mat tinh tong quat, gia sit 2 6 nay nim trén ciing 1 cot. Vi tong céc s6 trong 1 bang
con 2 x 2 bang 0 nén ta c6 thé xac dinh duge tat ca cac so6 nim tren 2 hang H1,H2 chita 2 6
nay. Va ta c6 thé chon ra 1 trong 2 hang nay sao cho khi loai boé hang d6 di va loai bo cot
doc chita 2 6 b1,b2 thi ta c6 thé chia phan con lai thanh cac bang con 2 x 2 r&i nhau (do n

1 va mot trong H1, H2 1 18). Nhut vay tong cac s trong phan con lai clia bang bang 0.

bl

\

H1 1 ]-1 1 |-1 1| -1 1|1 1

H2 1 |-1 1 |-1 1] -1 1|1 1

/

b2

Trong hang véi cot ta bd thi tong cic s6 trén hang 1a 0 (trit 6 b1 hodic b2) va tong cac s6
trén cot nhidu nhat 13 n (do ¢6 n 6). Nhu vay S < n, mau thuin. Suy ra tong S phai bé
hon hodc bang n. Ta c6 cach dién s6 dé S = n: trong cac cot 1é ciia bang ta dién s6 1 toan

bo va trong cac cot chin clia bang ta dién s6 —1 toan bo. Vay gia tri 16n nhat ctia S 1a n.

O
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g c:is |

Cho a, b, c 1a cac s6 thiyc duong théa man dieu kién ab + be + ca = 1.

Chitng minh ring ta c6 bat ding thiic

Vad + Vb3 + Ve > /243,

Loi gidi. Ta dua vé bat dang thiic can chitng minh vé bat ding thiic thuan nhat sau
(\4/5%— Vo + @)8 > 243(ab + be + ca)®.
Khi d6, khong méat tinh téng quat, gid sit vVa® + Vb3 + v/ = 3. Ta can chiing minh
ab + be + ca < 3.

bat z = W,y = \4/b_3,z = v/c3. Khi d6 = + y + z = 3. Bat dang thiic can chiing minh viét lai
thanh

xyJxy + yzJyz + zev/zx < 3.
Ap dung bat ding thite AM-GM, ta dudc

1 1 1
xy 3/xy + yz 3/yz + Z.TW?’/ZI' S xy . (%) + yz . (%) + 2T - (ﬂ)

= () e (5) - (%)

4
=3 (xy + yz + zz) — 2y=2.

T6i day, dé két thic bai toan, ta ching minh bat dang thic

4 , .
g(xy+yz+zx) —zyz < 3, v6i gia thiet x +y + 2z = 3.

Ap dung bat dang thic Schur, ta c6
(x+y+2)°>4(x+y+2)(oy +yz + z2) — 92yz hay 12(zy + yz + 22) — Jryz < 27.

Tt d6, ta suy ra bat ding thic can ching minh.
2 2 . 2 . 1
Dau dang thitc xay ra khi va chi khia =0=c= —. 0J

B
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Cho tam gidc nhon ABC noi tiép dudng tron (O). Goi H, D, E, F' 1an lugt 1a tryc tam va
chan cac duong cao qua A, B, C. L, M, N tuong tng la giao diém ctia AO véi EF, BE,CF.
Dudng tron qua A, trung diém I ctia EF va trung diém P ctia AH céat lai duong tron
(AEF) tai K.

a) Ching minh AK di qua tam J ctia dudng tron (HMN).

b) Céc tiép tuyén tai £ va F cta céc dudng tron (EDL) va (FDL) cit nhau tai 7.
Chitng minh TH va AJ cat nhau trén BC.

Loi giai.
'\ [
U B

a) Goi S 1a trung diem BC. Ta c6 tinh chat quen thudéc SP la trung tric ciia EF va SE, SF tiép
xtc véi dusng tron dusng kinh AH tai E, I’ tuong tng.

Xét tam giac SEP vuong tai F' c6 duong cao FI, ta c6 SP.SI = SF?, hay Psjapry = Psyam)-
Do d6, AK di qua S.

Tiép theo, ta ching minh AJ di qua S.

Ta c6 MNH = ANF = 90° — OAB = ACB. Tuwong tu, NMH = ABC.

Do d6, AHMN «~ AABC.

Goi AJ cat BC tai S, ké tiép tuyén tai A ctia (O) cat BC tai U. Do AH tiép xic v6i (HMN) nén
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A la giao diém tiép tuyén tai H ctia (HMN) v6i M N. Két hop véi tinh chat AHMN «~ AABC,
ta ching minh dugec ANAJ ~ ACUO. Do dé

OUC = NAJ hay OUS' = OAS'.

—

Suy ra tit gidac OAUS’ noi tiép, néen OS'U = 90° hay S’ tring S. Tu d6, ta c6 AJ di qua S nén
AK di qua J (dpcm).

b) Trudce tién, ta nhic lai hai tinh chat quen thuoc trong mo hinh dudng tron Mixtilinear noi tiép:
Cho tam gidc ABC noi tiép (O), ngoai tiép (I), duong tron A-mix noi tiép tiép xic véi (O) tai
X. Goi Y la tiép diém ctia duong tron bang tiép géc A v6i BC. Khi dé, ta c6 hai tinh chéat sau:

i. XI di qua diém chinh giita cung BC chita A.
ii. AX,AY dang giac trong goc BAC.

Quay lai bai toan, xét tam giac DEF c¢6 H 1a tam noi tiép va A 1a tam bang tiép goc D clia tam
giac DEF. Khi do, ta c6 L la tiép diém duong tron bang tiép géc D ciia tam giac DEF véi EF,
S 1a diém chinh gita cung F'E chita D clia tam giac DEF.
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Goi HS cat (DEF) tai T', theo tinh chit 1), ta c6 T" 1a tiép diém clia duong tron D-mix vdi
(DEF). Tt d6, theo tinh chat 2), ta c6 DT’, DL dang giac trong géc EDF.

Suy ra FDL = T'DE = T'FE = T'FL.

Do do, T'F tiép xtc v6i (FDL). Tuong tu, T'E tiép xtc v6i (EDL). Suy ra T' trung T

Vi vay, TH di qua S, két hgp véi cau (a), ta c6 dpem. O
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g =i

Cho hai s6 nguyen duong m,n > 2. Tim s6 nguyén duong k 16n nhat dé ton tai cac sd

thuc a1, as, . . ., a; thda man dong thoi cac diéu kién sau:
i. V6il1<I[I<k—mthias +ao+--~+am,>0.

ii. Vi1 <[I<k—nthia+ai2+-+a, <O.

Loi gidi. Dit d = (m,n). Ta chiing minh rang gia tri 16n nhat cta k 1a kpa = m+n —d — 1.
Tru6e hét ta chiing minh rang néu k > m + n — d thi khong ton tai bo s6 thod man yéu cau de
bai. That vay, gia st ring c6 mot gia tri k > m +n — d dé ton tai bo s6 ay,as, - - - ,a, thod man
diéu kién ctia bai toan. Do véi méi s6 nguyen duong [ > max{m,n}, cac diéu kién d6 van ding
v6i bo 6 ay, as, - -+ ,a;, nén chi can xem xét truong hop k = m +n — d la du.

Vé6i moéi s6 nguyén duong 1 < i <m +n—d, dat S; = a; + -+ - + a;. Quy uée Sy = 0. Khi d6 luon

¢6 duge hai danh gia sau:
° Sl>SZ+nV610§Z§m—d
e 5;>S,_,v6im<i<m+n-—d.

X4c dinh day s6 by, by, - - - nhu sau: by = m +n — d, va

bj+n néub, <m-—d
biy1 = )
b —m mneub; >m —d.
v6i moi s6 ty nhién i. Do d | b; nén bang phép quy nap thi 0 < b; < m + n — d. Chu y rang {b;}
la day s6 nguyén bi chdn nén ton tai hai chi s6 © > y > 0 sao cho b, = b,. Ta ching minh ring
by—1 = b,_1. That vay, néu c6 diéu nguge lai xy ra thi khong mat tinh tong quat, c6 thé gia si

rang by, = b,_1 +n va by = by—1 —m. Khi d6

by1=by,+m=b+m=0b,1+n+m=>m+n

la diéu vo ly do b,—1 < m +n — d. Bang cac 1ap luan tuong tu thi b,—, = bp = m + n — d. Hon

nita nho cach xac dinh day s6 {b;} va diéu kién ciia bai todn ma

Sbo > Sb1 > © B Sbm—y = Sbo

1a diéu vo 1y. Tt d6 khong ton tai bo s6 khi k = m +n — d.

Bay gio ta chi ra sy ton tai ciia mot bo gom m +mn — d — 1 s6. Xét do thi G véi tap hop cac dinh
1aV =1{0,1,--- ,m+n—d— 1}, va hai dinh x,y dugc néi véi nhau béi mot canh don vo huéng
khi va chi khi |z — y| € {m,n}.

Khi xét theo modulo m + n, hai dau mut mdi canh ciia G déu c6 dang z va x +m vé6i x nao do,

nén c6 thé kéo dai tiép thanh day canh ndi cac dinh c6 dang
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m-+n
d

a:—):v+m—>:v+2m—>---—>:l?+( —1>-m—>93

theo modulo m +n. Céc gia tri trén doi mot phan biét theo modulo m +n nén day canh nay thuyc
st mo ta mot chu trinh don trong G. Hon nita hai dinh ctia G khong thé ké nhau néu ching thuoc
vé hai 16p dong du phan biét ndo dé theo modulo d, nén khi lay 0 < z < d — 1, thu duge d chu
trinh don doi mot roi nhau va chita tat ca cac dinh cia G.
Trich duge tit moéi chu trinh ra mot duong di don ¢6 dang

ClL —>Cy —> -+ —> Cmin_4
d

ma |c;11 — ¢;| € {m,n}. Hon nita c¢6 thé gid st rang véi méi 0 < x < d — 1, duong di ting véi chu
trinh thi x xuat phat tit dinh z. Tu day xay dung dudc aq,as, -+ , Gpmyn_q—1 nhu sau:

L ChQnSg:Slz---:Sd_le.

e V6i moi dudng di nhu trén, xac dinh S., bdi quy tac:

— Néu ¢ip1 — ¢; = m thi Seipy — S, = 1.
— Néu ¢ip1 — ¢; = —m thi Seipy =S¢, = —1.
— Néucgyy —g=nthiS,,, — S, =-1

— Néu ¢jp1 — ¢ = —n thi Seipr — S, = 1.

e Do S

~ N 2 o o pd 2 - 4 [N L 2 P
i1 — ¢, luon la tong hoac doi tong ctia m hodac n so hang lién tiép trong cac so

ai,ag, - Gmin—d—1, Va cac dudng di don dude chon chita tat ci cac dinh ctia G, nén kiém

tra dugc cac diéu kien vé dau ctia tong m hodc n s6 hang lien tiép déu thoa man.
e VGil §@§m+n—d—1, ChQIlCLZ‘:Si—Si_l.

Vay gia tri 16n nhat cta k 13 by, = m +n — d — 1. Bai toan két thuc. O
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