DPAI HOC QUOC GIA TP.HCM Ki THI CHON POI TUYEN NAM HOC 2022-2023
TRUONG PHO THONG NANG KHIEU MON TOAN
Ngay thi: Thi ba 27/9/2022
Thoi gian lam bai: 180 phit, khong ké thoi gian giao dé.

Bai 1. Cho day s6 (u,) xdc dinh bdi u; = 1 va Uy = /2 + u,, Vn € N*. Tinh

r 1 (u1 N Uo N o un>
im —|—+—4+...+— .
n—+oo Inn \ 1 2 n

Bai 2. a) Tim tat cd cc s6 nguyén duong x thdéa man z? — x = 2% — 2.
b) Tim tat ca céc s6 nguyén duong z,y thoa man z >y >2va z¥ — o = y* — 4.

Bai 3. Cho tam gidc ABC noi tiép dudng tron (O) c¢6 B,C ¢6 dinh (BC khong di qua O), A 1a
diém thay d6i trén cung 16n BC. Goi I, M, N 1a trung diém cia BC,CA va AB. Duong
tron qua M tiép xtc v6i BC tai B va dudng tron qua N tiép xic v6i BC tai C' lan lugt cat
IM va IN tai E va F. Goi D la giao di¢cm ctia BE va CF.

a) Chimg minh rang AD luén di qua mét diém c6 dinh.

b) Goi K la giao diém ctia AD va EF. Chtmg minh rang K thudc mot dusng tron cb dinh.

Bai 4. V6i n 14 s6 nguyén duong, mot tap hop B = {by, by, ..., b, } gom cic s6 nguyén duong dudce

goi 1a "t6t" néu ton tai n tap hop Ci,Cs, ..., C, thoa man dong thdi cac diéu kién sau:

e V&imoii e {1,2,....,n}, cdc tap hop C; gom b; s6 nguyén lién tiép.

e V6imoii € {1,2,...,n}, néu dit a; 1a tong tat ca cic phan tit ctia C; thi
a1+a2+...—i—an:0.

a) Chimg minh rang néu B c6 chita it nhat mot s6 1é thi B 1a tap hop tot.

b) Hoi c6 bao nhiéu tip con khac rong ctia {1,2,..., 100} 1a tap tot ?
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DPAI HOC QUOC GIA TP.HCM Ki THI CHON POI TUYEN NAM HOC 2022-2023
TRUONG PHO THONG NANG KHIEU MON TOAN
Ngay thi: Thi&t nam 29/9/2022

Thoi gian lam bai: 180 phit, khong ké thoi gian giao dé.
Bai 5. Cho céc s6 thuc z,y, z thda man dieu kién
r+y+z=23+yP3+2°2 =2
Tim gi4 tri 16n nhat cia z.

Bai 6. Cho ttt gidc ABCD c6 LZACB = ZADB = 90°. Goi K 1a giao diém ctia AC, BD va I 1a
trung diém ctia AB. Duong tron (.J) ngoai tiép tam gidc ICD cat lai AB tai T, TK cat lai
(J) tai M. Goi H 1a hinh chiéu ctia K 1én CD va N 1a giao diém ctia M H vé6i (J).

a) Chimg minh rang dudng tron ngoai tiép tam gidc NTK tiép xiic véi AB.

b) IK cat lai (J) tai L. Chitng minh rang LT, M N va JK dong quy.

Bai 7. Cho n,k > 2 1a hai s6 nguyén duong va ag,ar,--- ,a; 1a cdc s6 nguyén duong cho trudc.
Dat S, = {1,2,--- ,n}, ta ky hiéu A, 1a s6 cic bd (21,2, ,xx) € S thoa diéu kién:

n| ay+ ajxy + - + apxy.

a) Xét s6 nguyén t6 p > 5; ag, ay, - -+ , a; phan biét va déu nhé hon p. Tinh Ape.

b) Tinh A, véi trusng hop tong quét.
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DPAI HOC QUOC GIA TP.HCM Ki THI CHON POI TUYEN NAM HOC 2022-2023
TRUONG PHO THONG NANG KHIEU MON TOAN

LOT GIAI
Thuye hién béi nhém gido vién va trg giang trung tam STAR EDUCATION:
NGUYEN THAI HUNG - NGUYEN THUY TIEN - VO HOANG THANH -
POAN QUANG PANG - HUYNH TRUNG HIEU
A =i

Cho day s6 (uy,) x4c dinh bdi u; = 1 VA Upqy = /2 + u,, Vn € N*. Tinh

im — [ — 4 — + e
n—+colnm \ 1 2 n

&5 Lo gidi. Dé thay u, > 0 Vn > 1. Trudc hét ta chimg minh rang u, < 2 bang phuong phéap

quy nap toan hoc:
e V6in=1thiu; =1< 2 nén khing dinh trén ding;

e Gié stt khang dinh da dang v6i n > 1, nghia 13 u, < 2. Khi dé

Ul = V2 + U, < V2+2=2.

Nhu vy u, < 2 Vn > 1. V6i moi s6 nguyén duong n thi

2+ u, — u’ (2 —uy) (14 up)
n - n:\/2 n — Un = T = > 0.
Bnt1 — U tu “ V2 + u, + up, V2 + u, + uy,

Do dé uy,41 > u, hay (u,) 13 day tang. Hon nita (u,) bi chan trén béi 2 nén hoi tu vé mot gidi

han L. Nhan thiy rang L € [0;2]. Tit hé thitc truy hoi ciia dé bai thi
L=VL+2<I[*-L-2=0&L=2.

Ap dung dinh 1y Stolz, c6 thé tinh dugc

U U U Uu U Un,
(1+2+...+ “)—(1+2+...+>

1 n
hm(ul—i-w—l—...—i—u)— lim 1 2 ntl 1 2 n
natoolnn \ 1~ 2 n n—-+00 In(n+1)—Inn
un+1
= lim n+ 11 = lim i I~
n—-+00 ln <1 > ) n—-+00 (n ¢ 1) ln <1 n) )
n n
Biéu thitc cudi ciing c6 thé viét lai thanh
. Up+1 . Up+1 .
(n+1)ln(1—|—> ln(l—i-) —|—ln<1+)
n n n




T day 6 thé két ludn rang

1 n
lim <u1+u2+...+u>:2.
n—-+oo Inn

g =i |

a) Tim tat ci cic s6 nguyén duong x théa man 2> — x = 2% — 2.

b) Tim tat cd cac s6 nguyén duong x,y théa man x >y > 2 va 2y —x = y* — y.

£ L oi giai.
a) Nhan thdy » = 1 va x = 2 1a nghiém ctia phuong trinh da cho. Ta chting minh rang:

2 — 2>z -z VreN z>3.

Ménh dé trén ding véi = 3. Gia st rang dieu d6 da diung v6i sé nguyén x > 3. Khi d6

27t _2=2(2"—-1)=2(2"-2+1)>2(z> —z + 1).

Tt day thi chi can chtimg minh

202 —z+1)>@@+1)° - (v +1) e 2°-3x+2>0

< (z—1)(x —2) > 0 (Luon ding vi x > 3).

Do d6 2°t1 —2 > (z + 1)2 — (z + 1), hay ménh dé quy nap ding véi = + 1.
Nhu vy 2% — 2 > 22 — r v6i moi s6 nguyén = > 3.

Tém lai, phuong trinh ¢é cdc nghiém nguyén la x € {1,2}.
b) Viét lai phuong trinh da cho thanh

Yyt —y=2a"

. Int
Xét ham so f(t) = HT trén [3, 00).

1—Int 3
Ta c6 f'(t) = th <0Vt>3, dodé f nghich bién trén [3, +oo). Hon nita z > y > 3 nén

1 1
f(y)>f(x):>y>ﬂ:>$lny>ylnx:>y$>xy
y x

Nhu vay y* +x —y > y* > 2¥, va phuong trinh khong c6 nghiém nguyén khi x >y > 2.
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g c:is )

Cho tam gidc ABC ndi tiép duong tron (O) c6 B, C ¢ dinh (BC khong di qua O), A 1a
diém thay d6i trén cung 16n BC. Goi I, M, N 1a trung diém ctia BC,CA va AB. Duong
tron qua M tiép xic v6i BC' tai B va dudng tron qua N tiép xtc v6i BC tai C lan luct
cat IM va IN tai E va F. Goi D la giao diém ctia BE va CF.

a) Chimg minh rang AD luén di qua mét diém c6 dinh.

b) Goi K la giao diém ctia AD va EF. Chiing minh rang K thudc mét dudng tron cd
dinh.

£ Lo giai.

a) Vi (CFN) tiép xtic v6i BC tai C va IN || AC nén ZICF = Z/INC = ZACN. Do d6 CF 1a
duong doi trung ciia tam gidc ABC. Tuong tu thi BE 1 dudng dbi trung ctia tam gidc ABC.
Tt d6 D 1a diém Lemoine ciia tam gidc ABC, va AD la duong dbi trung ctia tam gidc ABC.
Goi T 1a giao diém ctia hai tiép tuyén tai B, C ctia (O) thi AD di qua T 1a diém c6 dinh.

b) Ké duong cao BH,CG clia tam gidc ABC. Goi X 1a giao diém ctia GH va IN. Ta c6
/GIH

JIGX = /IGH = 90° — =90° — /GBH = /BAC = /GNI.
Tit d6 NG tiép xtic v6i (IGX). Hon nita IB = IC = IG = I H nén
IX-IN=IG*=1IC*=1IF-IN.

Do dé F = X, nghia la G, H, F thang hang. Chimg minh twong tu thi G, H, E, F thing hang.
Nhéc lai rang AD 13 dudng dbi trung ctia tam gidc ABC va chi ¥ rang AAGH ~ AACB nén

Trang 5



K 1a trung diem GH. T day thi /K 1L GH va
BC' -sin ZBAC
2

BC -sin ZBAC
2

IK =1G cos ZGIK =

khong d6i. Vay K nam trén dudng tron tam I ban kinh cb dinh.

Véi n 1a s6 nguyén duong, mot tap hop B = {by, by, ..., b, } gdm céc sé nguyén duong duge

goi 1 "t6t" néu ton tai n tap hop Ci,Cs, ..., C, théa man dong thai cac dicu kién sau:
e V6imoii€ {1,2,...,n}, cac tdp hop C; gom b; s6 nguyén lién tiép.
e V6i moi i € {1,2,...,n}, néu dit a; 1 tong tat cd cdc phan tit ctia C; thi

a1+a2+...+an:O.

a) Chimg minh rang néu B c6 chita it nhat mot s6 1é thi B 1a tap hop tot.

b) Hoi c6 bao nhiéu tap con khac réng ctia {1,2, ..., 100} 1a tap tot ?

5 Lo giai.
a) Khong mat tinh tong quét, gia st rang by 16. Mdi tap hop C; (1 < i < n) c¢6 dang:

bi(b; + 1)

Khi dé a; = bjx; + . Ta chon (21, 29,...7,) € Z" dé a1 +ay + ...+ a, = 0, hay 1a:

bibi+1) |, balba +1)

T day tinh ducce
b (b + 1
rK = — —
2 P by
2 .S b1+1 2 N ‘oe N
be y rang — € 7Z. Ta chon x,,...x, € Z dé x; € Z la du. V6i k > 2 thi:
br(br + 1
, et b ltD
e Neu b 1é: Chon zp = — 5 , khi do 2 =)
1
. - b b +1
o Néu by chin: Chon 7 = - — ’“; € 7, khi do:
br(br + 1
bkxk‘i‘i]ﬁ(k ) b
2 =Tez
by 2
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by (by. + 1
by + ellet D)

Do d6 véi k > 2 thi ta chon dudc z dé ; 2 ez
1

Vay x; € Z va bai toan dugc chting minh.
e Trudng hop 1: B chita it nhat mot s6 16. Khi d6 s6 tap B tot 1a

(2100 o 1) - (250 o 1) — 2100 o 250'

e Truong hop 2: B chita toan s6 chan.
Gia stt x 14 s6 cac s mil ding ctia 2 nhd nhét trong B va vy(z) = a (a > 1).
Goi k 1a s6 céc phan tit trong B c¢6 s6 mii ding ctia 2 bang a (B ¢6 n phan tit).

o Néu k 1a sb 18.

B:{Q“(Qt,;Jrl) | ¢ ez,izﬂ}u{wl-rj | 7 eZ,jzl,n—k}.
Nhén xét: Tong ctia 2m sb6 nguyén lién tiép:
b+1)+0+2)+---+(b+2m)=m+2m(b+m)=m+2mqg (¢ =>b+m).

Téng ctia 2m s6 nguyén lién tiép c6 dang m +2mq (¢ € Z)
Do d6

a; =212t + 1)+ 292t + 1) - hy =21+ 2% 5, (s, € Z,i = 1, k)
aj:2a-rj+2“+1-rj-dj:2“-lj (lJGZ,j:k+1,n)

(V6i a; (i =1,n) la tong cdc phan tit ctia C;)
= zn:ai =k-214+p-2 (plasd nguyén)
Giz‘igli}Btét = k-2 4 p-29=0=k+2p =0, dicu nay vo i vi k 1&.
Vay trong trudng hop & 1é thi B khong 1a tap tot.
o Néu k 14 s6 chan.
Gid st va(b1) < va(by) < -+ < wg(by).
Ta c6 vy(by) = va(by) = a.
Chon C; = {u+1,u+2,...,u+ b} v6i by = 2%(2m + 1), m € Z va m cb dinh.

Tong ciia 2m s6 nguyén lién tiép c6 dang m +2mq (¢ € Z) nén ta nhan thay
ap =2""12m+ 1) +2°Cm + 1)g=2""+2°2mqg+m+q) (q€Z).

Chon C,,Cs, ..., C, sao cho

CoUCU---UC,={z+1,2+2,..,24+ (ba+---+b,)}

CNCi=a (i) =2,n;i# )
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b; :2a(2ni+1),ni GZ,i:ﬂ
Vi nén
bj:2a+1'q]',q]' GZ,j:k+1,7’L

bi =2%k —1)+t-2°" =22t + k — 1)

n
1=2

=2%2p+1),p € Z va p cb dinh

Tong ctia 2m s6 nguyén lién tiép c6 dang m +2mq (¢ € Z) nén ta nhan thay

n

Yoai =21 (2p4+1)+2%(2p+1)s =21 42" (2ps+p+5) (s € Z).

1=2

Ta ¢ thé chon céc C; sao cho ¢ = p va s = —m — 1, khi d6 zn:ai = 0.
Vay trong trudng hop k chan thi B luon 1a tap tot. .
bém s6 tap tot:

Xét tap {1,2,3,4,...,100}

- C6 25 phan tit ¢6 s6 mil ding ctia 2 1 1: {2,6,10,...98}

- C6 13 phan tit ¢6 s6 mil ding ctia 2 1a 2: {4,12,20,...100}

- 06 6 phan tit ¢6 s6 mii ding clia 2 1a 3: {8,24,...88}

- 06 3 phan tit ¢6 s6 mil ding ctia 2 1a 4: {16, 48,80}

- C6 2 phan tit ¢6 s6 mil ding ciia 2 1a 5: {32,96}

- C6 1 phan 1 ¢6 s6 mi ding ctia 2 1a 6: {64}

S6 tap con tot trong trudng hop nay la:

(22 —1)-2% 4+ (22 -1). 2" 4 (2°—-1)- 20+ (22— 1) - 28 + (2 — 1) - 2L.
Vay sb tap con t6t khéac rong ctia {1,2,3,4,...,100} 1a:

(2100_250)+(224_1)_225+(212_1).212_|_(25_1).26_|_(22_1)‘23_{_(21_1)_21
:2100_249_224_211_25_22_2‘

=5 |

Cho céc sb thuc z,y, z théa man dieu kién
z+ytz=2+9yP+ 22 =2

Tim gi4 tri 16n nhat cia z.
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A5 Lo gidi. Tu gid thiét thi:
4+ o) +2) =5ty + o=y~ ) =2
Thay x 4+ y = 2 — z vao ding thiic trén va thu gon, ta dude:
(2—2)(2z4zy) = 2.

2 . )
Viz4+y+z=2vazr>y>znénz < 3 Do dé viet duge dang thiic trén thanh:

2(z — 1)2

)

Két hop v6i z +y = 2 — z, theo dinh Iy Viete thi 2,y 1a hai nghiém ctia da thtic

W= 1)~
faU:T%wz—@T+ii—l<
20—z
Dé da thtic trén ¢é hai nghiém z, y thi
—1-+5
s, 2(z—1)? 2S5
A=@2-2) 4= =20 - -
o 0<z< TV
- = 2
Mat khéc, do x,y > z nén ta phéi c6 f(z) > 0 hay
3—V56
2—(2 )+2(z_1)2>0<:> =
22— 2—2)z24+ ———
2—z = 3+5
z> —
- 2
3—5 3 — L
Tuw do z < 2\/_.Khix:—1+\/3vay:z: thi yéu cau de bai dugc thoa man.

35

Vay gi4 tri 16n nhat cia z 1a 5

Cho tit gidc ABCD c6 LACB = ZADB = 90°. Goi K la giao diém ctia AC, BD va I 1a
trung diém ctia AB. Puong tron (J) ngoai tiép tam gidc ICD cat lai AB tai T, TK cat
lai (J) tai M. Goi H 1a hinh chiéu ctia K 1én CD va N la giao diém ctia MH véi (J).

a) Chimg minh rang dudng tron ngoai tiép tam giac NTK tiép xic véi AB.

b) IK cat lai (J) tai L. Chting minh rang LT, M N va JK dong quy.

#3 Lo giai.
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a)

Goi AD cit BC tai G thi K 1a truc tAm ctia tam gidc GAB. Do d6 (J) la duong tron Euler
clia tam gidc GAB. Véi cach xdc dinh cac diem T, M thi GT la dudng cao ctia tam gidc
GAB va M la trung diéem KG. Vi M 1a trung diém cung DC khoéng chita T ciia (J) nén
NH la tia phan giac cia ZDNC. Tu do
ND D
NC  HC’
Goi P va @ lan lugt 13 hinh chiéu ctia K trén TD va TC. Do K 1a tAm dudng tron noi tiép
clia tam gidc T7C'D nén HD = QD va HC = PC. Diéu nay cho thay
ND HD DQ
NC HC CP

Hon nta ZNDQ = ZNCP nén ANDQ ~ ANCP (c.g.c). Do d6 ZNQD = ZNPC va
/NQT = 180° — /NQD = 180° — /NPC — /NPT.
Vay N nam trén (TPQ) c6 dudng kinh KT. N6i cdch khac thi (NTK) tiép xic v6i AB.

Goi NK ¢t (J) tai S. Do ZTNK = 90° nén T'S 1 duong kinh ciia (J) va T, J, K thing
hang. Goi TL cat MN tai X. Ap dung dinh 1y Pascal cho hai b6 3 diém (LM S) va (INT)
trén duong tron (J) thi X, J, K thang hang.
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=i )

Cho n, k > 2 1 hai s6 nguyén duong va ag, ay,-- - ,a; la cac sé6 nguyén duong cho truée.
bat S, = {1,2,--- ,n}, ta ky hiéu A, 1a s6 cac bd (z1, 7, ,73) € S thoa diéu kién:

n | ap+ a1z + - - + apx.
a) Xét s6 nguyén té p > 5; ag, ay, - -+ , ax phan biét va déu nhé hon p. Tinh Ape.

b) Tinh A, véi truong hop tong quat.

#5 Lgi gidi. Ching ta tinh A, trong trudng hop tong quat.

Dat d = ged(n, ay, as,- -+ ,ax). Néu d 1 ap thi khong c6 bo s6 théa man dicu kién ctia dé bai, do

d6 tit day chi xét d | ag. Goi b; (0 < i < k) la cac s6 nguyén dé a; = db;, va m la s6 nguyén dé

n = dm. Theo cach dat trén thi ged(m, by, be, -+ ,b;) = 1.

Véi s6 nguyén duong £ > 2, ta goi mot bd s6 (1, T, -+, xx) € SF 14 (—tdt néu
O] bg + byxy + -+ + by,

Goi By 1a s6 lugng cac bd sb (—t6t. Ta cé cac nhan xét sau:

e Néu p la s6 nguyén t6 va s 1a s6 nguyén duong thi B,s = p**=1).

That vay, do ged(m, by, -+ ,b;) = 1 nén c6 1 < i < k dé ged(b;,p) = 1. V6i mdi j # i, cb

thé chon z; bat ky trong S,s, khi d6 luon ton tai duy nhat z; de
biz; = —by — Y _ bjz; (mod p°)
J#

Vi ¢6 k — 1 cach chon chf s6 j va p* cach chon z; nén B, = p**~—1.

e Néu (u,v) =1 thi By, = B,B,. Hé qué 1a B,, = mFL.

Goi (y;) 1a mot bo u—t6t va (z;) 1a mot bo v—tdét. Chit ¥ rang y; € S, va 2 € S,. Theo

dinh 1y s6 du Trung Hoa, ton tai duy nhat z; € S, thod man hé phuong trinh:
x; = y; (mod u)
x; = z; (mod v)
T d6 thi
u | by + byxy + - - - + by,

v | bg +b1z1 + - - + by

nén uv | by + b1xy + - - - + by Do d6 (z;) 1a mot bo uv—tdt. DE kiem tra duge rang anh xa

S’u X Sv - Sum (yza Zi) = Z;

la song anh khi han ché trén céc bo u—tdt va v—tot, nén B, = B,B,.
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o A, =d*B,,. He qua la A, = m* td* = n*d.
V6i (2;) 1a mot bo s6 thod man bai toan thi:
dm | d(bo + byzy + -+ brxy) <= m|by+bixy + -+ by
Néu dat x; = yym + 2 (1 < z; < m) thi
m | by + b1z + -+ + bz

nén (z;) 1a moét bo m—t6t. Do d6 mdi bo s6 thoa man bai todn deu sinh ra dude tit mot bo
m—t6t bang cdch cong thém vao mdi vi tri mét boi phit hop ctia m. Ngudc lai, néu goi (2;)

14 mot bo m—t6t, voi z; = yym + z; va 0 < y; < d — 1, thi (z;) 1 mot bo thod man de bai.
Hai cdch chon bo (y;) phan biét s& cho hai bo phan biét. C6 d cach chon méi y; nén c6 d*
cach tao ra bo thod man dé bai tit mot bo m—t6t. Tt dé6 A, = d*B,,,.

T céc nhan xét trén, ta két ludn dap sé tong quét ciia bai toan nhu sau:

0 néu d 1 ag
Véi d = ged(n, ay, a9, -+ ,ag) thi A, = O

n*d néud| ag
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