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OCHUGNGO

LOINOIDAU

$OGOSO

V6i mong mudn boi dudng va phat huy tai nang ctia cac hoc sinh khéi 16p Trung hoc co sé trong
linh vize Toan va Tri tué nhan tao, truong Phd Thong Nang khiéu da to chiic “Trudng he phat trién
tai nang Toan va Tri tué¢ nhan tao Viet Nam” lan thit nhat vao thang 7/2022. Day la hoat dong dau
tien trong chudi chuong trinh sé duge Nha truong trién khai nham gitp hoc sinh khéi Trung hoc co
s§ c6 them say meé, dong luc trong hoc tap; rén luyén dé sau nay cac em sé tré thanh nhan tai cho
dat nudc.

Gitp céc em bude dau lam quen véi mot sb kién thiic chuyén toan, ban t6 chiic thuc hien tai lieu
"Ky yéu truong he VSSAM" xem nhu tai lieu tham khao chinh hd trg cac em trong qua trinh hoc
tap sau nay. Noi dung ky yéu lan nay xoay quanh cac chi dé vé cdc mon Dai s6 va S6 hoc danh cho
déi tugng 16p 8, 9 cu the:

e Céac bai giang ciia gido vien truong Pho thong Nang khiéu tai truong he.

e Tuyén tap bai tap dé nghi eia ki thi hoe sinh gisi vimng Balkan danh cho hoc sinh trung hoc
co s6 (JBMO,).

e Gidi thiu dé thi vao chuyén toan trudng Pho thong Nang khiéu nam 2021, 2022.

e Gi6i thieu vé qua trinh hinh thanh truong PTNK va mot s6 thanh tich clia cac anh chi hoc
sinh chuyén toan trong nhiitng nam vira qua.

Du duge thic hién trong thoi gian ngén, cac gido vien van chita kip dé trién khai va day mot céach
hoc mot cach day du cic noi dung can giang, tuy vay van mong cic em tif nhiing kién thic thu nhat
dugc trong dot hoc ngén nay thém yéu thich mon toan v cong nghe, tit d6 phét trién thém trong
tuong lai.

Trong thai gian ngén, ban bién tap lam viéc can than va cham chit nhung khong tranh khoi nhing
thiéu sot, rat mong cac em hoc sinh va quy thay co6 bo qua, moiy kién déng gép xin lien hé qua
email ntvu@ptnk.edu.vn.

Ban bién tap xin cAm on quy thay co Nguyén Ngoc Duy, Vuong Trung Diing, Vo Tién Trinh, Ta
Hoang Thong, cac ban sinh viéen Nguyén Thiy Tién, Vo Hoang Thanh, Nguyén Thai Hung da gui
bai, chiic moi ngudi cong tac va lam viéc tot.

Ban bién tap
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¢ CHUGONGO
PHAN CHUNG VA QUY NAP

SOGOEGH

Nguyén Tang Vi

§1. PHUONG PHAP PHAN CHUNG

Phép phan chiing 1a mot trong cdc phuong phap rat hay dude sit dung trong cac bai toan, day
la mot phuong phap chitng minh gian tiép dya trén tuong duong logic A = B = B = A. Thay
vi chiing minh ménh dé A = B dé khai thac gia thiét A, ta di chitng minh ménh dé tuong
duong véi n6 1a B = A, dé khai thac gia thiét mdéi 1a B.

Tat nhien sau khi phan chting thi phai biét suy luan tiép dé tim duge diéu vo li, su vo 1f dé co
thé 13 mot menh dé sai, hodc mau thuan véi gia thiét A hodc cac meénh dé ding trude do.

Mot s6 ménh dé thuong gap va ménh dé phu dinh:
o M ="Vxe A P(x);
e M="3z¢cA Px)
va
e N="3ze A P(zx);
« N ="V e A Pla)’
Mot s6 tuong duong logic quan trong
e ANB=AVB;
e AVB=ANADB;
Trén day 1a mot s6 luu ¥ nho trude khi ta bat dau véi cac vi du don gian.

@ MOT sO Vi DU

L Vi du 1. Ching minh ring v/2 13 mot s6 vo ti.

Loi giai.
Gia st V2 la sb hitu ti, tidc la tdn tai b trong d6 p,q € Z, (p,q) = 1,¢ # 0 va V2 = b
q q

Khi d6 ta c6 p® = 2¢°, suy ra p? chia hét cho 2 ma 2 nguyén té nén p chia hét cho 2, p = 2k.
Suy ra ¢* = 2k?, Ii luan tuong tu thi ¢ chia hét cho 2, do d6 (p,q) # 1 (mau thuén).
Vay diéu gia sit sai, v/2 1a sd vo ti. O
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Vi du 2. Chiing minh rang v6i n 1a s6 ty nhién va 2" — 1 1a s6 nguyén t6 thi n ciing 1a s6
nguyeén to.

Lai giai.

Gia st n khong 1a s6 nguyén t6. Néu n = 0 khi d6 2" — 1 = 0 khong 1 s6 nguyeén to.

Néu n = 1 thi 2" — 1 = 1 khong 1a s6 nguyén t6. Néu n > 1 khi d6 n = ab v6i 1 < a,b < n, khi d6
2" —1=2% —1 chia hét cho 2° — 1 ma 1 < 2° —1 < 2" — 1 nén 2" — 1 khong la s6 nguyen t6. Mau
thuan. Vay n 13 sb6 nguyeén t6. O

Vi du 3. Chiing minh rang khong ton tai cac s nguyén duong x,y sao cho cac s6 = + y, x +
2y, 2z + y deu la cac sd chinh phuong.

Lo giai.

Gia stt ton tai cac s6 nguyén duong z,y saocho z + v, 2%+ y, 2y + z 13 cac s6 chinh phuong. Khi d6
ton tai a, b, c nguyén duong théa z +y = a®, 2z4 y = b*, 2y +a = ¢, suy ra b* + ¢* = 3a* (1).

Ta ching minh (1) khong ¢6 nghiém nguyeén duong, gia si nguge lai (1) ¢6 nghiém nguyén duong 1a
a, b, c sao cho a 1a nhé nhat.

Ta c6 b? 4+ ¢ chia hét cho 3, ma b2, ¢® chia 3 ¢6 s6 du 1a 0 hodc 1 nén ta c6 b, ¢ phai chia hét cho 3,
khi d6 b = 3b, ¢ = 3¢/ thé vao (1) ta c6 96 + 9 = 3a?, suy ra @ ciing chia hét cho 3, do dé a = 3d’,
tit do b + ¢? = 3a?, ta c6 d, b, ¢ cling 13 nghiém cta (1), mau thuan vi ta chon a nho nhat.

Vay (1) khong c6 nghiem nguyén duong, do dé khong ton tai cic s6 nguyen duong z,y dé o +y, 2z +

Y, 2y + x 1a s6 chinh phuodng. O
A )
Vi du 4. Ching t6 rang véi hop s6 n thoa n > 4 thi khong ton tai sy sip xép ai, as, - , an

trong s6 1,2,...,n sao cho nhitng s6
ai, a102,010203, -+ , 4103 * G
c6 s6 du phan biét khi chia cho n. Diéu nay c6 diung véi n = 4 khong?
N .
Loi giai.

Gia sit ton tai cach xép théa dé bai khi n > 4.
Tacbéay---as---a, =n! nén chia hét cho n.
Ta c6 a, bang n vinéu ap =n v6i k < n thi a;-ay---a, va aj - ay - - - a, cung chia hét cho n.
Vi n 1a hop s6, khi d6 ton tai hai s6 a,b théan =abvéil <a <b<n.
e a < b, thi xét tich a; - ay---a,_; chita hai s6 hang a,b nén chia hét cho n. (mau thuan).

e Néua=0>bvin=a>>4, suyraa > 2 2a < n, do dé trong cac sd ay,as, - an_1 1a hoan vi
ciia 1,2,---m — 1 s& chiia hai s6 hang 1a a va 2a, do d6 tich a; - - - a,_1 chia hét cho n. (mau
thuan).

Véin = 4, ta xép 1, 3,2, 4; thoa dé bai. O
A

Vi du 5. (PTNK 2019) Cho n 1a s6 tu nhién n > 3. Chiing minh réng 2" + 1 khong chia hét
cho 2™ — 1 v6i moi s6 tu nhién m sao cho 2 < m < n.

Lai giai.
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Ta c6 2" (2™ —1):2™ — 1, suy ra 2" — 2" ™2™ — 1, ma 2" 4+ 1:2" — 1 suy ra 2" + 1 chia hét cho
2m — 1.

Ly luan tuong tu ta c6 2" *™ 4 1 chia hét cho 2™ — 1. Gid st n = km + ¢,0 < ¢ < m. Chon k nhu
tren ta c6 27 + 1 chia hét cho 2™ — 1. Mag<mnén 29+1=2" -1 giditaqg=1,m =2 (vo ly). O

Vi du 6. Cho n1é va n > 3. C6 ton tai hay khong n s6 nguyén té6 phan biét pi, ps, .., pn sao
cho p; + piy1 (i = 1,2,...,n VA p; = p,y1) 1a cac s6 chinh phuong.

Loi giai.

e Mot s6 chinh phuong thi chia 4 du 1 hodc du 1.

e Gia su ton tai n so6 thoa dé bai.

o Néup; #2,Vi = 1,..,n. Khi d6 khong thé tat ca déu c6 dang 4k+1 hoac 4k+3. Néu p; = 4k, +1
thi po = 4ko + 3,p3 = 4ks + 1, ....;p, = 4k + 1 (do n 18), khi d6 p, + p1 = 2(mod4) (vo 1y).
Tuong tu véi p; = 4k, + 3.

o Néu p; = 2. Khi d6 py = 4ky + 3,....pp = 4k, + 1 va p, + p1 = 4k, + 3 (vo 1i).

e Vay vdi n 1& khong ton tai cac s6 ngtiyén t6 thoa débai.

BAI TAP REN LUYEN

Bai 1. Chiing minh ring
a) C6 vo han cic sd nguyen to.
b) C6 vo han céac s6 nguyen t0 ¢6 dang 4k + 3.
Loi gidi.
a) Gi& st c6 hitu han $6 nguyén t6 py,pa, -+ ,pr X6t A = p1 - po---pp + 1 thi c6 them mot ude
nguyen to.
b) Xét A =4pipy- - pr + 3 ciing c6 them 1 w6c nguyen to dang 4k + 3.
O

Bai 2. Cho hai s6 nguyén duong x,y. Ching minh ring céc s6 22 +y + 1,9> + 42 + 3 khong thé
dong thoi 1a cac s6 chinh phuong.

Loi gidi.

Gidst 22 +y+1=a?y* + 4oz +3 = b

Néu x < yta cé y* < b* < (y +2)?, suy rab=1y + 1, khi d6 a® = 2> + 22 + 2 (v0 nghiém).
Néu z >y, ta c6 2° < a* < (v + 1)* (vo 1y).

Vay 22 +y + 1,y* + 42 + 3 khong thé dong thoi 1a cac s6 chinh phuong.

O

Bai 3. Chitng minh ring moi lity thita ctia 2 khong thé biéu dién thanh tdng cia hai hay nhiéu s6
nguyén duong lién tiép.
Loi giai.
e Gia sit 2% ¢6 thé biéu dién thanh tdng ctia n > 2 sé nguyén duong lien tiép la a+a+ 1+ ... +
(a+n-—1.
1
e Ta c6 phuong trinh 2% = §n(a +a+n—1) hay 287 = n(2a +n — 1).
e Ta c6 n,2a +n — 1 khong ciing tinh chiin 16, man > 1tacon =2 2a+n -1 =1 (Vo
nghiém).
e Vay diéu gia su sai, ta c6 diéu can ching minh. .
0
Bai 4. Chitng minh ring véi moi sd nguyén a, b, ¢ thi ton tai s nguyén duong n sao cho f(n) =
n® 4+ an® + bn + ¢ khong 1a s6 chinh phuong
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Loi giai.

e Gid sit ton tai a,b, ¢ sao cho f(n) = n* + an® + nb + ¢ 1a s6 chinh phuong v6i moi n.

e V6i moi s6 nguyen duong z thi x = 0,1(mod4) Taco f(1) =a+b+c+1,f(2) =4a+2b+c+
8, f(3) =9a+3b+ c+ 27, f(4) = 16a + 4b + ¢ + 64 1a cac sb6 chinh phuong.

o f(4) — f(2) = 2b(mod4), f(3) — f(1) = 2b+ 2(mod4). Vi 2* — y* = 0,1, —1(mod4) suy ra b
chan.

e Néu b chin thi 20 + 2 = 2(mod4) (Mau thuén).

e Vay diéu gia su sai, tir d6 ta c6 diéu can ching minh.

0

Bai 5. Cho cac s6 a,b,c € N*, do6i mot nguyen t6 cung nhau. Chiing minh ring phuong trinh
xbe 4+ yca + zab = 2abc — ab — ac — be khong ¢6 nghiém nguyén duong.
Loi giai.
e Gia st phuong trinh ¢6 nghiém nguyén duong (z,y, z).
e Tu phuong trinh ta ¢6 ab(z + 1):c, ma (a,c¢) = (b,¢) =1 nén z + lic, suy ra z > ¢ — 1.
e Chiing minh tuong tutaco x >a—1,y > b— 1.
e Khi d6 xbc+yca+zab > (a—1)be+ (b—1)ac+ (c—1)ab = 3abc—ab—bc—ac > 2abc—ab—bc—ac
(Vo 1y).
Vay phuong trinh khong c6 nghiém nguyén duong.
U

Bai 6. Ching minh ring khong ton tai s6 nguyen duong n nao théa n + k2 1a sé chinh phuong véi
it nhat n gia tri nguyén duong k.

Lo gii.

Gia st ton tai n € N* va cac s6 nguyén duong k; < ks < ... < k,, sao cho n + k? 13 mot sb
chinh phuong, véi i = 1,...,n Dat n—l—ki2 = m? voii=1,....,n. Suyram; < mg < ...<m, va
my +ky <mg+ky <...<my+ky Taco:n = (m; +k)(m; —k;) véii=1,...,nnén n c6 it nhat
n e s6 khac nhau 16n hon 1 = Mau thuan ( vi tap hgp {2,3,...,n} chi con —1 phan tif ) = dpem.
O
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§2. PHUONG PHAP
CHUNG MINH QUY NAP

Phuong phap chitng minh quy nap thuong duge ding dé chiing minh mot ménh dé P(n) ding
v6i moi s6 nguyén duong n > n., dé chiing minh diéu dé ta thuc hién cac bude sau:

a) Buéc co s6: ching minh P(n) dang v6i n = ne;

b) Buéc quy nap: Gia stt P(n) dang, ching minh P(n + 1) dang.
Quy nap dudgc st dung rong rai trong chiing minh cac tinh chat, dinh 1f hay cac bai toan, trong
s6 hoc thi ciing dude 4p dung nhiéu vi hau hét ta lam viéc trén tap so6 nguyén.

Ngoai ra ta con mot sb kiéu quy nap khac.

»

Quy nap manh, ching minh ménh dé P(n) véi moi s6 nguyén duong n.
e Ching minh P(1) ding.
e Gid st P(1), P(2),--- P(n) ding. Ching minh P(n + 1) dang.

)

Quy nap budc nhay k.
e Ching minh P(1), P(2),--- P(k) ding.
e Gia st P(n) dang, chiing minh P(n + k) dang.

A )
{ Vi du 1. Ching minh ring véi moi sé nguyen duong n thi 5°" + 3n — 1 chia hét cho 9

Lo gii.

Khin =1 ta cé A(n) = 5" + 3n — 1 = 27 chia hét cho 9;

Gia sit A(n) = 52" + 3n — 1 chia hét cho 9, ta ching minh A(n + 1) = 52 £ 3(n + 1) — 1 ciing
chia hét cho 9.

Ta c6 A(n+1) = 52D 4 3n 4+ 2 = 25A(n) — 72n + 27 chia hét cho 9, do theo gia thiét quy nap thi
A(n) chia hét cho 9.

Vay A(n) chia hét cho 9 v6i moi s6 tu nhién n. dJ

Vi du 2. Chiing minh rang v6i moi s6 tu nguyén duong n thi (n+1)(n+2)...(n + n) chia hét
cho 2".

Laoi giai.
e Khin=1tacé 1+ 1=2 chia hét cho 2.
e Gia stt khing dinh ding vé6i n, ta chitng minh khing dinh ding véi n + 1.
Taco (n+2)(n+3)---(2n)2n+1)(2n+2) = 2(n + 1)(n +2) - - - (2n)(2n + 1) chia hét cho
2" theo gia thiét quy nap.
O
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Vi du 3. Cho n = 2*. Ching minh réing trong 2n — 1 s6 tu nhién bat ki thi luon chon dugc n
s6 sao cho tong ctia ching chia hét cho n.

Loi giai.
Ta quy nap theo k.
a) V6i k = 0 thi hién nhién ding.
b) Gia sit ménh dé ding véi k, tic 1a trong 287! — 1 s6 ta chon duge 2% s6 c6 tdng chia hét cho
2k. Ta ching minh dang véi k + 1, tic la trong 2 - 2871 — 1 ¢6 25 s6 ¢6 téng chia hét 28+L.
Ap dung gia thiét quy nap 3 1an véi 4 - 28 — 1 s6 thi ta chon duge 3 nhém, mdi nhém c6 28 s6
c6 tong chia hét cho ok goi tong lan luot 1a A, By, C,, khi d6 xét cac thuong ctia A,, By, C,

khi chia cho 2* thi sé ¢6 hai s6 ¢6 cling tinh chin 16 nén tdng chia hét cho 2, gid st 1a 2—:, 2—:,
khi d6 A, + B, chia hét cho 2¥™! do d6 28 s6 tit nhém A,,, B, ¢ téng chia hét cho 281
O
A
Vi du 4. Ching minh riing véi moi s6 nguyéen duong n thi phuong trinh a?+b* = ¢” ¢6 nghiem
nguyen.
F L= = i
Loi giai.

e Bai toan ding v6i n = 1,n = 2.
e Gia st bai toan ding véi n, tiic la phuong trinh a® 4+ b* = ¢® ¢6 nghiem 1a a,, by, ¢,, ta chiing
minh bai toan ding véi n + 2.
Thyc vay ta c¢6 ¢ = ¢ -2 = (cotty)” + (cobo)?; do d6 (coay, cob,, €,) 12 nghiem ctia phuong
trinh o + b* = 2.
O

Vi du 5. Chiing minh rang v6i moi sé nguyén duong n thi ton tai cdc s6 nguyén a, b sao cho

(1+V2)"=a+bvV2,(1-V2)"=a—bV2

Loi giai.
e Khin=1tacoa=1,b=1.
e Gia sit ménh dé ding véi n, tic 1a ton tai a, b théa (1+v2)" = a+bv2, (1 —V2)" = a — bv/2.

Khi d6 (1+v2)"! = (a+bv2)(1+V2) = (a+2b) + (a+b)vV2 va (1—vV2)" = (a—bv2)(1 -
V2) = (a+ 2b) — (a+b)V2.
Ta c6 diéu can chiing minh. O
4
Vi du 6. Cho a, = (3 +V8)" + (3 — v/8)". Chiing minh ring a, € Z,¥n € N va a, khong
chia hét cho 5 .

Loi giai.
Dit a =34+ v8,b =3 — /8, do d6 a, b 1a nghiem ctia phuong trinh 22 — 62 + 1 = 0.
Ta chitng minh a,, = a” + b, 1& 6 nguyeén va khong chia hét cho 5.
en=1thia+b=06ding van =2 thi a; = a®> + b* = (a + b)* — 2ab = 34 1a 56 nguyén khong
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chia hét cho 5.
e Gia st khang dinh dang v6i k < n, ta chiing minh khing dinh ding véi n + 1, ta ¢6 anpq =
6a, — ap_1 = Ha, + 5an_1 — ap_o 12 s6 nguyén va khong chia hét cho 5, theo gia thiét quy nap.
]
A )
Vidu 7. (IMO 2013) Chiing minh ridng véi moi cap so6 nguyén duong k va n ton tai k s6
nguyén duong my, ma, ..., my thoa

P — 1l 1 1 1
1+ =1+ — 14— -1+ —
n m Mo my

N /

Loi giai.
Ta chiing minh bai toan bang cach quy nap theo k.
a) Khi k =1 ta chon m = n.
b) Gié st bai todn diung véi k — 1, ta ching minh bai toan ding véi k.
e Khinlé, dat n =2t —1.

2 —1 2(t+271-1 2t | 1
14221 _ZOHY g (15 (1 )

2% —1 ot ot —1

ap dung gia thiét quy nap va chon m; = 2t — 1 1a xong.
e Truong hop n chén, dat n = 2¢.

1+2j—1_2t+2j—1 2042 —2 ¥ 1 1+2j‘1—1
o A +20—2 2 . b B ’

dé thay 2t + 27 — 2 > 0, theo gia thiét quy nap

Tl - 1 1 1
H____:Q+_)@+—)n(u- ).
t mq ™o mjfl

Chon m; = 2t + 27 — 92 ta c¢6 dieu can chiing minh. O

BAI TAP REN LUYEN

Bai 1. Chiing minh ring véi moi s6 nguyén duong n thi
a) 3-52t! 4 23! chia hét cho 17.
b) 2%" + 1 chia hét cho 3"**
Lai gidi.
Tu giai
U
Bai 2. Ching minh riang véi moi s6 tu nguyen duong n thi (n+1)(n+2)...(n+n) chia hét cho 2".
Loi giai.
e Khin=1tacé 1+ 1=2 chia hét cho 2.
e Gia sit khang dinh ding véi n, ta chitng minh khang dinh ding vé6i n + 1.
Taco (n+2)(n+3)---(2n)2n+1)(2n+2) = 2(n + 1)(n + 2) - - - (2n)(2n + 1) chia hét cho

2" theo gia thiét quy nap.
]
Bai 3. Dit T), = 142+ ... + n. Chitng minh réing ton tai vo han cac s tu nhién n dé T), 1a s6 chinh
phuong.
Léi gidi.
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1) . £
Ta c6 T, = M, néu 7T, 1a s6 chinh phuong thi n(n + 1) = 2k*.

4n? + 4n)(4n? + 4 1 2
Ta x6t T2y, = (4n” + 4n)( 2” +an+1) =2n(n+1)(2n +1)* = 4k*(2n + 1)? 1a s6 chinh phuong.
O

Bai 4. Chiing minh rang véi moi s6 nguyén duong M ton tai s6 nguyen duong n va cich chon cac
dau + hodc — sao cho M = +12 + 22 + ... +n?.
Loi giai.

e Bai toan ding véi M = 1,2, 3, 4.

e Gia st bai toan dung v6i M, ta ching minh bai toan ding véi M + 4.

]
Bai 5. Chiing minh rang phuong trinh véi moi s6 nguyén duong n > 3 thi ludn ton tai cic sé6 nguyeén
1 1
duong x1, xs, .., x, phan biét thoa phuong trinh— + — 4+ ... + — = 1.
I T2 Tn
Loi giai.
a) Khi n = 3 phuong trinh ¢6 nghiém la (2, 3, 6).
b) Gié sit v6i n thi phuong trinh c6 bo nghiém (wy,a5, -+ , x,) doi mot phan biét, khi dé6 ta xét

bo n + 186 (2,221,279, -, 22,) 12 nghiém:
O

Bai 6. Gia st z, 75 1a hai nghiém clia phuong trinh : 22 — 42+ 1 = 0. Chiing minh S = 27° + 23"

c6 thé bicu dién duge dusi dang tong binh phuong ctia ba sé6 nguyen lien tiép.
Loi giai.

Bai 7. Chiing minh ring véi moi so tu nhién & luén ton tai s6 tu nhién n sao cho :

Vv + 20228 + /n = (1 +v/2023)F.

Loi gii.
Ta chitng minh quy nap thi (1 +1/2023)" c6 thé viét dusi dang a4+ bv/2023 va (1 — v/2023)F =
a — bv2023, trong do6 a, b 1a cac sd tit nhién.
Khi do ta c6 ta c6 a® — 20023b* = (=2022)",
e Néu k 1é thi ta chon n = a? ta c¢6 dieu can chting minh.
e Néu k chin thi chon n = (bv/2002)? ta c6 dieu chiing minh.

Bai k8 Cho lk)a sO ngklyén duong a,b, ¢ théa man : a® + b* = % Dit S, = @ + b+ CZk,Tk =
(ab)® + (be)* + (ca)*.

a) Chitng minh ring a* + b* + ¢* 14 mot s6 chin.

1 N ) N

b) Diat m = 5 (a4 + b+ 04). Ching minh rang v6i moi so6 ty nhién k£ > 2 ta deu ¢6 m | Sy va

Lo gii.
k

Chitng minh Siy1 + 2T = Sz, Thp1 + 2(abe)* - S, =T7 O
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Bai 9. Cho a,b, ¢ cac sd nguyén, a chin va b 1é. Chitng minh réng v6i moi s6 nguyén duong n thi
ton tai s6 nguyén duong z sao cho
2" | az® + bz + c.

Lo gidi.
Ta chitng minh bai toan bang qui nap theo n € N.
e Khin=0,r6rang 1 | a+ b+ ¢ v6i moi x.
e Gia stt khang dinh diing v6i n, titc 1 ton tai 2, sao cho 2" | ax? + bx, + ¢ = P(x,). Ta sé chon
Tnpr A& 2" [ aal 4 bag +c.
Néu 2"t | P(z,,) thi ta chon z,,11 = z,.
Ngugce lai ta ¢6 P(x,) = 2" - d véi d 1é.
Ta c6 P(x) — P(x,) = (x — z,,)(a(x + x,) + b), trong d6 a(x + x,,) + b 1é v6i € N.

Dat xp1 =x,+2"- f, v6i f € N, 1é

= P(zp41) =P xa) +2" fa(zpir +2,) +b) =
=2"(d+ f (@ (Tps1 + 2n) + 1)) s

vid+ f(a(xn1 + x,) + ) chin, ta c6 dieu can chiing minh. O
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OCHUGNGO

CHIA HET

EOGOSO

Nguyén Ngoc Duy

§1. KHAI NTEM MO DAU

KA NIV g

S6 nguyén a goi 1a chia hét s6 nguyén b néu ton tai s nguyén k sao cho a = kb.
Khi do, a goi la boi ctia b, con b goi la uée cua a.
Mot sd nguyén duong goi 1a s6 nguyén t6 néu nhit né chi ¢6 hai u6c duong 1a 1 va chinh né.

J

Vi du 1. Tim sb tu nhién n sao cho n* + 1 chia hét 2n + 1.

)

Vi du 2. Ching minh néu a — ¢ | ab+ cd thi a — ¢ | ad + be.

A )
Vi du 3. Tim s6 nguyén t6 p sao cho véi moi s6 nguyén t6 ¢ nhé hon p thi p + 2¢ ciing 1a s6
nguyeén to.

A h

Vi du 4. Cho hai s6 nguyen a, b. p 1a s6 nguyen t6 1é vita la uéc ctia a + b va a® + b*. Chiing
minh ring a? + b* chia hét cho p?.

»

Néu a chia hét cho b va a # 0 thi |a| > |b].

R

)

Vi du 5. Cho n la mot s6 ty nhien duong, p 1a mot s6 nguyén t6. Biét réng n | p — 1 va
p | n® — 1. Chitng minh réing n = 1 hosic p=n* +n + 1.
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A )
{ Vi du 6. Tim hai s6 nguyén t6 p, ¢ thda man p° + p> +2 =¢*> — q.

%

Cho hai s6 nguyén a va b, ta néi a dong du v6i b theo modulo m, ki hiéu a = b mod m, néu
a — b chia hét cho m.

Z

Cho céc s6 nguyén a,b va m. Khi d6
a) Néu a = b mod m ma ¢ = d mod m, thi a + ¢ = b+ d mod m.

)
) Néu a = b mod m va n la cac s6 nguyen, thi a” = 0" mod m.
) Néu ac = bc mod m va ¢ 1a s6 nguyén t6 cing nhau v6i m, thi a = b mod m.

D

Cho hai s6 nguyén a va b, d goi 1a u6c chung 16n nhat clia a va b néu d 1a sd nguyén duong 16n
nhat 1a wéc clia cd a va b. Ta ki hieu d = (a, b)
Hai s6 nguyén a va b goi 1a nguyeén t6 cing nhau néu uéc chung l6n nhat ctia ching bang 1.

)

Gia stt d = (a,b) va ¢ 1a mot wée chung ctia a va b thi d chia hét cho c.

J

Vi du 7. Tim udc chung 16n nhat ctia 2190 — 1 va 22922 — 1,

e NS F L P E T i

|(
J

Vi du 8. Tim hai s6 nguyén duong z,y théa man z* — y* = ()3

| 7
J

Vi du 9. Tim cip s6 nguyen duong (a,b) sao cho ab = ged(a,b) + lem(a, b),
trong d6 ged(a,b),lcm(a,b) 1lan lugt 14 u6c chung 16n nhét va boi chung nhé nhat cta a, b.

|(
J

p 1 1 1 p
Vi du 10. Cho a,b, ¢ 1a ba s0 nguyén duong thoa — — 7= o Goi d 1a u6c chung 16n nhat cta
a c
ba s6 d6 . Chiing minh rang d(b — a) 1a s6 chinh phuong.

7
A
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Néu a va b nguyen t6 cling nhau thi ton tai hai s6 nguyén z,y sao cho ax + by = 1.

»

Gia st d = (a,b), khi d6 ton tai hai s6 nguyén x,y sao cho ax + by = d.

@ BAI TAP

Bai 1. Tim s6 ty nhien n dé n* — 3n? + 9 1a s6 nguyen to.

Bai 2. Ching minh réing néu a® + b* + ¢® chia hét cho 9 thi abc chia hét cho 3.

3 _b%, ... déu la sé nguyen thi a, b 1a sé nguyen.

2P +1

Bai 3. Ching minh réing néu a — b,a* — %, a

Bai 4. Cho p 14 s6 nguyén t6 16n hon 3. Chiing minh rang s6 khong chia hét cho 3.

Bai 5. Tim tat ca cac s6 nguyen duong a, b sao cho 2ab 1a s6 chinh phuong nhung a® + b* 1a s6
nguyen to.

Bai 6. Tim s6 tu nhién a dé 4* 4 4a* + 4 14 s6 chinh phuong.

Bai 7. Cho a,b 1a cac s6 nguyén . Chitng minh rang 2a (a2 + 362) khong 1a lap phuong ding ctia
mot s6 nguyen.

Bai 8. Cho s6 nguyén n > 1 bat ki. Ching minh ring n® + n* + 1 khong 1a s6 nguyen to.
Bai 9. Tim tat ca cac s6 nguyen a, b sao cho a' + 4b* 1a s6 nguyen t6.

Bai 10. Cho a, b 1a hai s6 nguyén sao cho ton tai c, d 1a hai s6 nguyen lien tiép théa a —b = a’c—b*d.
Chitng minh rang |a — b| 1a s6 chinh phuong.
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§2. DINH LI EULER, DINH LI FERMAT NHO

%

( Hé thang du day di ) Cho tap A = ay,as,- - a,. Gid st a; = ¢;n + 75,0 < r; < n, néu tap
{ri,r9,+-r,} trung véi tap {0,1,...,n — 1} thi ta n6i A 13 mot he thang du day di modulo

n.
(Hé thang du thu gon) Cho tap B = {by, by, ..., b} 1a mot tap hop k s6 nguyen va (b;,n) = 1

voi moi ¢ = 1,2,... k. Gia st b; = ¢;n +1r;, 1 < r; < n, néu tap {ry,rs,- -7} phan biet va
gom k s6 hang nguyeén t6 cting nhau véi n thi B dude goi 1a hé thang du thu gon modulo n.

 DINi LT N

V
( Dinh i thing dv Trung Hoa) Cho k s6 nguyén duong doi mot nguyen t6 cuing nhau
mi, Ma, ..., My. VA ai,as,...,a; 1a cac s nguyen. Khi d6 hé phuong trinh dong du tuyén
tinh
r=a; (modmy)
=as (modmsy)
r=a, (modmy)
sé c6 duy nhat nghiém theo modulo myms . .. my
Cho {ay,ay, ...,a;} 1a mot he thang du thu gon ctia n. Véi moi s6 nguyén m nguyén to cing
nhau v6i n thi {na;, nas, ..., na;} cing 1la mot hé thang du thu gon cta n.
KHAI NIEM )
Cho n 1a s6 nguyen duong. Ta ki hi¢u ¢(n) la s6 cac sd nguyen duong khong 16n hon n va
nguyén t6 ciing nhau véi n.
A A
Vi du 1. Tinh ¢(20).
N /
N
{ Vi du 2. Cho p la s6 nguyén t6 18. Tinh ¢(2p?).
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»

Néu n = p®, véi p 1a s6 nguyeén t6, thi

o) = = = (1- 7).

»

Cho m,n 1a hai s6 nguyén duong nguyén t6 cing nhau. Khi do6

¢(mn) = ¢(m)d(n).

i ,

Cho n 1a s6 nguyéen duong c6 khai trién thanh thita s6 nguyen t6 nhu sau

a1, Q9 (oY
n=p; py...0."

trong d6 p; 1a cac s6 nguyén t6 phan biét.

Khi do,
= 5) ()2
 DINT LT N ~

Dinh 1i Euler) Cho a,n la cac s6 nguyén duong thoa (a,n) = 1. Khi do,

a®™ =1 (modn)

A h
Vi du 3. Cho (m,n) = 1, chitng minh ring m#™ + n?"™ = 1(modmn).

N
A N
Vi du 4. Cho p, g 14 hai s6 nguyén t6 phan biét, a 1a s6 nguyén duong. Chiing minh

aPT P12 = ¢ (modpq).
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L
Dinh I Fermat nhé Cho p 14 86 nguyeén t6. Khi d6 v6i moi s6 nguyén duong a thi a” = a( mod p)
Cho p la s6 nguyen t6. Khi d6 ton tai s6 nguyen duong x théa 2* = —1(modp) khi va chi khi
p = 2 hodc p = 1(mod4)
Néu p = 4k + 3 1a mot wée nguyen t6 clia a® + b* thi a, b déu chia hét cho p.

A )
Vi du 5. Cho p la s6 nguyéen t6 16n hon 5. Chiing minh réng s6 11...1 (c¢6p —1 chit s6 1)
chia hét cho p.

N F W =

A
Vi du 6. Cho p = 3k + 2 la mot u6c nguyeén t6 clia a® + ab + b%. Chitng minh rang a v b déu
chia hét cho p.

% g | g | )

A )
Vi du 7. Tim s6 tu nhién n sao cho n! — n? 1a s6 chinh phuong.

s L - T W = [

A
Vi du 8. Tim tat ca cac s6 nguyén duong n sao cho 2" — 1 1a uéc ctia m* + 9, trong dé m la
sO nguyen.

N /

@ BAI TAP

Bai 1. Tim cac s6 nguyén duong a, b sao cho a® — 1 1a uéc ciia b* + 1.
Bai 2. Tim cac s6 nguyén duong a, b sao cho 4ab — a — b 1& s6 chinh phuong.
Bai 3. Cho a la s6 nguyén duong. Ching minh ring 2a® — 1 khong c6 uéc nao dang b* + 2.

Bai 4. Xét phuong trinh nghiem nguyen z® + 2 + p = 3. Tim s6 nguyén t6 p nhé nhat dang 4k + 1
sao cho phuong trinh c¢6 nghiém.

Bai 5. Cho a nguyén duong bat ki, chiing minh réng c6 vo sé hop s6 n sao cho
a" ' = a(modn).

Bai 6. Cho p > 2 1a s6 nguyén t6. Chiing minh rang ton tai vo s6 s6 nguyén n sao cho n2" + 1 chia
hét cho p.
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¢CHUGONGG
@ BIEN DOI BIEU THUC DAISO

SOCOGH

V6 Tién Trinh

Cac hang déng thic
1. (a+b)?=a®+2ab+b*
2. (a—b)2:a2—2ab+b2
3. a?— b = (a—b)(a+b)
4. (a+b)? —a3—|—3a2b+3ab2—|—b3:a3+b3—|—3ab(a+b)
5. (a—0b)® = 3a2l)+3ab2—b3—a3 — 3ab(a — b)
6. a® +b° = (a+b)( —ab+b°) = (a+b) — 3ab(a + b)
7. a® - b = ( )(a +ab+b*) = (a — b)* + 3ab(a — b)
8. (a+b+c)’=a +b2+c2+2(ab+bc+ca)
9. (a+b—c)>=a®>+b*+c +2(ab— bc — ca)
10. (@ —b—c)® = a® + b* + ¢® + 2(—ab + bc — ca)
11. a® + 0>+ ¢ — 3abc = (a+ b+ c) (a® + b° + ¢ — ab — bc — ca)
12. (a+b+¢)*— (®+b*+ ) =3(a+b)(b+c)(c+a)

§1.CAC BAITOAN TINH
GIA TRICUA BIEUTHUC

. , 5a?
Vi du 1. Cho a 1a s6 théa a® — 4a + 2 = 0. Tinh gia tri biéu thitc P = o
a* —Ta? + 4
Loi giai.
Vi a? —4a—|—2—0:>a +2—4a
p_ 5a’ _ 5a? _ 5a? _, o

at—Ta*+4 (a2 + 2)> —11a®>  16a? — 11a?

. 1 2 1
Vi du 2. Cho a la s6 thoa a + = = 3. Tinh gi4 tri biéu thic P = a® + —
a a

Lai giai.

1 1 1 1\2
Tac6: P=a*+—==a’+2a-—-+——-2=(a+=-) —2=9—-2=7 O
a? a a? a
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Vi du 3. Cho z = 2 — v/2. Tinh gié tri biéu thic P(z) = * — 82° + 1622 + 2018.

Lai giai.
Taco:z=2-V2=22-2=V2=>2-2)?=2=2"—42+2=0
P(z) = x* — 162° + 1627 + 2018 = (2? — 4x)” — 4 + 2022

= (2* — 4z — 2) (2 — 4z + 2) + 2022 = 2022

A A
Vi du 4. Cho z = v/2021. Tinh

\3/x3—3x+(932—1)\/x2—4+§/x3—3$—(:v2—1) z2 —4
2 2

—

Lai gidi.

C:

(23 — 32)° — (22 =) (22 — 4)

1 -C =a%— 3w +3C

Tacé:03:x3—3x—|—3§/

& C°—3C — (¢ —3z) =0
& (C—x)(C*°+Cr+2°~3) =0& 0 =a=v2021

3 y v
/5091 V2021
vlCQJFC@H:,J?)_3:02+C€‘/2021+2018:(C+ 22021> Jr 2018 § f =0 -

A
Vi du 5. Cho a,b théa 4a® + b* = 5ab va, 2a > b > 0. Tinh P =

ab

4a? — b2

Loi giai.

Nhan xét. V6i 2a >b>0= P >0

Ta co:

40> + 0% = 5ab < 4a® 4 4ab + b* = 9ab < (2a+b)* =9ab
4a® + b* = 5ab < 4a® — 4ab + b* = ab < (2a — b)* = ab

21,2 21,2
9 a“b a“b 1 1, .
(2a — b2(2a+ )2  ab-9ab 9 5 )
A D
2 2 2 2 2 2
Vi du 6. Cho a,b,c + 0. Biét z,y,z 1a ba sé théa -+ 2 T2 _ T ¥ . 2

a? + b2 + c2 a? b2 c2

Tinh P — $2019 4 (y _ 1)2019 + (1 . Z)2019

Loi giai.
P4y 22 2t oyt 2P 2, 2, .2 T L S
ZrrrE @ p e’ +y+z:(a+b+c)< )
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A )
Vi du 7. Cho z,y,z > 0 thoa 2y + yz + zx = 1. Tinh gia tri biéu thiic

P:xwuwmz%+y\/<1+z2><l+x2>+z¢<1+x2><1+y2>

14+ 22 1492 1422

Lo giai.

Ta co:

l+2? =ay+yz+zet2?=(z+y)(z+2)

Ly’ =ay+yz+zo+y’ = (v +y)(y+2)

1+ 22 =ay+yz+zr+2°=(y+2)(z+2)

P=a\/(y+2) +yv/(z+2)? +2/(a +y)>
(

=z(y+2)+y(z+z)+2(r+y) =2y +yz+z2z)=2 O

§2. CAC BAITOAN RUT GON BIEU THUC
A h
Vi du 1. Cho phan thic

(a®> +0* + ) (a+ b+ c)® + (ab+ be + ca)?

A:
(@+b+c)? — (ab+ bc+ ca)

a) Tim di¢u kién ctia a, b, ¢ dé phan thitc A c6 nghia.
b) Rit gon phan thitc A.

—
Loi giai.
a) Xét mau thic:
(a+b+c)* — (ab+ be + ca)=0
Sa’+ b+ +ab+betca=0
& 2a° + 2b° + 2¢° + 2ab + 2bc + 2ca =0
S@a+b?+Ob+c)lP+(cta)l=0a=b=c=0
Vay phan thitc A c6 nghia khi va chi khi a, b, ¢ khong dong thdi bing khong.
b) Ta cé: (a+b+c)® =a®* +b* + ¢ + 2(ab + bc + ca)
Dat > + 0+ =x;ab+bc+ca=y

CO:

Ao (@®+0*+ ) (a+b+c)*+ (ab+be+ca)®  z(x+2y)+y°
B (a+b+c)?— (ab+ bc + ca) oz +2y—y
2y + (4 y)?

r+vy r+y

—z+y=a®+b"+c*+ab+bc+ca
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a’(b—c) +b*(c —a) + *(a — b)

Vi du 2. Riat gon phan thic: C' = b — ac® — 0 1 b

Loi giai.
Xét tit thic: a®(b—c¢) +b*(c —a) + *(a—b) = —(a —b)(b—¢)(c — a)
Xét mau thitc: ab® — ac® — b* +bc®> = b*(a —b) —*(a —b) = (a — b)(b—c)(b+c)

a’(b—c) + b*(c—a) + *(a —b) _ —(a—=0b)(b—c)(c—a) _a—c
ab? — ac® — b3 + be? (a—0b)(b—rc)(b+c) b+c
4

b—c) —aq) _p)3
Vi du 3. Rt gon phan thic B = (b—c)+(c—a)’+(a—b)

Vay C =

a?(b—c)+b*(c—a)+ c2(a—10)

Loi giai.

Xét mau thic:

a*(b—c) +b°(c—a) + *(a —b) = (a®b — ab®) + (b*c — a’c) +¢*(a — b)
= ab(a — b) — c¢(a — b)(a + b) + *(a — b)

=(a—10)(* —ac+ab—bc) = —(a—b)(b—¢)(c— a)

Ma ta c6 néu o +y + 2z = 0 thi 2* +9° + 2° = 3ayz
batz=b—-—cy=c—a;z=a—-btacorz+y+2=0

B b—cP+(c—a)P+(a—-0)° (b—¢)’+(c—a)’+(a—b)°

a2(b—c)+ b2 (c—a)+2@=b) —(a—0b)(b—c)lc—a)
:a:3-l—y3—|-z3: 3ryz 1, B
—TYyZz —TYZz
A
Vidu 4. Riat gon A = \/3—1—\/9—#%—\/

Lai gidi.

[ 12 12
A3—63j<3+ 9+2—75> <—3 9+2—75>~A=6—5A

S A2 +54-6=0

1\* 2
@(A—l)(A2+A+6):O<:>A:1<v1A2+A+6:<A+§) +£>0VA>

Vay A=1 U
A

J

1 1 1 1 1
Vidu 5. Rat gon P = + +4/ ==+ +—>=Vvliz ix #£ 0
5 g \sz‘f’y? (l‘+y)2 \/fL‘4 y4 ($2+y2)2 ?éy 7é y?é
0

—
Lai giai.
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Nhéan xét :

a? b2 c? abe

1 1\ 1 1 1
+B+E :—2+—+—2

1 1 1\* 1 1 1 a+b+c
-+ ==+ 2——
a b ¢

Q|

a> b c
2
Tathéyx2+y2+[—(x2+y2)}:0:><i+i 1 ) _ 1 i 1

Néua—i—b+c:0:><

- R + -
T2 y2 12 + y2 4 y4 <$2 + y2)2
1 1 1

_+__—
T2 y2 $2+y2

1 1 1

1 1 1
22 2 a2 42

) 1 1 1\ 1 1 1
Ta lai thay x + vy + (—(z + =0=|-4+=-- - 4+ — 4
yr+y+(—(z+y)) (x ) x—i—y) R
1 1 1
Vay P = |-+ — — ’ O
r Yy Tty

§3. CAC BAITOAN CHUNG MINH

b
Vi du 1. Cho a,b,c > 0 théa (1+5) (1+g) (1+%) — 8. Chitng minh a = b= c.

Vi du 2. Cho a,b,c,d théa man a + b = c + d va a®> + b* = ¢* + d*>. Chting minh

CL2022 4 b2022 — 02022 4 d2022

Lai giai.
Taco:a+b=c+d=a—c=d—">

Ta co: a2—|—62:cz—|—d2:>(a2—02)+(b2—d2):0
= (a+c)la—c)+(b+d)(b—d)=0

= (a+c)(d=b)+(b+d)(b—d)=0
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b=d

at+c=b+d

Néu b = d = a = c ta c6 diéu phai chiing minh.

Néua+c=b+d= a=dvab=ctaco dicu phai chiing minh. U
A

Vi du 3. Cho a,b,c la cac s6 hitu ty. Chiing minh

1 I 1 i 1
(@=b)32 (b—c)* (c—a)?
14 mot s6 hitu ty

—
Loi giai.
Vi(a—b)+(b—c)+(c—a)=0
Ta,c():(1 + ! + 1)2
a—b b—c c—a

1 1 1

+ + +2( : + ! + ! )
(a—lb)2 (b—lc)2 (c—la)2 (a—=b)b—c) (b—c)(c—a) (c—a)(a—10)

T @=b -0  (cZap

1 1 1
Do do =
° °\/<a—b>2+<b—c>2+<c—a>2
A )
Vidu 4. Cho a,b > 0,c # 0. Chting minh rang:

= (d-b)lat+c—b—d)=0= [

J

1 .
4= + la mot so hitu ty. O

1 1 1

—+rr-=0evatb=Vatctvbte
Loi giai.
Vatc+vVb+e=vVa+b<\a+b+2/ab=\/(va+Vb)?=a+ Vb
=c<0
Ta co:

Va+b=vVa+c+vb+ce (Va+b)?=(Ha+c+Vb+c)

®a+b:a+c+2\/m+b+c

& —c=+/(a+c)(b+c)

(- =H/(ate)b+c) e =(atc)(b+c)
sl =ab+ac+bc+c e ab+ac+be=0
@ab-ﬁ-bc-l—ca: 1 1 1

0O -4+-+-=0
a b ¢

abe
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Bai tap
1 2
Bai 1. Cho z + — = a. Tinh céac biéu thuc sau theo a:

1 1 1 1
Bai 2. Cho <x2 — —2> : <x2 + —2) = a. Tinh biéu thitc P = (x — —4) : (x4 + 4) theo a.
T T T T

2+ 1
2

Bai 3. Cho 2> =5z +1=0. Tinh P =

x
Bai 4. Cho a, bcthoaa+b+c—0vaab07é0

c a?
Tinh P =
. a2+b2—62+b2—|—c2—a2+62+a2—b2

Bai 5. Choa>b>0thoa 3a? +3b2—10ab

a? b? a2
Tinh P = —
m ab + b2 +ab—a2 ab

V+cd—a®  a®—(b—c)?
2bc ’y_(b—l—c)Q—a?'

Bai 6. Cho a,b,c 1 cac 86 khac 0 va (b+ c)? # a”. Dit o =

Tinh P=zy+2x+vy
Bai 7. Cho a,b duong théa a® +b*=a> 44> = a* + b*» Ching minh a + b = 2

, b
Bai 8. Cho a, b, ¢ khéc nhau 'd6i mot thoa ——— + + S &y
; b—c c¢c—a a-—b
a c
htt inh =0
Chiing min (b—c)2+(c—a)2+(a—b)2
.. . , 11 1 .
Bai 9. ChoabckhaCOthoa—+g+—=3vaa+b+c:3abc.
a c
1 1
Chlmgmmh—+bz+—:3

Bai 10. Cho a + b+ ¢ = 0. Chitng minh (a2+b2—|—02)2 :2(a4—|—b4—|—c4)
Bai 11. Cho a,b,cthéab#cia+b+c#0vaa® +b* = (a+b—c)?
@+ (a—c? a—c

B+ (b—-c)?2 b-—c

Bai 12. Cho a,b,c théa 8(a+b+c)* =3+ 2a+b—c)* + (2b+c—a)®* + (2c+ a — b)*
Ching minh (a + 3b)(b+ 3¢)(c + 3a) = 1.

Bai 13. Cho ba s6 a,b, ¢ khac 0 va thoa ab + bc + ca = 0. Chiing minh

Ching minh

bc ca ab

topt =3

) 1 1 1 1
Bai 14. Cho 350 a,b,c khac 0 thoaa+b+c=2021 va —+ -+ — = ——
a b ¢ 2021

Chitng minh rang trong ba s6 a, b, ¢ c6 mot s6 bang 2021.
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P 1 1 1
Bai 15. Cho ba s0 a,b,c khac 0 thtaa+b+c=—-+ -+ —vaabc=1
a c

b
Chting minh rang trong ba sb a, b, ¢ ¢6 it nhat mot sé bang 1.
b
Bai 16. Cho a,b, c théa % =5= g Chitng minh 9(a — b)(b — ¢) = 2(a — ¢)?

Bai 17. Chtng minh:
— \/7—2\/_— \/7—1—2\/6131 sO nguyen.

V84 V84 .
:§/1+_+§/1_ la mot so nguyeén.

(chuyén Truong THPT chuyen DHQG Ha Nai 2006)

1 /8a—1 1 —1 1
c¢) Chiing minh rang: z = \/a~|— ot 8a \/ OH_ 8a3 véia > — 3 14 s6 tur nhién.

d) Tinh = + y biét (93 V22 1 2015 ) (y + \/y 2015 ) — 2015.

Bai 18. a) Cho z = \/4 +1/10 +2v/5 + \/ — /10 +2v/5. Tinh gié tri biéu thic:

xt =423 + 22 + 61+ 12
22— 2x + 12

P =

b) Cho z = 1+ v/2. Tinh gia tri B = 2° — 2z" + 2° — 3z 4 2022.
¢) Cho z =1+ V2 + V4. Tinh P =’ — 4z* + 2° — 22 — 22 + 2022

Bai 19. Cho z,y,z > 0 va zy + yz + zx = 1.
a) Tinh gia tri biéu thic:

P:x¢<1+y2><1+z2>+y\/<1+z2><1+x2>+z¢<l+x2><1+y2>

1+ 22 L+y? 1+ 22

; . N T Y Z 2xy
b) Chiing minh rang: ™ — =
) Chine mnh e T N T e A )

Bai 20. Cho ax + by + cz = 0. Ching minh

ax?® + by? + c2? B 1
be(y — 2)2 +ac(z —2)2+ab(x —y)?2  a+b+c

Bai 21. Cho a,b,c la cac s6 phan biét va khac 0 . Biét ton tai cac s6 x,y théa a® + ax +y =
0, +br4+y=0,>+cx+y=0 TnhS=a+b+c

Bai 22. Cho cac s6 thuc a,b,¢,d théa a®> + ¥ +E+dP =a+b+c+d=0

Chitng minh ton tai hai s6 trong 4 s6 a, b, ¢, d c6 tong bang 0 .

Bai 23. Cho a,b,c la cic s6 khac 0 va théa a*(b+ ¢ — a) = b*(c+a —b) = ¢*(a + b — ¢). Chiing
minh a = b = c. Bai 24 (Pho Thong Nang Khiéu 2015 - 2016). Tim cac s6 nguyén a, b, ¢ sao cho
a+b+c=0vaab+bc+ca+3=0.

Bai 24. (Phé Thong Nang Khiéu 2015 - 2016)

Tim céc s6 nguyén a, b, ¢ sao cho a +b+c =0 va ab+ bc+ ca+ 3 = 0.

Bai 25. (Pho Thong Nang Khiéu 2021-2022)

1 1 1 1 1 1 b
ChoM=-+4-4-N=—4—t— K=—" 4 2 °©
a b ¢ b+c c¢c+a a-+b b+c c+a a+bd
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a) Ching minh néu MK = GQL;—FCQ thi N = 0.
b) Cho M = K =4,N = 1. Tinhaac~b-c
Bai 26. (Chuyeén Binh Duong 2018)
Cho céc s6 thuc z,y théa man (.7: + \/m) (y + \/m> = 2018.
Tinh gi4 tri biéu thitc P = 22 4 4?1 4 2018(x + y) + 2020.
Bai 27. (Chuyén Pha Tho 2018)
Cho a, b, ¢ 1& ba s6 thic doi mot khac nhau théa a + % =b+ % =c+ 2 =z
Tmh P=z-a-b-c
Bai 28. (Chuyén Hai Duong 2016)
Cho = = \/3+2f— \/ 3 2v2,y = Y17+ 12v2 — {17 - 12v2

Tinh gié tri P = P43z —y)(zy + 1)

Bai 29. (Chuyen TP. H6 Chi Minh 2015)
Cho a,b thoéa ab = 1,a + b # 0. Tinh gia tri biéu thite

-l (345) o (8 s ()

Bai 30. (Chuyén Khanh Hoa 2018)
. . i I il 1 1 1 1 1
Cho 3 s0 x,y,z khac O thoaz+y+z2== =+ =+ =+ —=4va—+—-+->0.
. N7 . x Yy =z
Tinh Q — (y2017 X 22017) (=21 % x2019) (x2021 . y202l).
Bai 31. (Chuyén Nam Dinh 2016)

Cho a, b, c 1a cac sd thyc théa a +b+c =6 va

N G S
a+b b+c c+a 60

Tih P % 4 0 L€
b+c c+a a+d

. 1 1 1
Bai 32. Cho ba s0 x,y, 2z thoa x2+y2+22+—2+—2—|——2 =6 vaxryz > 0.
x? oy oz
Tinh gia tri biéu thic P = 22017 4 42018 4. 52019
Bai 33. (HSG Nam Dinh 2015)
Cho céc s6 thuc z,y, z théa man cac dicu kien : ¢ +y + 2 = 222 +y? + 2% = 18; xyz = —1.
1

. 1
Tinh gia tri biéu thic P = + +
ry+z—1 yz4+ax—-1 zx+y-—1
Bai 34. (Chuyén Thanh Hoéa 2018)
Cho a,b la cac s6 thuc duong thdéa a® — 3a® + 5a — 17 = 0;b* — 3b* + 5b + 11 = 0. Chitng minh
a+b=2.

Bai 35. (HSG Pha Tho 2016)
a—> b—rc c—a

Cho céc s6 duong a, b, ¢ théa man ab + be + ca = 1. Chitng minh e + T 22 + e = 0.

Bai 36. (Chuyén Hai Duong 2018)

Cho z,y, z > 0th6ax+y+z+\/@:4

Chiing minh \/z(4 —y)(4 — 2) + Vy(4 — 2)(4 — 2) + V/2(4 — 2)(4 —y) — \J/7yz = 8.
Bai 37. (HSG Q.1 TP.H6 Chi Minh 2012)

Gid sit 4 86 a, b, ¢, d théa man a* + b* + (a +b)> = ¢ + d* + (¢ + d)*

Chitng minh a* + b* + (a + b)* = ¢* + d* + (c + d)*.
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Bai 38. (Chuyén Quéng Ngai 2018)
Cho a, b, c 1a cac s6 thuc khac 0 thoa a® + a = b*b* + b = c*;¢* + ¢ = a*.
Ching minh (a — b)(b — ¢)(c —a) = 1.

Bai 39. Cho a+ b+ ¢ = 0. Tinh gia tri

b—c+c—&+a—b a . b . c
a b c b—c c¢c—a a-—0>

4bc — a® 4dca —b*> dab— 2

bc+2a% ca+ 2% ab+ 2c2

Bai 40. Choa+b+c=0. Tinh I =
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OCHUGNGO

BAT DANG THUC

SOGOEH

Ta Hoang Thong

§1. CAC PHUONG PHAP CO BAN

@ DUNG BIEN DOI TUONG DUGNG
A>B& A-B>0

DUNG BAT DANG THUC €O DIEN
B.1 Bt dang thitc Cauchy

a. Bat dang thic Cauchuy cho hai s6
V6i a, b 1a hai s6 khong am ta luon c6 a + b > 2v/ab. Dau bang xay ra khi a = b.
Céc hinh thtic khac ciia bat dang thitc Cauchy:

o >+ 1 > 2ab

o 2(a®>+b*) > (a+1b)’

a+b\’
it
RN
* a +¢b T a+b )
b. Bat dang thitc Cauchuy cho ba so6
V6i a,b, ¢ 1a ba s6 khong am ta luon ¢6 a 4+ b+ ¢ > 3V abe. Dau bing xay ra khia = b= c.
Céc hinh thiic khac ciia bat dang thitc Cauchy:

o &+ 1+ > 3abe véia,b,c >0

véi a,b > 0.

b 3
e abc < %) véi a,b,c >0
1 1 1 i
e —+—+-—->————vb6ia,bc>0.
a b ¢ a+b+c

B.2 Béat ding thiic Bunhiacopxki (bat ding thiic B.C.S)
a. Dang bén sb
e V6i bon sb thuc a, b, ¢, d taluon c6 (a* + b°) (¢* + d*) > (ac+bd)* Dau béng xay ra khi ¢
c
2y - (a+0b)?

e Cac hinh thiic khéc ctia bat dang thic B.C.S i +—>
c d c+d

b
7
véi ¢, d > 0.

b. Dang sau so
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e V6i sau s6 thuc a, b, ¢, z,y, z ta luon c6

(a®>+ 0"+ ) (2® +y* + 2%) > (az + by + cz)?

P b
Daubéngxéyrakhig:—:—.
r Yy oz
s a> b A _ (a+b+c)?
oCéchinhthfrckhéccﬁabatdéngthl’ch.C.S—+—+—2¥V61x,y,z>0.
T Y z rT+y+=z

Cht §: Ngoai cac bat ding thic co dién trén ta ciing thuong ding cac bat ding thic sau:
e X+ + P >ab+be+ca
e (a+b+c)*>3(ab+ b+ ca)
¢ 3(®+V+%) > (a+b+c)

@ CAC PHUONG PHAP KHAC

Nguyeén tic cyc han, nguyén li Dirichlet, phuong phap hinh hoc, phuong phap don bién, phuong
phap tam thitc bac hai,. ..

A
{ Vidu 1. Cho a,b > 0 va a + b = 2. Chting minh rang ab (a2—|—b2) <2

rJ F_w = LY
Loi gii.
Ap dung bat ding thic Cauchy ta co:

1 e " T
ab(a2+b2):§2ab(a2+b2)§§- 7 if :§:2(dpcm) O
A

a? b
Vi du 2. Cho a,b > 0. Ch{mgminhréngA:?—i—Ez 2(a®+b?)
R - B TN Fo
Lo gidi.
N 2 b2
Cach 1: Bat dang thiic tuong duong: % —2a4+b+——-2b+a>+\/2(@®+b)—a-0>
a
(a—0)?* (a—0b)? (a — b)? sf1 1 1
+ > Sa=-b)"-+-— >0
b a V2(a?+0%) +a+b SR V2 (@) +a+b

1 2 (a? + b2
ea—be |ty (@) ta

a b<\/m+a+b>

> 0 (dtng)

Céach 2:
2 b2 2 b2 2 b2
A:%+b+2b+—+a+2a—3(a+b): (a Z +2b>+<a i —|—2a>—3(a+b)
a a
> 2y/2 (a2 4 12) 4+ 24/2 (a2 + b2) — 34/2 (a2 + b2) = \/2 (a2 + b?)
Suy ra dpcm.
Céach 3:
ad+0>  (a+0b)(a® — ab+ b?) 11 4 a’ +b?
A= — N - 2 b2— b) > . 2 b2_
ab ab (a+b>(a+ a)_a+b (a—i— 2
4 a?+b

2 (a? + b?
2 (a® +1?) 2 ( )
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Suy ra dpcm.
Cach 4:

ot 4
TaC6A2:¥+;+2ab

Ap dung bat ding thic Cauchy ta co:

ot

— +ab+ ab > 3ad?

bi at b 2 2 2 2 2 2 2
_ - > >

b—2+ab+ab23b2 :>62—|—a2+4ab+a +b* >3 (a® + %) + 2ab & A* > 2 (a® + %)

a
a’ + b > 2ab

= A >+/2(a®+ %) (dpcm)

Céach 5: , )
4 b4 2 b2 2 b2
Tan,céA:a—wL—Z(a+ ) > — (g+ ) = /2 (a?+v?) (dpcm) O
a’b  ab?> ~ abla+0b) T a®+b
——/2(a? + b?)
2
4
2 2 2

Vi du 3. Cho a,b,c > 0. Cht’rngminhréngz—i-——F—Za—i-b—l—c
c a

Lo gidi.
5 2 a? b2 2
Ap dung bat dang thitc Cauchy ta c6 7 +b>2a,—+c>2b,—+a>2c
e a
. \ o
Cong ba bat dang thiic trén theo vé ta suy ra % \ 4 >a+ b+ c (dpem). O
cA

be ca

. ab
Vi du 4. Cho a,b,c¢ > 0. Chli‘ngminhrénga——i-—%—?Za—i—b—f—c
C a

Laoi giai.

, L s VAR b

Ap dung bat dang thiic Cauchy ta c6 L += i, > 20, £ = C—; > 2c, % + @ > 2a
c a a c

P ) b b
Cong ba bat dang thtc trén theo vé ta suy ra LLxy % > a+ b+ c(@pem). O
c a

bc ca

. b
Vi du 5. Cho a,b,c > 0 va a®> +b* + % = 3. Chﬁ'ngminhrénga—+—+?23
c a

Lai giai.

z:%:xy+yz+zx:a2+b2+02:3

c a’
Ma (z+y+2)?2>3@y+yz+20)=3-3=9=>a+y+2>3

Vi du 6. Cho a,b,c > 0. Ching minh rang a(1 + b) + b(1 + 4c¢) + ¢(1 + 9a) > 12V abe (1)
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Loi giai.
‘ L an 2 b b? 2 b
Ap dung bat ding thic Cauchy ta co6 bicjt ZQCZG’02+a+ZZa2b’aib+aI >c
L ez . b b
Cong ba bat dang thic trén theo vé ta suy ra + + ¢ > arote
b+c c+a a+b 2
Lai ap dung bat déng thic Cauchy cho ba sb ta c6 a + b+ ¢ > 3vVabe = 3
b? c? 3
S d O
uyrab+c+c+a+a—|—b_2( pem )
A
. a? b? & 3
Vidu 7. Cho a,b,c > 0 va abc = 1. Chiing minh rang + + > —
b+c c+a a+b~ 2
Loi giai.
‘ L e 2 b b 2 b
Ap dung bat dang thiic Cauchy ta c6 bj—c+ 1‘202@7%+a+zza2b7aib+a1— > ¢
L s . b b
Cong ba bat dang thiic trén theo vé ta suy ra + + ¢ > atbte
b+c c+a a+b 2
Lai ap dung bat dang thic Cauchy cho ba sdta c6 a + b+ ¢ > 3V abe = 3
b? c? 3
S d O
uyrab+c+c+a+a+b_2(pcm)
A
. , . N a b @
Vi du 8. Cho a,b,c > 0. Chitng minh rang +4/ + > 2
b+c c+a a+b

Lai gidi.

Ap dung bat ding thic Cauchy ta co:
2\/a a_ 2a

b > 2 b
atb+e) alb+¢) < b+c_a+b—|—c@ b+ c a—l—b—l—c

Ching minh tuong tu ta c6 4/
ct+a ™ a+b+c a+ a+b+c
Cong ba bat déng thic trén ta suy ra \ / +4/ >
c+ a a+

a=b+c
Dau bang xdy ra < ¢ b=c+a=a+b+c=0 (vo li)
c=a+b

a /[ b c
. 2 (d ]
Vay \/b+c+ c+a+\/a+b> (dpem)
A

N 2 2 2
Vi du 9. Choa,b,c>O.Ch1’mgminhréng\/a+ b+\/b+ c+\/c+ a>\/_-|-\/_-|-\/_

3 3

Loi giai.
Ap dung bat dang thic B.C.S ta ¢6

2b 2v'b
\/(12+12+12) (\/52+\/52+\/52) > Va+Vh+ Vb |20 s vat2vh

3 3

158 Nguyén Chi Thanh, P9, Q5, TPHCM Trang 36/102



https://ptnk.edu.vn/

G TRUGNG PHO THONG NANG KHIEU [J] 0838 533 704

2 2 2 2
Do dg 2020 5 VOERVE fed2a, et 2/

Cong ba bat déng thic trén ta suy ra dpem. O
A )

N b b
Vidu 10. Choa,b,c > 0vaa+b+c = 1. Chiitng minh rang \/ ¢ —i—\/ ¢ + @ <
ab+ c bc+ a ca+b

[\CR V]

Li giai.
Tacoab+c=ab+cla+b+c)=alb+c)+cb+c)=(a+c)(b+c)
<

. L, b b
Ap dung bat dang thic Cauchy ta co6 \/ @ _ \/ “_.
ab+c

Chu inh tuong tu ta ¢ be < 1 b + ¢ @ < 1 ¢ + a
ng min n a Co — —
g i & be+a ~ 2\a+b a+c) Veca+b~ 2\b+c a+b
P b b 3
Cong ba bat dang thic trén ta dugc \/ aba+c+\/ bc—lc-a+ Cacj_b§§(®pcm) O
A )

Vi du 11. Cho a,b,c > 0. Chitng minh ring

b+c c+a a-+b

+ + <2
e+ YL+ 3) b+ YEB+ad)  c+ SA(d+ )

Lo gii.
Ta co
41(0°+ %) = (b+c) (4> =4bc+ 4¢°) = (b4¢) (36" + 3¢ + b* + ¢* — 4bc)
> (b+¢)(6bc + b* + ¢* = 4bc) = (b+ c)®

=>v43+S3)>b+c

Lam tuong tu ta suy ra
b+c c+a a+b b+c c+a a+b

+ + < + + =

a+ /4B +c3) b+YA(B+ad) c+ 4@ +b)  atbtce a+b+c a+tb+tc
U
A h
Vi du 12. Cho a,b,c > 0. Chitng minh ring
a’ b3 & a+b+c
I + >
a?+ab+0>  2+bc+c? 2+ ca+ a? 3

—
Lo gidi.
Cach 1
Xét hiéu

@ — . b 3 . A bb et .

=a-— —ct+c—a=
a?+ab+0* b +bc+c? A+ ca+ a?

a3+b3 b3+03 CS‘I‘QS

VT =
a2+ab—|—b2+b2—|—bc—|—cz+02—|—ca+a2
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a® + b3 >a+b
a’?+ab+0*2— 3
& 3(a*>—ab+b%) > a® +ab+b* < 2(a—b)* > 0( ding )

2
Do d6 2VT > w S VT > Lg“ (dpem)
Cach 2

Ta chitng minh

Ta ching minh

a? 2a — b 3 ) ) ,
L Tab =3 & 3a Zb@“_b)(a +ab+ %) < (a+b)(a—b)* =0
a— —c 2c—a a+b+ec
Do d6 VT > = d
odo VT > 3 + 3 + 3 3 (dpem)
a b A

= + +
a3+ a?b+ab?> B3+ b2c+ b A+ Aa+ ca?
- (a2 + 12 +c2)2
Cach 3 = 3098 1 21+ a2+ ab® + bc + b2 + c2a + ca? D

VT

1
(@) _a2+b2+c2>g(a+b+0)2_a+b+c
S (a+b+o)(a2+b2+c?)  a+bte T at+btc 3
A

Vi du 13. Choa,b,c > 0va a+b+c= 1. Ching minh rang

a?+b bV +c c+a
+ + >2(1)
b+c c+a a-+b

Loi giai.

Cach 1

<1><:>a2—|—b(a+b+c)+b2—i—c(a+b+0)+02+a(a+b+c) B
b+c c+a a+0b

a(a+ ) +b+b(b+c) +c+c(a—|—c)
bte c+a a+b

a(a +b) +b(b+c)+c(a+c) >1 (@)
b+c c+a a+b

y—i—z—xb T+z=y r+y—=z
= C:—
CerLE > 2
Z(y+z—w)+x(fr+z—y)+y(x+y—2)22

T Y z

z zx T 2yt 22
<:><y—+—+—y>+<—+y—+—>—(x+y+z)22

x Y z Y z x

z X T 1’2 2 22
@(y—+—+—y>+<—+y—+—>z4

r oy z y oz oz
Ap dung vidulvavidu2taco VI(3)>2x+y+2) =4
Suy ra (1) dang.
Cach 2 Ta co

batz=b+cy=c+a,z=a+b=a=

(2) thanh:

a?+b a®—1 1+b —(1—a)(1+a)+a+b+c+b_ —(b+c)(1+a)+a+b _a+b_a

b+c¢ b+ec b+ec b+c b+c b+c b+c b+c

B4+c¢ b+c c+a cH+a
Tuong tu = — b, = —c
c+a c+a a+b a+b
b b b b
a + Cad +c_b+c+a_622®a+ n +c+c~l—a23(4)
b+c c+a a+b b+c c+a a+bd

Ap dung bat ding thitc Cauchy cho ba s6 ta suy ra (4) suy ra (1). O

(1) <
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A )

2 2 2
. b
Vidu 14. Cho a,b,c¢,d > 0. Ching minh rang ( a4 ) + < ) + < ¢ ) +

a+b b+c
d 2
> 1
<d+a) -

Loi giai.
b d
Datxz—,y:E,z:—,t:g:>$yzt:1
a b c ) d ) ) .
Bat dang thitc thanh + + + >1 (*
& Gror T argr O ot W
1 1 1 — )%+ (1 — ay)?
Ta o6 N B Gt ) el ek )
1+2)?2 (1+y)? 1+zy (1+2)2(1+y)>21+xy)
1 1 1 Ty
S VT (%) > = =1(d O
Hyra (*)_1+xy+1—|—zt 1+:cy+1+xy (dpem)

2 2
Vi du 15. Tim gi tri nho nhat ctia A = (z +1)* + ( i 2)

r+1

Loi giai.
22 42 +2\° i TIPS 1 2
A=(@=+1)+ | —F——F ) =@+ BN S =@z+1)’+|—+z+1
r+1 7. x+1
1
=2 1)?2 + — L + 7SS
(z+1) IR TREE V2 +
Déu bang xay ra < 2(x + 1) = = S r=-1+ !
o JRCET s
Vay Apn = 22+ 2 khi 2 = <1+ — O
y min w
A

Vi du 16. Tim gié tri nhé nhét cha A = —— +

Loi giai.

Cach 1

/ o a2b?

Ap dung bat dang thitc Cauchy ta c6 A > 2 m

2
Maa®>+4>4a<a®>4(a—1) & a4 >
CL —

Suy ra A > 2v/4.4 = 8 dau bang x4y ra khi a = b = 2.
Vay Apin — 8 khia = b = 2.
Cach 2
Ap dung bat dang thitc Cauchy ta cé

2

>4

+4(b—1) > 4a 2 b2
b—1 a-1

+4(a+b)—8>4(a+b) = A>3

+4(a—1)>4b
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Dau bang xay ra khi a = b = 2.
Vay Apin =8 khia=5b=2.

Cach 3
S (a+b)? _(a+b)2+16—16>8(a+b)—16_8
“a+b—2 a+b—2 - a+b-2
DAu bang xiy ra khia = b = 2.
Vay Apin = 8 khia=5b=2. O

Vi du 17. Tim gia tri 16n nhat ciia biéu thitc A = z? (1 — xQ) vl —1 <z <1

Lai giai.
2 2 2\ 3
+a°+2-2x 8 4
2A =222 (2—22) < _° a2
et (22207 < 3 21 "= a7
PN 2
Dau bing xdy ra < 22 =2 - 20 & v = £ 3
4 2
Vay Apax = == khi x = +4/ =. O
w g7 “H 3
A

Vi du 18. Tim gia tri 16n nhat ctia A = vVa + 3b+ Vb + 3c++vc + 3a véia, b, c > va a+b+c =

2
=

Loi gidi.
Dit 2 =vVa+3b,y =Vb+3¢,2=Vc+3a=a’+ 1+ 22 =4(a+b+¢) =3
Ap dung bat ding thic Cauchy tac6

2’ +1+1> 3z
VPAH1+1>3y=22 4+ P2+ 22 4+6>3@+tyt+2) =2 t+y+2<3=>A4<3

2 4+141>3z

PN ) 1

Daubéngxayraﬁxzy:z=1:>a:b:c:Z
1
VayAmaX:?)khia:b:c:Z—l. O
I 4
r? — 6x + 15
Vi du 19. Giai phuong trinh Va2 — 6 18= ——
1du 1a1 p ng trin T T+ 2 — 6o+ 11

Loi giai.
Ta co

VT =vVa2 -6+ 18 =/(x —3)2+9>3
1? —6x+15

1V e e R S
x? —6x + 11 +(:c—3)2+2_

1+4—3
5=

Phuong trinh c6 nghiem < x -3 =0&2=3
Thit lai ta thiy z = 3 14 nghiém phuong trinh. O
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A
L Vi du 20. Giai phuong trinh (v + 1 +1)° = Va3 +2

Loi giai.

Dieu kién x > —1

Phuong trinh tuong duong vV + 14+ 1= Va3 + 2

Taco Vr+1+1>Ve+1+1=vVar+2

Ta chitng minh vz +2 > Va3 +2 < (v +2)° > 2° + 2 < 6(x + 1)? > 0 (ding)

= Vr+1+1>Vad+2

Daubang xdyraz+1=0& 2= —1

Thit lai ta thiy x = —1 1a nghiém ctia phuong trinh. O
A

rT+y=28
Va2 £9+ /42 +9=10

Vi du 21. Giai hé phuong trinh {

Loi gii.
Ap dung bat ding thitc B.C.S ta c6: 5vV/a24+ 9= /(424 32) (22 4+32) > |4z + 3.3| > 42 + 9
Tuong tu: 54/y?> +9 >4y + 9

;»5(\/x2+9+ y2+9> >4z +y) +18= 48+ 18 =50 =22 + 9+ /42 + 9 > 10

- 3
Déu biing xiy ra & T = £ = Loy =840 49204y 482000y -4

Thit lai ta thiy x = y = 4 14 nghiém ctia hé phuong trinh.
A

O

24+ —22—-29—T7=0
Vidu 22. { (1+2)(z+y) =zyz +2
r>1,y>1,2>0

Lo giai.
Phuong trinh dau tuong duong (z — 1)? + (y — 1) + 22 =9
bata=2-1>0b=y—1>0,c=2>0

>+ +c*=9
Hé phuong trinh thanh < a + b+ ¢ = abc

a,b,c>0

9 B 9abe S 9abe ~ 9abc
it d abtbetca T a2+ 24+ 9

Dau bing xdy ra @ a=b=c=3> =9 a=vV3=b=c(doa > 0)
Vay nghieém cfia he phuong trinh la z =y = V3 + 1,2 = V3. O
Bai tap

Maa+b+c> = abc

1

. 3403+ 3 — 3ab
Bai 1. Chtng minh rang @yt e > 0.
a+b+c

. 1
Bai 2. Cho a+ b > 1. Chiing minh rang a® + b* > T

2

. b?
Bai 3. Cho ab=1 va a > b. Chiing minh rang @t 2 > 2v/2.
a/ J—
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Bai 4. Cho a + b > 2. Chiing minh rang a* + b* > a® + b°.
1 . 1 S 2
1+a? 140~ 14+ab
a+c S b+ c
VaZ+c2 T Vb et
Bai 7. Cho a,b,c >0 va a = b+ ¢. Chiing minh ring Va2 < Vb2 + V2.
(a—b)?* a+b (a — b)?
< —Vab < )

8a — 2 \/a__ 8b

s 1
Bai 9. Cho 0 <y <z < 1. Ching minh rang z/y — yv/z < i

Bai 5. Cho ab > 1. Chiing minh rang

Bai 6. Cho a > b > 0 va ¢ > vab. Ching minh ring

Bai 8. Cho a > b > 0. Chitng minh ring

. 1 1 1 1 1
Bai 10. Cho 0 < z <y < z. Ching minh réngy(——i——) +—(x+2) < (——i——) (x + z).
r oz Yy r oz

Bai 11. Cho a?** + v?°? = 2% 4 p*22_ Chitng minh ring a® + b* < 2.
. SN b 9\
Bai 12. Cho a,b > 0. Chiing minh rang (1 +a) [ 1+ — | [ 1+ 7 > 256.
a

Bai 13. Chtng minh rang:
a) Néua >b>0thia+

—_

> 3.

(a —b)b

. It

b) Ne b>1 thi S W - )

) Neua>b> 1a+(a—b)(b—|—1)_
1

Né b> 0 thi
c) Neua>b>0 1a+(a—b)(b+1)2_
1

d) Néua >b>c>0 thi > 4.
) Néu a c la+c(a—b)(b %
. 2ra )
Ne 1thi 2 > =,
e) Néua > 1 a+2(a—1)(a+1) 5
. 1
f) Neua > b > ¢ > 0 thi 2a+ > 4.

(a=b)(b*— )

Bai 14. Chtng minh rang:

. 1 1 1 1
a) Néua,b>0vaa2—|—b2:§th‘ 11—2a51+5+5>6
b) Néua,b>0véa+b:11th1 a2+b2+ag_5206
c) Néua,b>0v&a+b:§thi N \/_—i-\/_
1

1 1 1
d) Neuabc>0vaa+b+c-1th1£+b—+a+m230

Bai 15. Chting minh rang:
a) Néu 0 <a,b<1thi

b
1+b+1—|—a
b) 0<a,b<2thi2+ (2—-a)(2-0) <

F(l—a)(1-b) <1

a+b
a b c

Néu 0 < a,b,¢ < 1thi (1—a)(1—b)(1— =1L
¢) Neu 0 <a,b,c< 1(1-a)( ) C)Jrzhucju1+c+a—blr1Jronerrl_

Z 1 a C
d) Néu 0 < a,b,e<2th =(2—a)(2—b)(2— =L
) Neu0 <a,b,c< 1g a)(2 = b)( @+b+c+2+c+a+2+a+b+2_

Bai 16. Cho a,b,c > 0. Chiing minh rang:
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3 b3 3
) =+ = >a P+

b & a
b) a+b+c>1+1+1
1722 cb22 (f_a b ¢
o) 4T+ >a43h
b c a
Bai 17. Cho a,b,c > 0. Chiing minh rang:
) ab n be n ca <a—|—b—i—c
a .
a+b b+c\/_c~|—a_ 2
2 2v'b 2 1 1 1
b) v | pve 111

ad+b* B2 B+a? T a2 b2
2o P—@® 22
c) + + > 0.
b+c c+a a-+b
Bai 18. Cho a,b,c > 0. Chiing minh rang:
) a? n b? n c? S a+b+c
a .
b+2c c¢c+2a a-+2b 3
a? b? 16¢>  64c—a —b
b) > .
¢)
d)

b—l—c+c+a+a+b_ 9
a’ b3 3 a’ +b> + 2
+ + > .
b+c c¢c+a a—+bd 2
a’ b3 el at+b+c
+ + > .
(a+b)(b+c¢) (b+c)(c+a) (c+a)(a+b) 4

Bai 19. Cho a,b,c > 0 va abc = 1. Chiing minh réng:
) a? N b? N c? B
a =
b+1 c¢+1 a+17 2

1 1 1

b)

3
> —.
a?(b+c) * b3(c+ a) + Ala+b) — 2
Bai 20. Chting minh rang;
a) Néu a,b > 1 thi avb—1+ bva —1 < ab.
b) Néua,b24thia\/b—4—|—b\/a—4§%b.
. b
¢) Néu a,b,¢ > 1 thi abve—1+bcva—1+ cavb—1< 36;6.
Q) —lg (a+b)(1 — ab) Sl-
27 (1+a®) (1402 — 2

Bai 21. Chitng minh rang:

. 16
a) Néu ab+ bc + ca = 4 thi a4—i—b4—|—c42§.

b) Néu a,b,z,y,z2 >0vaxz+y+z=1th

b 4 b 4 b 4 .
a+—| +la+—-) +|a+-) >3(a+3b)".
T Yy Z

Bai 22. Cho a,b,c > 0 va abc = 1. Chiing minh ring:
a) A’ + b+ >a+b+ec
b) a*+b*+ct > a® + 07 + P
c) a"+b"+c">a"+ 0"+ " véim >n,m,n e N.
Bai 23. Cho a,b,c > 0 va ab+ bc + ca = 3. Chiitng minh rang:
a) a’® + b+ > 3.
a b c

b > abc.
) 2a2+bc+2b2+ca+202+ab_ac
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Bai 24. Ching minh rang:

P ) 2 2 N a b C 3\/§
a) Néu a,b,c>0vaa®+b*+c¢* =1 thi b2+202+02+a2+a2+b2 > n
. b
b) Néu a,b,c > 0va a® +b* +c* =1 thi ¢ + ¢ > 2

+
Vi—a2 V1=-0 VJ1-¢
Bai 25. Tim gia tri nhé nhat cac biéu thic sau:
1
a) A=+ —— véiz > -2.

4(z +2)
b) B:g+x_2véix>2.
x?
c) C:x2_1V61x>1.
1
) D=""" i 2
x4+ 2

Bai 26. Tim gia tri 16n nhat cac biéu thic sau:

abyv/c — 14 bev/a — 2 + cavb — 3

a) A= abc
b 5 VI T DYE
(z+1)(y+1)
0 C:(a7+2)\/§+(y—l—4)\/x+1
(e 2)(y+4)
Q) D:(x+2)\/yT2+y\/x—1
(x 4+ 2)y :

Bai 27. Chitng minh rang:

1)” LN
a) Néua,b>0vaa+b=1thi (a—l——) +<b—|—g> 27.
a

b) Va2 + 02 + VB2 + 2+ VE+a2>/2(a+b+c).
c) |ab+1|+|ab—1|—|—|a—|—b|+|a—b|<2\/2 a2+1)(b2+1)

b c3 1
d) Néu a, b, b? >—th i > —.
) Newa,be>0va el + 0746 > o tht g 4 e s T T o

. b 3vV3
e) Néu a,b,c >0 va ab+ bc+ ca =1 thi 1—aa2+1—b2+1—cc2 > \2/_

Bai 28. Cho a,b,¢ > 0 va a+ b+ ¢ = 3. Chitng minh rang:
) a b c 3
a

> —.
1+b2+1+622+1—i-a2 -2
b) + + >1

a? b c?
a+2b2  b+2c2  c+2a? —

) a? N b2 N 2 -
c )
a—|—21b3 bb —1—1203 c—iiQa3 -

a -+ + c+
d > 3.
e e R

Bai 29. Cho a,b,¢,d > 0 va a + b+ ¢+ d = 4. Chitng minh ring:
a b c d
> 2.

1+b2+1+02+1+d2+1+a2_
b) a n b n c n d > 9

14+b2c 14c2d 1+4+d?a 14+a?b

) a+1+b—|—1 n c+1 +d+1 S 4

hib? hic? hid2 14a?2 —

1
d > 2.
) 1+b2+1+02+1+d2+1—1—a2_
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Bai 30. Chitng minh rang:

. 1 1 1
a)Néua,b,c>0v§11+%+1_Hi+1+0122th‘11abc§§. 1
b) Né b,c,d >0 va > 3 thi abed < —.
) Néu a,b,c, Va1+a+11+b+11+c+1+d_ 1abed < o 1
Né e,y >0 va =n—1 thi oy, < —
c) Néu ay,aq,...,a Va1+a1+1+a2+ +1+an n iaas...a S oo
d) Néu ay,az,...,a, >0vaa;+as+...+a,=1thi
1 1 1
1) (= c1)) (1) > 2o
) Né S0 gt =
L, Gy \G) =
©) en a1, 42, 4 2023+ a; | 2023 + ay 2023 +a, 2023
thi—\’am”'anzgggg
n—1
Bai 31. Cho a,b,c > 0. Chiing minh rang:
1 1 1
a) Vabe+ =+ =4+ =>2V3
¢ 1b 10 1 b
b) (abc-i—l)(a—f—g"i‘g)"i‘b—i’ + >a+b+0+6

1 1 1 1 1 1
> .
) a—|—3b+b—|—3c+c+3a_ a+2b+c+b—|—20—|—a+c—l—2a+b

d) (1+%> (1+§) (1+§)22+2(a+\/%c).

(a+b)(b+c)(c+a)> g(a+b+c)\/‘°’ a2b2c2.
f) Va2 +ab+ 02+ V2 +bc+E+ VA4 ca+a® >V3la+b+c).

)

) 2 2 2
) b

)

€

g %4— —|—C—>\/a2—ab+b2—|—\/b2—bc+c2—l—\/c2—ca+a2
c a
b 1 1 1 3
a(l+b) 1—|—c (14 a) 1+abc

Bai 32. Cho a,b,c > 0 va a? +b2 + ¢*= 3. Chiing minh réng:
1 1 1

a)3(—+—+—)23+2(a+b+0).
a b c

2 b2 2

) SR}
£2+b§ bg+c2 2+ a?

c) + + > 3.
b+c c+a a+b

d) a+b+c>a®b* + b+ Pa’.

Bai 33. Cho 0 < a,b,c < 1. Chitng minh ring 2 (a3 + 0%+ 03) <3+ d’b+ bc + Ca.

Bai 34. Cho a,b,c > 0 va abc > ab + bc + ca. Chting minh rang abe > 3(a + b+ ¢).
Bai 35. Cho a,b,c > 0. Tim gia tri nhé nhét ciia biéu thic sau

P ¢ + — ! +b b 1 + ¢ + !
= — c| = e
“ 2 bc 2 ca 2  ab
Bai 36. Cho a,b,c > 0 vh abc = 1. Tim gia tri nhé nhéat ctia biéu thitc sau

ad*(b+o) b*(c+ a) *(a+b)
Wb+ 20/ oe+2a/a  aa+20Vb
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Bai 37. Cho a,b,c > 0 va a® 4 b® + ¢* = 3. Tim gia tri nhé nhat ctia biéu thiic sau P = 3(ab + bc +
ca) — abe.

) . 1 1
Bai 38. Cho z,y # 0 va xy(z +vy) = 2> +y* — ry. Tim gia tri 16n nhét ctia biéu thiic A = —+ -
z Y

Bai 39. Cho x,y > 0 va 2° + y® < 1. Tim gié tri 16n nhét ctia biéu thitc Q = /x + 2,/y.
Bai 40. Cho 22 4+ y* + 2° < 1. Tim gi4 tri 16n nhét ctia biéu thic Q = zy + yz + 2zz.

Bai 41. Tim gia tri nhé nhat cia bidu thitc A = /(z — 1)2 4+ 32 +/(x + 1)2+ 32 + |y — 2|.
Bai 42. Cho a® + b* + ¢* + d* = 1. Chiing minh ring (1 — a)(1 — b)(1 — ¢)(1 — d) > abcd.
Bai 43. Cho a,b,c >0 va a+ b+ ¢ < 1. Chitng minh rang

1 1 1
\/a2+—2+\/62+—2+\/02+—22\/§.
a b c

Bai 44. Cho a,b,c > 0 va abc = 8. Chiing minh ring

a? b? c?

V(1 +a?) (1+03) * VI +03) (1+c3) * V&) (1+ad)

4
> —.
-3

11 1 N
Bai 45. Choa,b,c > Ové——i—g—i—— = 2. Chitng minh ring Va+b+e>Va—14+4vVb—1++ve—1.
a c

Bai 46. Cho a,b,c > 0 va abc = 1. Chiing minh réng:
33 33 iy
V1+ad+b +\/1+b +c +\/1+c ~

) abb | be ca
b) a C ca

<1
a5+b5—5ab+b5—|—c5—|—bc_2|—c5+a5+ca_
<1
°) (a+1)2+b2+1+(b+1)2+02+1+(c+1)2+a2+1 -
Bai 47. Cho a,b,c¢ > 0 va a + b+ c = 3. Chitng minh rang:
) a b c 3
a

+ + A

ab+3c bec+3a ca+3b 7 4

b) a2~|—bc+b2+ca+c2+ab >3,
b+ ca c+ab a -+ be

)\/a+b+\/b+c+\/c+a>

c

c+ab a+ be b+ca —

d) 1 n 1 . 1 <3
6—ab 6—bc 6—ca " 5

Bai 48. Cho a,b,¢ > 0 va abc = 1. Chiing minh rang:
)a+b+c>1+1+1

a) —+ -+ —> -4+ -+ .

b ¢ a— b ¢

a—1 b—1 ¢—1
+ > 0.
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>a+b+ec.

Bai 49. Cho a,b,c > 0 va. Chiing minh rang:
a
b—l—c+c+a+a+b 3(@+02+c2) = 6
b) a?(b+c¢) b (c+a) Ala+b)
Nj@ c? + a? a? + b?
> .
°) b2—|—c2+c2—|—a2+a2—|—b2_b+c+c—|—a+a+b
563 —a® 53— 5a® -
d) + + <a+b+ec
a3 b3 3
_ _ —_— > 1.
°) a3+(b+c)3+ b3+<c—|—a)3+ A+(a+b)3—
Bai 50. Cho a,b,c > 0 va. Chiing minh rang:
a’ + b + 2 ab be ca
a) >

2) b c 2(ab + bc + ca) S 13
a b2 c? a b c
ab+3b2  be+3c2  ca+3a2
> + + .
ab + be + ca %L2+bc+ca b2+ca+ab c2+ab+bc

) a+b+c 1 n 1 N 1
ab+bc+ca) T al+bc+ab b2+bc+ca 2+ ca+ab

b 2 1 1 1
0 (u) . N N

ab+bc+ca) T 2a24+bc 202 +ca 2c2+ab
d)

1 S a’ N b N 3
a+b+c ™ (262 +02) (202 +2) (202 + ) (202 +a?)  (2¢2 +.a?) (2¢2 +b?)
Bai 51. Cho a,b,c > 0 va abc = 1. Chiing minh rang:
1 1 1
<1
2) a+b+1 +b—}—c—l—1+c—|—a—i-1 -
b) ! + ! + L <1
a+b?+1 b+c2+1 c+a®+1 -
a® — a? b’ —b? =

> 0.
2 a5+b2+02+b5+02+a2+c5+a2+b2 (1

Bai 52. Cho a,b,c > 0 va a+ b+ ¢ = 3. Chitng minh rang

a b c

<1
a3+b2+c+b3+02+a+c3+a2—|—b_

Bai 53. Cho a,b,c > 0 va ab + bc + ca = 3. Chting minh réng:
1 1 1 1

a)

< —.
a2+b2+41—b2+02f—4+02+a2+4_2

w

b > .

) eritrritari s

) 1 . 1 . 1 <1

c .
a?+2 b?+2 A+2°

Bai 54. Cho a,b,c¢ >0 va a+ b+ ¢ = 1. Chitng minh rang:
a) Va+bc+Vb+ca+Ve+ab>1+Vab+ Vbe+ yea.

1 10 1 10 1 10 1010
- - - >
b) (a~|—a) —i—(b+b) +(c—|—c) Z =
) ab . be . ca S 171 . 1 . 1
cle+ab)  ala+bc) blb+ca) " 4\a b ¢)
Bai 55. Cho a,b,c > 0. Chiing minh rang:
1 a®+0+ A S @ b c

2) §+ab—l—bc+ca_ b~|—c+c+a+a+b'

a? b? 2 3 Jad+b+c3
b) b > T T
b+c c¢c+a a+b 2 at+b+ec
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a? + b% + 2 abc > 9
ab+bc+ca (a+Db)(b+c)c+a) ~

1 n 1 N 1 S 9
(a+b)?  (b+¢)? (c+a)* ~ 4(ab+bc+ca)
) a_2+ﬁ+c_2> 3(a®+ 0+ )
b c a a? + b2 + 2
a® + be b? + ca c® +ab 3

+ + > —.

(b+c)?  (cta)? (a+0b)? 2

a’*+2bc  V*+2ca A +2ab _ 9
&) (b+c)2+(c+a)2+(a+b)2 4
) a n b n c n abc 5
b+c cH+a a+b 2(a3—|—b3+c3)_3
a? b? c? (a®+ b2 + ¢2)° > (a+ b+ c)?

i + +
) 24+ 24a®  a?+ b T 2(a?h? + b2 + 2a?) ab+ bc+ ca)

(
i) (@ =be)Vb+c+ (V¥ —ca)Vet+a+ (¢ —ab) Va+b>0

Bai 56. Cho a,b,c > 0. Chting minh rang:
a) (a®>+2) (b*+2) (*+2) > 9(ab+bc + ca).
b) a® +b* + ¢* + 2abc + 1 > 2(ab+ be + ca):
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OCHUGNGO

MO DAU VE DA THUC

EOGOSO

Vuong Trung Ding

§1. DINH NGHIA VA CAC PHEP TOAN

Trong khuon kho bai giang ta chi xét cac da thic v6i hé s6 thue hodc hé s6 hitu ti.

@ PINH NGHIA

Xét K =R, Q. Tap cac da thitc mot bién c6 hé s6 trong K duge dinh nghia 1a

K(z] = {ao + a4+ ...+ ax",a; € K} = {Zaixi ta; € K}
i=0

Madi phan tit thuoc Klx] duge viét 1a f(x) hodc don gidn chi 1a f. Phan tit f = Za@-xi Vi

i=0
quy udc 2° = 1 duge goi 1a mot da thic cia bién x.

e Néu a, # 0 thi n dugc goi 1a bac ciia da thic f va kihiéula n = deg f. Dac biét, néu
i) f = ala hang so6 thi deg f =0;

i) f = 0 thi ta quy uéc deg f = —oo hoac deg f = —1, tuy theo viéc ta sit dung bac vao
linh vuc nao.

e a, dugc goi 1a hé tii cao nhat (hodc hé s6 cao bic cao nhat) con ay dude goi la hé ti tu do
(hodic hé sb tu do).

e Néu a, = 1 thi f dudc goi 1a da thiic monic.
MOT SO PHEP TOAN

Cho f = Z a;x', g = Z bir' € K[z]. Khi d6 ta dinh nghia:
=0 i=0

f N m=n
[ ] =

g a; = b;, véimoi i =0,1,...,n;
e f+yg= Z(ai + i)

=0
m—+n %

o fg= Z (Zaijbj)xi.
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D

Cho f,g € K[z], gid stt deg f = m, deg g = n. Khi d6 ta co6:
a) deg(f +g) < max{m,n};
b) deg fg =m+n.

@ PHEP CHIA DA THUC

A ,

Cho hai da thic f, g € K[z] khi d6 ton tai duy nhat ¢,r € K[z] sao cho

f(z) = g(x)q(z) +r(x)

v6i degr < degg.

\.

Chitng minh 1. Gid st f(2) = anz™ +apm_1@™ "+...+arx+ag, g(x) = bpa"+by_ 2™ ... +bx+by.
Ta sé chiitng minh quy nap theo m.
Néu m < n thi ta c6 thé chon ¢(x) = 0,7(x) = f(x). Gia st m > n vA dinh 1y da dugc chitng minh
véi cac da thitc ¢6 bac nhdé hon m. Ta sé chiing minh dinh i dang véi cac da thitc bac m. Xét da
thitc
am m—n
() = f(x) = 2 " g().
Dé thay deg h < m—1 nén theo gia thiét quy nap ton tai g (x), 1 () sao cho h(z) = q;(z)g(z)+r1(x).
Khi do
Am, m—mn

fay="{(=2" "+ a(@)gle)y+7(x).
bat g(z) = C;—mxm_" + qi(z),r(x) =11(z) ta duge biéu dién can tim.
Gia st ton tai ¢1(z),r1(x), g2(x), 72 () sa0 cho f(z) = q1(x)g(@) + ri(z) = 2(x)g(x) + ro(z). Khi do

9(@)lq(2) = ga(2)] = ra(w) — 11 ().

Theo sy ton tai ctia r1(x),ro(z) thi deg(ri(x) — ra(x)) < n va q1(z) # ga(x) nén degg(z)[q(z) —
¢2(z)] > n (mau thuin). Vay su ton tai ctia g(x) va r(z) 1a duy nhat.

Trong dinh 1y trén, ta goi
e ¢(z),r(x) lan lugt 1a thuong va s6 du trong phép chia ctia f(z) cho g(x).
e Néu r(z) = 0 thi ta néi f(x) chia hét cho g(x) va ky hieu f(z):g(x) hay g(z) chia het f(z) va
ki hieu g(x) ().
A )
Vi du 1. Khi thyc hién phép chia ciia da thitc f(z) = 2*+ 2> —1 cho da thic ¢(z) = 2° —2—3
ta dugce thuong 1a da thic ¢(z) = z 4+ 2 va da thiic du 1a r(z) = 5z + 5 nén ta viét

2’ +2°—1=(z+2)(z*—z—3)+5z+5.
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%

Cho ¢(x) 1a mot da thitc khac 0. Ta néi cac da thitc f(z),g(x) dong du theo modun da thiic
o(x) néu p(x)|f(x) — g(z). Khi dé ta ki higu

f(x) = g(z)  (mod o(z)).

A ,

Cho ¢(z) 1a mot da thic khac 0. Khi doé:

a) f(x) = f(z) (mod p(z)), véi moi f € K[z];

b) Néu f(a) = g(x) (mod (2)) thi g(x) = f(z) (mod (), v6i moi f.g € Kal;

0) Néu £(z) = g(z) (mod ¢(z)) va g(z) = h(z) (mod p(z)) thi f(z) = h(z) (mod ¢(z)),
v6i moi f, g, h € K[z];

d) Hliefu] f(z) = g(x) (mod p(z)) thi f(x).h(z) = g(z).h(x) (mod ¢(z)) , v6i moi f,g,h €

e) Cho’céc da thic fi(z),..., fa(2),91(2), ..., gn(x) VA& uy(x), ..., us(z). Néu fi(z) = gi(x)
(mod ¢(x)), v6i moi i = 1,2, ...,n thi

ur(z) fr(x) + .. + up(z) fro(x) = wr(2)g1(x) + ... + up(x)gn(z) (mod @(x));
f) Néu f;(z) = gi(x) (mod ¢(x)) véi moi f;, g; € K[z]| va v6i moi i = 1,2, ...,n thi
fi(@) f2(2)... fu(2) = 91(2)g2(2)...gn(2)  (mod ©(z));
g) Neu f(z) + g(x) = h(z) (mod p(z)) thi f(z) = h(z) — g(z) (mod ¢(x));
h) Néu f(x) = g(z) (mod p(x)) thi f*(x) = ¢"(z) (mod p(x)), véi moi f,g € K[z] van la

mot s6 ty nhién bat ki;
i) Néu f(z) = g(z) (mod p(z)) thi

v6i moi f, g, h € K[z].

A h
Vi du 2. Tim da thitc du khi chia da thic (1 + 2)?**? cho da thic 1 + z + 2%

N\ W

Chitng minh 2. Ta c6
l+2=—2> (mod1+z+2?).

Suy ra
(1 + I‘)2022 = (_$2)2022 = (ZE3)1348 (IIlOd 14+x+ 12)'

Laic6 2° =1 (mod 1+ 2 +2%) nén (2*)*® =1 (mod 1+ x + 2?). Tt dé suy ra (1 + 2)**? chia cho

1+z+2° dul.

A

Vi du 3. Chiing minh ring véi moi sé nguyén duong m,n va k ta c6 da thic f(z) = %™ +
231 4 23%F2 chia hét cho da thitc p(z) = 22 + x + 1.
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Chitng minh 3. Ta can phai ching minh ring f(z) = 0(mody(z)). Tt dang thic 2° — 1 = (x —
1) (z* + x + 1) suy ra 2° = 1(mode(x)). Khi d6 &p dung tinh chat dong du ta nhan dugc

"= (2*)"=1"=1 (modep(z)),
2" = (2?)" x=1" 2 =2 (mody(z)),
3ht2 = (x3)k 22 =1" 22 =22 (modp(z)),
gt L g2 =1y 42 = o(2) =0 (modep(z))

Suy ra 3™ + 23" 4 2352 chia hét cho 1 + z + 22

Vi du 4. Hay tim nhitng s6 tu nhién n sao cho da thitc P(z) = (z+1)" — 2™ — 1 chia hét cho
da thic o(z) = 2® +z + 1.

Chitng minh 4. D& thiay x + 1 = —z*(mody(x)) va 2’ = 1(modp(x)). Khi do
(x+ 1" —a" — 1= (=1)"2" — 2" — 1 —(modyp(z)).
Léy n=6k+0,0=0,1,2,3,4,5. Ta c6
(x4 1)zt 1= (1) <z £1 (mody(n)),

tr day ta nhan duge
e V6il=0:P(x
e V6il=1:P(x

)=1—1-1= —1(mody(z)), nghia 1a P(z) /o(x);
) );
o V6i (=2 P()
)
)
(

—2% =@~ 1 = 0(modep(z)), nghia 1a P(z)ip(x

—2? + x — 1 = 2r(mody(z)), nghia la P(x). fo(z);

— 1 —1= —3(modp(x)), nghia la P(z) /p(z);

e V6il=4:Px —z—=1=-2(z+ 1)(modp(z)), thi P(x) fo(x);

e V6il=5: P(r)=—2"—2—1=0(modp(r)), nghiala P(z)ip(v).
) =

Suy ra da thitc P(z) = (z 4+ 1)" — 2™ — 1 chia hét cho da thitc p(z) = 2% + z + 1 khi v& chi khi s6 n
¢6 dang n = 6k + 1 hoac dang n = 6l<: + 5.

9

e V6i (=3 Pz

Eﬁ —

@ UGC CHUNG LON NHAT VA BOT CHUNG NHO NHAT

KHAI NIEM )

Cho f(z), g(x) € K[z] va it nhat mot trong hai da thiic nay khac 0. Da thic d(z) € K[z] dugc
goi 1a wdc chung ldn nhat cta f(z) va g(x) néu n6é thoa dong thoi:

(a) d(z)|f(x) va d(z)|g(x);

(b) Néu c6 dy(z) € K[z] sao cho dy(z)|f(x) va di(z)
Ta ki hiéu d(x) = ged(f(z), g(z)) hay don gidn hon d

|g(x) thi d(a)]d().
(z) = (f(z), g(x))-

T dinh nghia trén ta thay néu d(z) 1a mot uéc chung 16n nhat cia f(x) va g(z) thi a.d(z) ciing la
mot uGe chung 16n nhat cia da thitc nay, véi moi o € K\ {0}. Nhu vay cac da thitc wée chung lén
nhét ctia hai da thitc f(z) va g(z) sai khac nhau mot nhan tt kha nghich ctia K do d6 tir day vé sau
dé don gidn néu khong néi gi them ta thi ta hiéu rang d(z) dang 1a mot da thic monic.

.
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(Thuat toan Euclide) Gia st f(z) = g(x)q(z) + r(z). Khi do6
a) Néu r(x) =0 thi (f(z),g(z)) = a 'g(x), trong d6 a 1a hé s6 c6 bac cao nhat clia g(x).

f )
b) Neu r(z) # 0 tht (f(z), g(x)) = (9(x),(x)).

Chitng minh 5. Néu r(z) = 0 thi f(z) = g(x).h(z) nén da thitc a 'g(z) théa yeu cau dé bai.

Néu r(z) # 0 thi dat d(z) = (f(z),g(z)), d (x) = (g9(z),r(x)). Ta 6 d(z)|f(x) — g(x)q(x) = r(z) nén
d(x) 1a u6c chung ctia g(x) va r(z) va do d6 d'(x)|d(x). Mat khac d'(z)|g(x)q(x) + (x) f(z) suy
ra d'(z) la wéc chung ctua f(z) va g(z) ti d6 suy ra d(x)|d'(x). Cudi cung vi d(z),d'(z) déu la da

thitc monic nén d(r) = d'(x), diéu phai ching minh.

D

Ué6c chung 16n nhat ctia hai da thitc luon luon ton tai.

Chitng minh 6. Gié st f(z), g(x) la hai da thic khac 0 va-deg f > degg. Chia f(z) cho g(x) ta
dugce

f(@) = g(@).51(x) + 71 (z).
Néu 71(z) = 0 thi ta co <f(x), g(m)) = g(z). Néu r1(z) # 0 thi deg g > degr; nén ta lai c6
g(x) = ri(x).s2(x) + ro(x).

Néu ro(z) = 0 thi (f(:c),g(x)) = (g(x),rl(a:)) = ry(x). Con néu lai ¢6 ro(x) # 0 thi degg >
degr; > degry va

(£@): gt} =(9(@) 1 (2)) = (ra(w), maf) ).
Tiép tuc qua trinh nay ta dude day da thiic
f(@),9(z), r1(2), raf@):.

sao cho deg f > degg > degr; > degry > ... va
(f($),g(93)> = (9($)>T1($)> = (Tl(x),rg(x)>...

Dé ¥ rang bac ciia da thiic ma mot day s6 nguyen khong am, day s6 tren 1a mot day giam thuc su
nén qua trinh nay khong thé kéo dai vo han dudc, va vi vay dén mot lac nao d6 ta sé nhan duge da

thitc ri(z) sao cho 74_1(x)irk(z). Da thitc nay chinh 1a uéc chung 16n nhat can tim, vi theo dinh 1i

trén ta co
(f@).9@)) = (9@).11@)) = . = (ra(@)mule)) = (o)

Chitng minh trén cfing cho ta cich tim u6c chung 16n nhat ciia hai da thitc bang cach thic hién hitu
han budc phép chia gitta thuong va sé du. So do thuyc hién nay duge goi 1a thudt todn Euclide.

z),g(x) 1a hai da thic khac 0 va d(z) = (f(z),g(z)). Khi d6 ton tai cdc da thic r
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u(x),v(zx) sao cho

d(x) = u(z) f(x) + v(z)g(z),
hon nita degu < deg g va degv < deg f.

Gia st f(z),g(x) # 0, goi d(x) 1a da thitc khac 0 va c6 bac nho nhat trong tap tap tat ca céc
da thic khac 0 c6 dang s(x) f(z) + g(x)t(x). Khi d6 d(z) = (f(x), g(x)).

Chitng minh 7. Theo thuat toan chia Euclide ton tai g(z), r(z) sao cho f(x) = q(x)d(x)+r(z),degr <

deg d. Khi do
Jf () + [=q(x)t(z)lg(z).

)
d(z)|f(x), tuong tu d(z)|g().
() + g(x)t(z) nén d'(z)|d(z), ditu phéi

r(z) = f(z) — q(e)d(z) = [1 — q(z)s(z

Do tinh nhé nhét ctia degd nén ta suy ra r(z) = 0 né

Gia st ton tai d'(z)|f(z),d (z)|g(z) khi d6 vi d(z) = s(x)
chiing minh.

%

Hai da thitc f(z) va g(z) duge goi 1a nguyén t6 cing nhau néu ching chi c6 uéc chung 1a hang
s6 a € K\ {0}.

Nhung vi wée chung 16n nhat ctia hai da thite chi sai khac nhau hang s6 nen khi f(z) va g(z) 1a hai
da thtic nguyén t6 ciing nhau ta ¢6 thé cho 14 uéc chung 16n nhat ciia ching bang 1 va ki hieu la

(F@).g() =1.

Hai da thic f(z) va g(x) nguyen t6 cung nhau khi va chi khi ton tai hai da thic u(x),v(z)
sao cho

u(@) f(x) + v(@)g(z) = 1.

Chitng minh 8. Néu (f(x),g(:v)) = 1thi ton tai cac dathitc u(x), v(z) sao cho

u(a) f(x) + v(x)g(z) = 1.

Ngugc lai, cho trude hai da thite f(x), g(x) va gid st rang 6 hai da thitc u(z), v(x) sao cho u(z) f(z)+
v(z)g(z) = 1 thi khi d6 néu ¢(x) 1a mot wée chung bat ki ciia f(x) va g(x) sé dan dén u(a:)f(a:) -

T
(
v(z)g(z) chia hét cho ¢(z). Do d6 1ip(z) nén p(x) phai la hang sb. Vay <f x), g(x )

a) Neu (f(2), 91(2)) = (f(2), g2(2)) = 1 thi (f(2), 1()g2(2)) = 1;
b) Néu f(z).h(z)ig(z) va (h(z), g(x)) = L thi f(z):g(x);
c) Neu f(z):g1(z), f(2):g2(z) va (g1(x), g2(x)) = 1 thi f(2)ig1(2)g2(2).

Ching minh 9.  a) Theo gid thiét ton tai ui(z), us(z), v1(x), v2(x) sao cho
f@)u(z) + gi(z)vi(z) = 1, f(2)ua(z) + gao(x)us(z) = 1.
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Nhan vé theo vé hai déng thitc trén va nhém lai ta duge
f(@)u(z) + g1 (x)ga(z)v(z) = 1.

Tit do suy ra (£(x), g1 (0)ga(2)) = L
b) Vi (h(x),g(x)) =1 nén ton tai u(z),v(x) sao cho

h(@)u(x) + glw)o(z) = 1

tu do
f(@) = fl@)h(@)u(z) + f(z)g(x)v(z):g(z)
f(@)h(z):9(x).
) 1 f(2)ig1(x) neén f(x) = gi(x)g(x) vavi f(x):g2(x) nen gi(x)g(x)ga(x) dan dén g(x):ga(z) (do
(g (:c),gg(a:)) = ) T d6 suy ra
f(x) = gi(x)g(2):01(x) g2()
A

{ Vi du 1. V6i m,n € N. Ching minh réng (z™ — 1,2" — 1) = ™™ — 1.

Chiing minh 10. Dat d = (m,n), dé thay 2™ — Liz® — 1,2" — 1iz? — 1. Suy ra 2% — 1 1a wéc chung
cia 2™ —1vaz" —1.

Gia stt D(x) 1a mot u6e chung khac ctia 2™ — 1 va 2™ — 1. Vi d = (m,n) nén ton tai cdc sb nguyén
duong u,v sao cho d = mu — nwykhi dé6 D(z) 1a uée cla (2™ —1) — (2™ — 1) = 2™ (2 — 1). Vi
(z™ —1,2™) = 1 nén (D(x), ™) = 1, suy ra D(z)|z%= 1. Vay 2% — 1 = (2™ — 1,2" — 1).

KHAI NIEM )

Cho f(x),g(x) € K[z] 1a hai da thic khac 0. Da thitc M (x) € K[z| dusce goi 1a boi chung nho
nhat cia hai da thiic f(x) va g(x) néu n6 théa dong thoi:

(a) M(x):f(x) va M(z):g(z);

(b) Néu ton tai M;(z) € K[z] sao cho My (z):f(x) va M;i(x)ig(x) thi M;(z):M(x).
Khi d6 ta ki hisu M(z) = [ f(2), g(yc)].

V6i hai da thic f(z), g(z) € K[z] , ta cé:

a) Néu f(2)ig(x) thi | f(2),g(2)| = f(2);
b) V6i moi o € K\ {0}

£(@),9()] = [af@),9(@)| = | (), a9()].

Chting minh dinh 1i trén hoan toan bang dinh nghia ctia boi chung nhé nhat. Bay gio ta c6 dinh 1
sau cho ta mot moéi quan hé gitta u6c chung 16n nhat va boi chung nhé nhat ciia hai da thiec.
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Cho hai da thitc khac khong f(x), g(x) € K[z]. Khi d6 ta ¢6

Ching minh 11. Goi d(x) = (f(x),g(m)), khi d6 ton tai fi(z),g1(z) € K[z] sao cho f(x) =
d(z) fi(z) va g(z) = d(x) f2(x), hon nita fi, g; 14 hai da thitc nguyen t6 cting nhau.

Hién nhien M (z) = ﬁ (x)g(z) € Klz] va tit M(z) = f1(x).g(x) = g1(z) f(x) ta suy ra M(x):f(x)
va M(x)ig(z). Goi p(x) € K[z] la mot boi chung ciia hai da thic f(z) va g(x), khi d6 ton tai da

thic h(x) € K[z] sao cho ¢(z) = f(z)h(z). Lai ¢6 p(x):g(z) nén

F@h) _ @) _ o
@ g © Kl

N6i cach khac fi(z)h(x)igi(z), mavi fi, g; 1ahai da thiic nguyén t6 cing nhau dan dén h(z):g;(x),
dan dén h(z) = g1t(z),t € K[z]. Suy ra o(x) = f(x)g;(z)t(x) nhay.p(x) = M(x)t(z), dieu nay cho
thay M (z) trung véi boi chung nho nhat ctia hai da thiic f(x), g(x) va ta c6 dicu phai ching minh.
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§2. NGHIEM CUA DA THUC

%

Cho da thic f(z) € K[z], s6 a € K dugdc goi la nghiém cia da thic f néu va chi néu f(a) = 0.

DINH LI BEZOUT

Cho f(z) € K[z] va a € K. S6 du khi chia da thic f(x) cho da thic x —a 1a f(a). r

Chitng minh 12. Theo thuat toan chia Euclide, ton tai da thic g(z) € K[z] va s6 thyc 7 sao cho

f(x) = (x —a)g(x) +r.
Trong dang thitc trén thay 2 = a vao hai vé ta duge f(a) = r. Tit d6 ta c6 diéu phai chiing minh.

»

Da thiic f(x) ¢6 nghiem z = a khi va chi khi f(z) chia hét cho z — a.

»

Néu ay, as, ..., a, la cac nghiem cta f(z) thi (z — a1)(z — az)...(x — a,)|f(x). Dic biet néu
deg f =nthl f(z) =c(z — a1)(x — ag)...(r — a,),c € K.

»

Mot da thiic bac n ¢6 nhiéu nhat 1a n nghiem. Dac biét néu deg f < n c¢6 qua n nghiém thi

f(@) =o.

»

Néu deg f < n,degg < n ma ton tai n gia tri phan biet clia bién z sao cho f(z) = g(x) thi

f(x) = g().

)
Cho da thitc f(z) € K[z] va s6 nguyén k > 2. S6 a € K dugce goi 1a nghiém boi k ctia da thiic
f(z) = (z —a)*g(x)

g(a) #0.

f néu va chi néu ton tai g(z) € K[x] sao cho {

A )
Vi du 1. Chiitng minh
a(b+c)? +blc+a)* + c(a + b)*> — dabc = (b+c)(c+a)(a +b).
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Ching minh 13. Xét da thic
P(z) = 2(b+c)* +blc+2)* + c(z +b)* — 4bcx — (b+ ¢)(c+ z)(x + b)

. Ta ¢6 deg P < 2. Dé thay P(x) c¢6 3 nghiém 0, —b, —c. Tt d6 suy ra P(z) = 0 v6i moi x, va do d6
P(a) = 0. Ta ¢6 diéu phai chiing minh.
A

{ Vi du 2. Dinh m sao cho F = 2® + ¢* + 2° + mayz chia hét cho z + y + z.

Chitng minh 14. Xem F la mot da thiic theo bién x. Theo gid thiét F(z)![r — (—y — 2)] suy ra
Fl—y—2)=0& (—y— 2P+ + 22+ m(—y — 2)yz & —yz(y + 2)(3 +m) = 0,Vy, 2.

Tu dé6 m = —3.

A
Vi du 3. Biét da thic P(z) = 2° +2® + 1 ¢6 5 nghiém phan biét 21, zo, 73, 74, 75. Dit Q(z) =
2 — 2. Tinh tich Q(z1)Q(22)Qx3)Q)Q(zs).

& ] T

Chitng minh 15. Ta viét

Az + 1= (a—m)(@ =) a(@=rs)

T = Q(r)Q(ra) Q)= (12 = 2)(r2 . 2o (r2 = 2) = f[(i\/é ).
Khi do /
T X ﬁ(\@ — 1) ﬁ(—\/ﬁ —j)
PNEP(-vE)
= [(vV2)" + (V2 +11[(=V2) + (-V2)* + 1]
= 23. .

Vi du 4. VMO 1990 Cho da thic P(z) € R[z] thoéa
P(z)P(22%) = P(22% + ).

Chitng minh rang P(z) khong c6 nghiém thuyc.

N\ v

Chitng minh 16. Gid sit ton tai 7 sao cho P(zy) = 0 = P(2x3 +10) = 0 = 21 = 227 + 7 ciing la
nghiém. Lap luan tuong tu ta duge day (z,) xac dinh bdi ,, = 222 | + 2,_1,n > 1 ciing la nghiém
cia P(x).

Néu zg < 0 thi zg > xy > ... > T, > Tpy1 > ... nén P(z) c6 vo han nghiém nén P(z) = 0.

Néu g > 0 thi 2p < 21 < ... < 2, < Tpy1 < ... nén P(z) ciing ¢6 vo han nghiém, vo 1i.

Néu xy = 0 ta goi k 1a s6 bé nhat ma xy, # 0(n > k > 0) ta ¢6

P(z) = ana™ + ... + apa®.
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Thay vao gid thiét ta duge
a22"p® 4+ ai2k 2%t = a,(22° + )" + .+ ap(20% + 1)

Do ay =0, ar # 0 nén k > 0 = 3k > k. Dong nhét he s6 cia z* & hai vé ta duge a; = 0, vo 1.
A h
Vi du 5. Cho cac s6 thuyc aq, as, ..., a, va by, by, ..., b, trong d6 cac s6 ay, as, ..., a, 1a phan biét.
Chitng minh rang néu tich

(a; + b1)(a; + b2)...(a; + by)

bang nhau véi moi ¢ = 1,2, ...,n thi cic tich
(a1 il bj)(ag + bj)...(an P bj)

cling bang nhau véi moi j = 1,2, ..., n.

N .
Chitng minh 17. Dit P(z) = (z + by)(z + be)e(w+b,) va d = P(ay) = P(ag) = ...P(a,). Khi do6
ai, as, ..., a, la nghiém cua da thic P(x) — d c6 bac n.

Ta viét

P(z) —d=¢(x = a1)(x — ag)...(x — ay).

So sanh he s6 bac cao nhat ¢ hai vé ta suy ra ¢ = 1. Vi P(—b;) = 0 nén

—d = (—bj = a,l)(—bj — CLQ)...(—bj — an)
= (=1)"(ar £ b;)(a2 +b;)...(an + b;).

Tt d6 suy ra dieu phai chiing minh.

@ DINH LY VIBETE

A.1 Dinh ly Vigte thuan

Cho da thitc f € K[z], gi& st rang
f(x) = Cln.Tn —+ an_lx"_l + ... +ax+ agp,

c6 n nghiém va a, # 0. Goi z1, Ty, ..., 7, 1a cac nghiém ciia f (khong nhat thiét phan bigt).
Khi do6 ta c6

( An—1
1 +ZTo+ ... + Ty, = —

Qn

Ap—2
T1To + T1X3 + ... + Tp_ 1Ty =

Qn

r1T9...Ty = (_1)n@
\ anp,

Chitng minh 18. Dinh Iy Viete c6 mot ting dung rat 16n trong cac bai toin vé nghiém ctia da thiic
nhung chitng minh ciia né thi khong he khé. That vay, vi @1, 2o, ..., T, 1& cac nghiém clia f nén ta c6
thé viét lai da thitc nay dudi dang
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Khai trién vé phai roi nhém vé dang chuan tic, sau dé so sanh hé sé clia cac s6 mil tuong ing & hai

vé ta duge dieu phai chiing minh.

A
Vi du 1. Cho céc sb thuc a, b, ¢ va phuong trinh 2* + 4% 4+ a2® + bz + ¢ = 0 ¢6 4 nghiem théa
man 1% + 25° + 23° + 2,° = 4. Tim cac nghigm do.

Chtng minh 19. Theo dinh 1y Viete ta ¢6 1 + 9 + 23 + 14 = —4.
Ap dung lien tiép bat ding thic Cauchy Schwarz, ta dude

16 = (331 + 22 + a3+ $4)2
4(2? + 23 + 22 + 29)

4\/4(x41‘ + x5 + x5 + 7)

4\/4\/4(x§g + 2§ + 2§ + 28)

< 4\/4\/4\/4(1:%6 + x3% + 2% + %) = 16.

Dau "=" x4y ra khi va chi khi 21 = 29 = 23 = 24 = —1.

Vi du 2. Chiing minh da thiic P(z) = 2™ + 2nz™ ' + 2n%2" 2 + ... + 2n" 'z + 2n khong thé
¢6 du n nghiém thuyc.

IN

IN

IA

Chitng minh 20. Gia st P(z) c¢6 du n nghiém thue z;, zs, ..., x,. Theo dinh 1y Viet

in — inxj =’

1<J

Khi do

iy = 5 (= D £ o () = 20— 1) < 20,

i<j i i i
vo li. Vay ta c6 diéu phai chiing minh.
A )

Vi du 3. VMO 1991 Gia st da thic P(z) = 2'° — 102° 4 392° + a72” + ... + a1z + ag v6i
cac he so6 thuc ar, ..., ag sao cho da thitc P(z) ¢6 10 nghiem phan bi¢t. Chiing minh réng céc

nghiém nay thudc doan [—5, 5]

G /

Ching minh 21. Goi 24, 29, ..., 219 1& cac nghiém cia P(x). Theo dinh 1y Viete ta co

10
dxy=10va > am;=39.
=1

1<i<j<10

Do dé
10

10 10
(iny:Zx?%—Q Y ma; =Y a? =100 -2.30 =22,
=1 =1

i=1 1<i<j<10 i=
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Hon nia
10 10 10

Y wi-12=Y 2?2 5+ 10=12= (x; — 1)* < 12 < (3.5)7,

i=1 i=1 i=1

véi moi 1 = 1,2, ...,10. Tt d6 suy ra diéu phai chiing minh.

A )
Vi du 4. Canada 1996 Goi o, 3,7 la ba nghiém ciia phuong trinh 2° — 2 — 1 = 0. Tinh

l—a 1-8 1-
T = Rl ke
l+a 148 1479

N /

Ching minh 22. Ta c¢6

1 1 1
T=2(—+ +——)-3
a+l [B+1 ~+1
Vi P(z) = 2® — 2 — 1 ¢6 cac nghiém «, 3, nén da thitc P(z — 1) = 2® — 32% 4+ 22 — 1 ¢6 cac nghiem
a+ 1,84+ 1,7+ 1. St dung dinh ly Viete ta duge

1 1 1
2( + g )—3:22—3:L
afl  Brd A1

Vi du 5. Cho sb tu nhién & > 0 v& hai s6 thuc a, b sao cho 2 +ax + 1 chia hét cho 2® +bx + 1
va phuong trinh 2° 4 bz + 1 = 0 ¢6 hai nghiém. Chting minh a(a — b) = 0.

LE
Chitng minh 23. Theo gi thiét ton tai da thic P(z) € R[] sao cho 2" +ax + 1 = P(x)(2® + bx +
1) (1). Goi 71,75 1a hai nghiém ctia phuong trinh 2 + bx + 1 = 0. Khi-do

(x —r)(@=ry) =2+ bx + 1.

= b
Theo dinh ly Viete {7’1 T Thay vao (1) ta dugc

mMrqo = 1.

2
0:Z<rf+ari+l) =¥+ rbalr ) +2,
i=1

suy ra

Nk = —a(r 1) —2=ab—2
va do do

ik = —a(r 4 ry) —2=ab—2.

St dung (1) mot lan nita ta duge
a’riry = (ﬂC + 1)(7"5g +1) = (rlrg)k + r’f + r'§ + 1.

Suy ra a®.1 = 1¥ + (ab—2) + 1 = ab < a(a — b) = 0.
A

Vi du 6. (China Southeastern Mathematical Olympiad 2013) Cho a,b € R sao cho
phuong trinh 2® — az® + bx — a = 0 ¢6 ba nghiém thyc duong. Tim gia tri nhé nhat ciia bicu
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thtc
_ 2a® — 3ab + 3a

P
b+1

Chtng minh 24. Goi x1, x2, x3 la cdc nghiém thuyc ctia phuong trinh 22 —ar?+bxr—a=0. Theo
dinh ly Viete, ta c6

T+ Xy + 23 =a,r109 + T1T3 + Toxz = b, 12273 = a.

VA (21 + 29 + 23)% > 3(2129 + 2103 + 2o13) nén a® > 3b. Vavia = 21 + 19 + 13 > 3Yx17503 = Va
nen a > 3v/3. Do d6

2a3 — 3ab + 3a a(a® — 3b) + a® + 3a
a+1 b+1
a® + 3a
b+1
a® + 3a

a2

—+1
3+

= 3a29\/§.

AV

\Y

Dau "=" x4y ra khi va chi khi @ = 3v/3,b = 9. Khi d6 cac nghiém bing nhau va bing v/3. Vay
Pmin = 9\/3

A.2 Dinh ly Viete dao

n n
. s a Gp—1 An—2
Ta ky hiéu oy = E T, = — U= E TiT | e, O = E Tiy Tiy.. Ti), =
a
i=1

a
e 1<i<j<n n 1<i1<ig<...<ip<n

An—k . <. o £ . ~ o . Z
(—1)’“ va goi oy la cac da thiie doi xting bac k cua cac sO xy, Tay ..., Tp.
Qp,

Cho z1, 9, ..., 7, € K. Goi 0}, 1a cac da thiic doi xting bac k ctia n s6 da cho. Khi d6 z1, zo, ..., x,
la nghiém cua phuong trinh

X" X" '+ amX" 2+ .+ (-1)""'0 X + (=1)"0, =0,
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§3. BAITAP RENLUYEN

@ DINH NGHIA VA CAC PHEP TOAN CO BAN

Bai 1. Dat P(z) = 2 + 2®%® ¢ .+ 2" +1,Q(2) = 2° +2® + ... + 2 + 1. Chiing minh ring
P(x):Q(x).
Bai 2. Cho hai da thitc f(z) = 22° + 2 — 2 va g(z) = 22° + 27 — 1 . Chiing minh ring

f(f(x)) = wig(z).

Bai 3. Ching minh ring véi moi gia tri ctia n da thic (z + 1)*"™ + 2" chia hét cho da thiic
2

" +x+ 1.

Bai 4. Chiing minh ring véi moi n da thitc 2" — 2™ + 1 khong chia hét cho 2 + x + 1.

Bai 5. Tim tat ca cac gia tri n nguyén duong sao cho
a) Da thitc 2" + 2™ + 1 chia hét cho da thiie 2* + z + 1;
b) Da thitc 2°" + 2™ + 1 chia hét cho da thiic 2 — x + 1;
¢) Da thitc 2°” — 2™ + 1 chia hét cho da thitec 2* — 2 + 1.
Bai 6. Cho n, k € N. Chiing minh réing 2" — 1:2® — 1 & n 1a boi ciia k.
Bai 7. Cho hai da thic P(z) # Q(X) thoa P(Q(z)) = Q(P(z)). Chiing minh rang
P(P(r)) = Q(Q(r)):P(z) = Q(x).

Bai 8. V6i m,n € N. Chting minh rang

1é

3

d d PR LN

" +a, néeu — va

(2" + a", 2™+ a™) = d

1, trong cac truong hop con lai,
trong d6 d = (m,n).

Bai 9. Ching minh ring véi moi da thitc P(x) € R[z] ma P(z) # z va mot s6 nguyén duong n tuy
¥ ta c6 da thiic Q,(z) = P(P(...P(x)...)) — x chia hét cho da thiic Q,(z) = P(r) — .
—— ——

n—1 lan

Bai 10. Tim tat ca cac da thitc P € R[z] ¢6 bac khong qua 5 dong thdi P(x) + 1 chia hét cho
(x —1)% v& P(x) — 1 chia hét cho (z + 1)°.

Bai 11. Tim tat ca cac cip so6 nguyen duong (m,n) sao cho da thitc 1+ 2™ + 2> + ... + 2™ chia
hét cho da thic 1+ z + 2 + ... + 2™

Bai 12. Cho P(x),Q(z) la hai da thic he sé nguyén thoa man diéu kien
P(2*) + 2Q(2%)ia?* + x + 1.

Goi d = (P(2019),Q(2019)). Chiing minh rang d:2018.
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NGHIEM CUA DA THUC

Bai 1. Cho céc s6 thic a, b trong d6 a # 0. Chitng minh ring tat ci cac nghiém clia phuong trinh
art + b3+ 2 +x+1=0

khong dong thoi 1 nghiem thue.

Bai 2. Cho P(x) = 2"+ a,_12" ' + ... + a1z + ag, trong d6 aj, = £1. Biét P(x) c6 n nghiém, chiing
minh rang n < 3.

Bai 3. Gia st da thitc P(z) = az” — ax™ ' + cp2™ 2 + ... + ¢, 02 — n’bw + b c6 ding n nghiém
duong. Chitng minh ring tat ca cac nghiém nay bang nhau.

Bai 4. Biét tich clia hai trong bén nghiém ciia phuong trinh z* — 182° + ka?* + 2002 — 2016 = 0 la
-32. Tim k .

Bai 5. Cho P(x) € Z[z] théa man cac phuong trinh P(z) = 1, P(z) = 2, P(z) = 3 ¢6 it nhat mot
nghiém nguyén lan luot 1a zq, xa, 3.

a) Chiing minh z1, T2, z3 1a nghiém nguyen duy nhét clia cdc phuong trinh trén.

b) Chiing minh rang phuong trinh P(z) =5 ¢6 t6i da mot nghigm nguyén.

Bai 6. Canada 2001 Cho P(z) € Z[z] 1a tam thic bac hai théa man dong thoi:
(a) C4 hai nghiem déu nguyén duong;
(b) Tong céac hé s 14 mot s6 nguyen to;
(c) Ton tai s6 nguyén k sao cho P(k) = 55.

Chitng minh rang P(z) c¢6 mot nghiém bang 2 va hay tim nghiém con lai.

Bai 7. Gia stt 21,7y 1 hai trong bon nghiem ctia da thitc P(z) = 2* + 2* — 1. Chitng minh ring
7175 13 nghiem ctia da thite Q(v) = 2% + 2 + 2° — 2% — 1.

Bai 8. (Hungary 2001) Cho da thiic P(z) = 2° — 37 +1. Tim da thitc Q(z) c6 nghiém 1 lily thita
bac 5 ctia cac nghiém cua da thitc P(z).

Bai 9. Goi k 1a s6 thuyc sao cho tich cac nghiem thic ciia phuong trinh
ot + 2274 (24 2k) 2% + (1 +2k)a+ 2k = 0

bing —2013. Tinh tong binh phuong tat ca cac nghiem thuc nay.

Bai 10. Tim tat cd cac da thic hé s6 nguyén c6 dang
Py(z) = nlz" + ap_ 12" + .+ aw + (=1)"(n + )n,

sao cho da thiic trén c6 n nghiém thuc zq, xs, ..., x, thoa man k < xp, < k+1,v6imoi k =1,2,....n.

Bai 11. Tim tét c cac cip s6 thuc a, b sao cho cac da thiic
P(z) = 2" + 2a2® 4 4bx + o® va Q(z) = 2* + az + b

c¢6 chung hai nghiém thyc phan biét.

Bai 12. V6i mdi s6 nguyén duong k ching minh rang da thic
Pi(z) = (2* = 1)(2® — 2 + o — 1) + (z + 1)z* !

chia hét cho da thic z° + 1.
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Bai 13. Tim tat ca cac s6 tu nhién n sao cho da thic
Puz)=2""+ (z+1)" +1
chia hét cho da thic T'(z) = 2% + 2 + 1.
Bai 14. Gia st da thic P(z), Q(z), R(z), S(z) € R[z] théa man dang thiic
P(2°) + 2Q(2°) + 2*R(2°) = (z* + 2* + 2* + 2 + 1)S(x).
Chiing minh rang P(z):x — 1.
Bai 15. Tim tat ca cac gia tri clia a dé nghiém z1, 2o, 23 clia da thic 2® — 62° + az + a thdéa man
(1 —3)* 4+ (22 — 3)* + (23 — 3)* = 0.
Bai 16. Nordic 2015 Cho s6 nguyén n > 1 VE)L2 (?a thic P(x) = 2" 4+ a,_12" "+ ... +ao € R[z] c6 n
nghiém thuc (tinh cé nghiém boi). Dt Q(z) = ﬁP(l‘—i—j), biét rang P(2015) = 2015. Chiing minh

=1
rang @ ¢6 it nhat 1970 nghiem phan biét 7, rq, .., 71970 sao cho |r;| < 2015 véi moi j = 1,2, ..., 1970.

Bai 17. Tim tat ca cac so tu nhién n sao cho da thic
P. (@)= 2"+ (@ 1) + 1

chia hét cho da thitc T'(z) = 2* + & + 1.
Bai 18. V6i mdi s6 nguyén duong k chiitng minh rang da thiic

Po(z) =Yg* — D’ =22 L 24 1) 4 (@ + 1)z*

chia hét cho da thic 2° + 1.

Bai 19. Tim tat c cac cip s6 thic a, b sao cho cic da thiic
P(x) =" 4 2a2* + 4bx + a* vi Q(v) =2 + ax + b

¢6 chung hai nghiém thyc phan biét.

Bai 20. Tim tat cd cac da thic he s6 nguyén 6 dang
P(z) =nla" 4+ ap_12" ' + ..+ arz + (=1)"(n + )n,

sao cho da thitc trén c6 n nghiém thuc x1, zs, ..., x, thba man k < xp, < k+1, v6i moi k = 1,2, ..., n.

Bai 21. Goi k 1a s thyc sao cho tich cac nghiém thuyc ctia phuong trinh
ot 4+ 22° + (24 2K)2? + (14 2k)x +2k =0

bing —2013. Tinh tong binh phuong tat ca cac nghiem thuc nay.
Bai 22. Cho da thic f(x) = 32° — 52° 4+ 22 — 6 c6 cac nghiem 1 «, 8,7. Tinh

P () s () ()"

Bai 23. Goiry, 7y, ..., 77 la cac nghiém phan biét ciia da thiic P(z) = 2" —7. Dit K = H (ri+rj).

1<i<ji<T

Tinh K?2.
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OCHUONGO
@ GIOI THIEU CAC BAITOAN DE
NGHI TRONG KI THI JBMO

EOGOEO

Cac ban Nguyén Thuy Tién - V6 Hoang Thanh - Nguyén Thai Hung dich va giéi thiéu.

§1. DAISO

Bai 1. Cho z,y, 2 la cac s6 thyc duong. Chiing minh rang:

x N y i z ></(\/E+\/§+\/5)7
TIr vz INVEAE Ly 227 '
Loi giai.

Dit z = a®, y = b*, 2 = ¢*, v6i a, b, ¢ 1a cac s6 thue duong. BDT da cho tuong duong véi:

a’ b? c? A v (a+b+c)7

i - >
VVihye VVEEVE T [Jay b 227

Ap dung BDT Cauchy-Schwarz cho vé trai ctia BDT trén, ta co:

(@+b+c)?
\/\/_+\/' Ve \/ +\/_ VVbH Vet e+ Va+/va+ Vb

Ap dung BDT Cauchy-Schwarz cho 3 s6 duong a, 3, v, ta co:

Va+V/B+v7 < VBla+B+7). (1)

Suy ra

\/\/5+\/E+\/\/E+\/E+\/\/E+\/5§ \/6(\/E+\/E+fc)
<\/6VBlatbra. (2

Tw (1),(2), ta suy ra:

a? b? c? (a+b+c)? V(a+b+c)

\/f+\f e \/\/_+\/' \/6\/W V227

Vay ta c6 dpcm.
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Cach khac: Vi a;; la cac s6 duong, ta c6 BDT Holder:

(a11 + a1z + a13) (@21 + agz + ag3) (as1 + asz + ass) (g + as + ags)

> (Waria91a31041 + /a12092a32042 + é/a13a23a33a43)4.

Suy ra

(1 14 (Vo4 V0 + (Ve+ va) + (vVa+ V) | ——=
\/\f+\/ %ﬂf VJva +f

> (a+b+c)h. (3)

Ap dung BDT Cauchy-Schwarz, ta co:

(Vb4 ve) + (Ve + va) + (Va+Vb) = 2(Va+ Vb +e) <2¢/3(a+b+c). (4)

Két hop 2 BDT (3), (4), dé dang suy ra dpcm. O
Bai 2. Cho m,n la cac s6 nguyén duong bat ky sao cho m* +n® > (m +n)?, ta co:

m? 02> (m+n)+k
v6i k 13 mot s6 nguyén duong. Tim max cta k.
Loi giai.
V6i m = 3,n = 2 ta thay BDT m® + n® > (m + n)® théa man, do do:

F+22>0B+2+ k= k<10

Ta sé chiing minh & = 10 I gia tri 16n nhat eta k. Nhu vay, ta can ching minh BDT:

m? +n? > (m+n)? +10

BDT trén tuong duong
(m +n)(m?+n* —mn —m~=n) > 10.

e Néu m +n = 2 hodc m + n = 3 thieac cap (m,n)= (1,1),(1,2),(2,1) va cic cip nay khong
théa man diéu kien m® + n® > (m + n)*.

e Néum+n =4thi (m,n) =(1,3),(2,2),(3,1). Cap s6 ( n)=(2,2) khong thoa man diéu kien
m® +n® > (m+n)* Va cac cap (m,n) = (1,3), ( 1) théa diéu kien m* +n* > (m +n)? + 10.

e Néu m +n > 5, ta can chiing minh BDT

m2i4+n>—mn—m-—n>2

hay
(m—n)*+(m—12+(n—1)>>6.
Néu m hodc n 16n hon hodc bing 4 thi (m — 1)*> > 9 hodc (n — 1) > 9 suy ra bai toan
da dugc ching minh. Néu m < 3 va n < 3, v6i diéu kien m +n > 5 ta c6 cac cap so
(m,n) = (2,3),(3,2), (3,13). cac cap s6 déu nay thoa dicu kien m* + n? —mn —m —n > 2.
Vay max ctia k la 10.

Céach khac: Dat A = m® +n® — (m +n)?. Ta nhan thay max ciia k tuong duong véi min ctia A.

A= (m+n)(m*+n’>—mn—m-—n)
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A>0nén (m+n)(m*+n*>—mn—m—n) > 0. Néum = n thi m,n phai l6n hon 2. Khi d6
A=2m (m®—2m) >6(3*-6) =18
Néu m # n. Khong mat tinh tdng quat, gid st m > n. Néun = 1, khi d6 A = (m + 1)m(m —2) > 0,

do d6 m > 2 va
A>3+1)-3-(3—2)=12

Néu n > 2, két hop m > n + 1. Ta c6:
A=(m+n)(mm-—n—-1)+n">—n) > (2n+1) (n* —n) > 5(2° - 2) = 10.
Véi m = 3,n =2 thi dau” = ” x4y ra. Do d6 max cta k 1a 10. O
Bai 3. Cho a,b,c la cac s6 thuc duong. Chitng minh rang:
1 1 1 3

> .
O+ (et 1)  bler Da+D)  calar Db +1) ~ (1+abe)?
Lai giai.
BDT da cho tuong duong
c(a+1)+a(b+1)+b(c+1)> 3
abc(a +1)(b+1)(e+1) — (1+ abc)?

hay
(1 + abc)*(ab + be + ca+a +b+ ¢) = 3abe(ab + be+ ca+ a + b+ ¢+ abe + 1).

Diat m = a+ b+ ¢, n = ab + be + ea, x° = abe, BDT trén duoc viét lai
(m +n) (14—3:3)2 >32° (B +m+n+1),
tuong duong
(m+n) (2%=a’+1)>32° (27 + 1)

Ap dung BDT AM-GM ta c6 m > 3z va n > 3z%, suy ra m 4+ n.> 3x(z 4+ 1). Nhu vay ta can chiing
minh BDT
(z+1) (2 —2’ +1) > 2z 1) (a® — 2+ 1)

& (x6—x3+1)2x2(x2—x+1)
& (2 +1) (2*—1)">0. (BDT ding)

Vay ta c6 dpem.
Cach khac: Dit abe = k>, a = k2. b= k2, ¢ = k2, v6i k, 2,9, 2 > 0. BDT da cho dudc viét lai
xr

Yy 2
2 z? y? 3k?
+ + > .
(ky +2)(kz+z)  (kz+a)(kz+y)  (br+y)(ky+2) — (1+k3)

Ap dung BDT Cauchy-Schwarz, ta co:

2

Z z - (x+y+2)?
(ky+ 2)(kz+x) = (ky + 2)(kz 4+ x) + (kz + z)(kx + y) + (kz + y)(ky + 2)

X7y1Z

Ta can chiing minh BDT

(x+y+2)? S 3k?
(ky +2)(kz+z) + (kz + x)(kx +y) + (kz + y)(ky + 2) — (1 + k3)?
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hay
<(1 + k3)2 — 3k3> (® + 9>+ 2°) > <3k2 (*+k+1)—2(1+ k3)2> (vy +yz + 2x)

Do 2® +y* + 2 > ay + yz + 2z va (1 + k3)2 — 3k® > 0 nén dé ching minh BDT trén, ta chi can
chiing minh
1+ =3k > 312 (I + k+1) —2(1+4%)°

hay
(k=1 (k*+1)(k+1)>>0 (BDT dung)

Hoan tat ching minh. O

Bai 4. Cho k > 1,n > 2018 1a cac s6 nguyén duong, n 1& va cac sé hitu ti khac 0 : z1, 29, -2,
khong bang nhau tat ca théa man diéu kién sau:
k k k k

Ti+t—=To+ —=T3+ —==Tp 1+ —=Tp+ —.
T2 Zs3 Ty T T

a) Viét lai tich zyxy - - - x,, dudi dang ham sé.cta k va n.
b) Tim min clia k sao cho tontai n,z1,zs, . .. , ¥, thod man cac.diéu kién da cho.
Loi giai.
a) Gia st ton tai ¢ sao cho z; = x4 (Wéu i =n thiz,,; = ;). Khi do, tat ci cic s6 z; déu bang
nhau, mau thuan gia thiét. Do d6 z; #

1 — T9 = kfl?i;lﬁ
243
Tuong tu, ta co
Lo — X3 ) T3 — Ty - 1 — X9
Ep— — =T, .
o 2 T3 (Igl‘g) ($3ZE4) (CC2$3) (I3I4) e (ZE1$2>

Vi T1 7é$2 nén

T1T90n. Ty = +VEkn = :i:knT_l\/E.

Khi nhan dugc mot trong hai gia tri nay, duong he#ic am, thi gia tri con lai ciing sé nhan dugc
bang cach thay doi dau ciia tat cd x; vi n 1a s6 1é.
b) Tu két qua trén, vi n 1a s6 1é va z; 1a cac s6 hitu ti nén Vk phai 1a s6 hitu ti. Ta két luan rang
k 13 mot s6 chinh phuong nén k > 4.
V6i k = 4, ta c6 thé chon n = 2019 va 23; = 4,131 = 1,235 o = —2 v6i j = 1,2,...,673.
Vay min cta k la 4.
Nhan xét: C6 nhiéu cach dé xay dung vi du khi & = 4 va n = 2019. Vi 3 | 2019 nén y tudng la tim
ba s6 x1, T2, x5 théa man cac phuong trinh da cho, khong phai tat ca ching déu bang nhau va lap
lai gia tri ctia ching dudi cac s6 x; con lai. Vi vay, ta can tim 1, 29, 23 sao cho

4 4 4
.’L'l—f——:xg—f-—:l'g—f——.
To T3 €
Theo cau a, z;7o23 = £8. Gia st khong mat tinh tong quat rang x,zexs = —8. Sau do, giai hé trén
ta thiy rang néu x; # 2, thi
4 4
Ty = — vars = 2 — —,
T — 2 T
dan dén vo s6 gidi phap. Vi du trong giai phap chinh thiic ¢6 duge bang cach chon z; = —2. O
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Bai 5. Cho a,b,c,d va z,y, z,t 1a cac s6 thuc sao cho

0<a,bc,d<1, xzy,z,t>1lvaa+b+c+d+x+y+z2z+t=28.
Chitng minh ring

A+ APy 2R <28,

Dau” =" xay ra khi nao?
Loi giai.
Ta nhan thay ring néu u < v thi bang cach thay (u,v) béi (u—e,v+¢), v6i € > 0, tong binh phuong
2 56 sé tang len. That vay,

(u—e)?+@w+e)? —u?—v>=2(v—u)+2>>0

Dat
E(a,b,c,d,x,y,z,t) =a®> + 0* + S+ &> + 2> +y* + 22 4 t*
Khong mat tinh téng quat, giasta <b<c<dvax <y <z<t, taco:

E(a,b,c,d,x,y, z,t) 0,0,0,0,a+z,b+y,e+ z,d+1)

E(

E(0,0,0,0,1,b+y,c+z,a+d+x+t—1)
E0,0,0,0,1,1,c+z,a+b+d4+zx+y+t—2)
E(

<
<
<
< E£(0,0,0,0,1,1,1,5) = 28

Vay max cua E la 28 khi (a, b, ¢,d, z,y, 2,t) = (0,0,0,0,1,1,1,5) va cac hoan vi cia a,b, ¢, d va cia
z,Y, 2, t.

Cach khac: Vi0 < a,b,¢;d <1néntacéa®<ab><bc<ed <d Suyra
A2 biiCinely, AN @ + ht Coted=(1)
Mat khac, viy + 2+t > 3 nén x < 5. Do do
(z=1(r—5) <0+ 22 <61~ 5.
Tuong tu, ta co y2 < 6z —b5,2% <6z —5,1t> <6t=75: Suy ra
P+ 2+ <6(r+y+z+t)—20. (2)
T (1) va (2) suy ra

AP+ P+ 2+ <at+btetrd+6(zty+z+t)—20
<6a+b+c+d+rx+y+z+t)—20=28

Vay max cta E 1a 28 khi (a,b,¢,d,z,y,2,t) = (0,0,0,0,1,1,1,5) va cac hoan vi cta a, b, ¢, d va cta
z,y, 2, t. [

Bai 6. Cho a,b, ¢ 1a cic s6 thyc duong sao cho ab + be + ca = 3. Chiing minh rang:

a b c V6

+ + <.
Va3 +5 VB +5 VA +5 2

Lai giai.
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Ap dung BDT AM-GM, ta ¢6
a*+a*+1>3a°=2(a®+5)>3(a®+3)
Stt dung diéu kieén ab + bc + ca = 3 ta c6
2 (a® +5) >3 (a®+ ab+ bc+ ca) = 3(c+a)(a+b),

do do

(1)

a 2a
Va3 +5 = \/3(c—|—a)(a+b)'

Ap dung BDT AM-GM, ta c6

\/3(c+ic)fa+b) < \/?(#) :% (c+a+aib)’ (2)

T (1) va (2) suy ra

a <\/_6(a+a>'

a3+5 6 \eta a+bd

Chitng minh tuong ty véi cac hoan vi vong tron ctia a, b, c. Cong tat ca lai, ta duge

S e sl ) st

a,b,c

Hoan tat chiing minh. 0

Bai 7. Cho A 1a tap hop cac sd nguyén duong c6 cac tinh chat sau:
(i) Néu n la mot phan tit cia A thi n < 2018.
(i) Néu S 1a tap con ctia A v6i |S] = 3 thi ¢6 hai phan tit n, m cta S sao cho [n—m| > v/n+vm.
S6 phan tit t6i da ma A c6 thé co 1a bao nhieu?
Loi giai.
Gia st n > m, ta co:

n—m| = Vn+vme (Vn—vm)(Vn+Vm) > vn+Vm
& V= vm+ 1.

bat Ay = {k* k*+1,...,(k+1)*> — 1} . Ta nhan thay 2 phan t a,b (gid st a > b) bat ky cta Ay

déu cé tinh chéat:
Va—- Vb </ (k+12-1-Vi2< (k+1)—k=1

Do d6, véi k = 1,44 thi |AN Ag| <2 vinéu [AN A > 3 thi ton tai tap con S cta A véi |S| = 3 va
S khong c6 2 phan tit n, m nao thda tinh chat [n —m| > v/n+vm . Vavéi k > 45 thi [AN 4] =0
vi cac phan tif ctia A nhé hon 2019.

Suy ra |A] <2-44 = 88.

Gid st A={m*:1<m <44} U{m?>+m:1<m<44}. Ta nhan thay |A| = 88 va A thoa tinh
chat (i) cta gid thiét. Ta can chimg minh A cling théa méan tinh chat (ii).

Goi r < s < t 1a 3 phan tit bat ki cia A. C6 2 truong hop:

TH1: r = m? Khi d6 t > (m + 1)? viu v/t — /7 > 1, thoa tinh chét (7).
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TH2: r =m* +m. Khidé t > (m+ 1>+ (m + 1) va

VitzVr+leV/m+1)2+m+1) = vVm2+m+1
em?+3m+2>2m’+m+14+2Vm2+m
S2m+1=2Vm2+m
S 4m? +4m+ 1> 4m? +4m.  (BDT ding)

Thoa man tinh chat (ii).
Vay A c6 toi da 88 phan tii. O

§2. TO HOP

Bai 1. Mot tap hop S dudge goi 1a "dac biet" néu né c6 hai tinh chat sau:

(i) S c¢6 ding boén phan ti

(i) V6i moi phan t1t x ctia S, ton tai it nhat mot trong cac s6 x — 1 hodc = + 1 thuoc tap S.
C6 tat ca bao nhiéu tap con "dic biet" cta tap hop {1,2,...,n}.
Lo gidi.
Goi a va b lan lugt 1a phan ti nho nhat va I6n nhéat cia mot tap "dac biet" S tuong tng.
Via—1¢ Snéna+1¢€S. Tuong tu,dob+1¢ Snénb—1€.S. Vivay, moi tap hop "dac biet"
déu c6 dang sau {a,a + 1,b — 1,b} v6i b — a > 3. S6 cac tap con "ddic biet" ma b—a =3 lan — 3.
S6 cac tap con "dic biet" ma b —a = 4 la n — 4. Tuong tu,...v.v.
Theo d6, s6 cac tap con "d#c biet" cta tap {1,2,...,n} la:

(ne3) + (n — )4 5 1ol 1 4073 —2)

Bai 2. Mot tap hop T gom n. cac s6 c6 ba chit 86 ¢6 nam tinh chat sau:

a) Khong c6 s6 nao chita chit s6 0.

b) Tong cac chit s6 clia mdi s6 13.9.

¢) Cac chit s6 hang don vi ctia hai s6-bat ky déu khac nhau.

d) Cac chit s6 hang chuc ctia hai s6 bat ky déu khac nhau.

e) Cac chit s6 hang tram ctia hai s6 bat ky déu khac nhau.
Tim gia tri l6n nhat cé thé c6 cia n.
Loi giai.
Goi S 1a tap hop cac s6 ¢6 ba chit s6 c6 tong cac chit s6 bang 9 va khong cé chit s6 nao bang 0.Phan
tit ctia S ¢6 dang abc v6i a +b+c=9va 0 < a,b,¢ < 9. Theo bai toan chia keo Euler thi sé céc sb
abc théa man la C3—} = 28. Do d6 |S| = 28.
Theo céc diéu kién c,d,e. Ta nhan thay néu sb abc € T thi cac sd khac abe ma c6 dang ¥ % ¢ hoiic b
hodc @ * sé khong thuoc 7. Ma c6 a + b — 2 s6 c6 dang ¥ * ¢ khac abe, 6 a+ ¢ —2 s ¢o dang *bk
khéc abe, ¢6 b+ ¢ — 2 s6 ¢6 dang @ * * khac abe. Do d6, ¢

(a+b—=2)+(b+c—2)+(c+a—2)=2(a+b+c)—6=2-9—6=12

s6 khac nhau khong thé thuoc T néu abe € T. Nhu vay, T' ¢6 n phan tii thi sé khong thé chita 12n
phan tit khac. Va 12n phan t nay, mdi phan tit da bi lap lai 3 lan va chtung déu thuoc tap hop S.
Suy ra

12n 28
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Vi n 1a s6 nguyén nén n < 5. Véi n = 5, ta c¢6 vi du
T = {135,252, 324, 441, 513}

Vay max ctia n la 5. O

Bai 3. Cho bang 8 x 8 c¢6 cac 6 vuong nhé mau trang. Alice va Bob choi mot tro choi. Dau tién
Alice t6 n 6 vuong ctia bang bang mau doé. Sau do6, Bob chon 4 hang va 4 cot tit bing va son tat ca
cac 0 trong d6 bang mau den. Alice sé thang néu con lai it nhat mot 6 mau doé. Tim gid tri nho nhat
ctia n sao cho Alice c¢6 thé thing tro choi bat ké Bob choi nhu thé nao. Va mdi ban chi c6 duy nhat
1 luot choi.

Loi giai.

Ta sé chiing minh rang gia tri nhé nhat cta n la n = 13.

Néu n < 12, Bob sé thang bang cach to den 4 hang c¢6 s6 6 mau do cao nhat. That vay, néu sau khi
Bob to con lai it nhat 5 6 mau dd, thi mot trong cdc hang khong bi boi den chia it nhat 2 6 mau
do6. Do d6, méi hang duge boi den phai chita t6i thiéu 2 6 mau do, suy ra sb6 cac 6 mau doé da duge
Bob boi den phéi 16n hon hodc bang 8. Nhu vay c6 nhiéu nhat 14 4 6 dé chua bi boi den, mau thuan.
Do d6, sau khi Bob da to den 4 hang c6 s6 6 dd cao nhat thi con lai t6i da 1a 4 6 mau d6. Va Bob
c6 thé dé dang boi den chiing bang cach t6 den 4-¢cot chita chiing trong doé.

V6i n = 13. Alice sé thang tro choi néu co bé t6 mau cac 6 sau(mdi 6 duge tham chiéu theo cap
(hang, cot))

(1,1),(1,2),(2,1);(2,3),(3,2),(3,4),(4,3), (4,5), (5,4), (5,5),(6,6), (7,7), (8,8)

Gia stt Bob c6 thé son tat ca cac 6 mau dé thanh mau den. Khi d6 cac o (6,6), (7,7), (8,8) duge son
mau den bdi ba dong khéc nhau (hang ho#c cot) khong chita cac 6 mau dé khac, vi vay 10 6 mau do
con lai phai dugce t6 den béi 5 dong con lai. Vi khong c6 dong ndo chita nhiéu hon 2 6 mau dé nén
mdi 6 mau d6 phai duge chita ding trong 1 dong trong 5 dong nay  (1). Gia st réng (1,1) duge
son mau den bdi mot hang, tic 1 hang 1 duge son mau den. Goi k 1a s6 nguyén duong nhé nhat sao
cho hang k khong duge son mau den, trong d6 2 < k < 5. Khi do6, 6 (k,k — 1) sé dugc t6 mau den
béi cot k — 1. Tuy nhién, trong cot nay c¢6 mot 6 mau dé khac (k, k— 1) la (j,k — 1) véi j < k. Ma
o (j, k — 1) da dugc t6 den bdi hang j trude do, dieu nay mau thuin véi (1). Lap luan tuong ty néu
(1,1) dugc son mau den bdéi mot cot.

Vay min ctia n la 13.

Nhan xét: Day 1a cach 1y luan khac dé két luan ring néu Alice t6 mau nhu trén thi co ay sé thing.
Goi A la hinh vuéng 5 x 5 duge xac dinh béi cac géc (1,1) va (5,5).

Trudng hgp 1: Néu Bob chon 3 hang dé son den cac 6 (6,6), (7,7) va (8,8) thi anh ta phai sit dung
1 hang va 4 cot dé son den cho 10 6 vuong dé con lai trong A. Sau dé, bat ké 4 cot nao Bob chon, 1
cot con lai trong A chita hai 6 vuong do va khong thé t6 den ca 2 khi chi son den 1 hang. Lap luan
tuong tir néu Bob chon 3 cot.
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Trudng hgp 2: Néu Bob chon 2 hang va 1 c¢ot dé son den cac 6 (6,6), (7,7) va (8,8), thi anh ta phai
stt dung 3 c¢ot va 2 hang dé son den 10 6 vuong dé con lai trong A. Sau d6, bat ké Bob chon 3 cot
ndo, 2 cot con lai trong A chita 4 6 vuéng dé ¢ it nhat 3 hang khac nhau va khong thé nao son den
tat ca chung néu chi t6 den 2 hang. Lap luan tuong tuy néu Bob chon 1 hang va 2 cot. O

§3. HINH HOC

Bai 1. Goi H 1 tryc tam ctia tam giac nhon ABC véi BC > AC noi tiép duong tron I'. Duong
tron tam C ban kinh OB cat I' tai D thudc cung AB khong chiia C. Duong tron tam C' ban kinh
CA cat CD tai K. Dudng thing song song véi BD qua K, cit AB tai L. Goi M la trung diém ctia
AB va N la chan duong cao tit H t6i CL, chiing minh réng M N chia doi CH.

Loi giai.
Goi P la trung diém ctia CH va O la tam ctia . Vi

a=/BAC =/BDC = /DKL
néen ACKL noi tiép. Tt CB = CD, ta ¢6 £ZBCD = 180° — 2«, do d6
LACK =+ 2a — 180°,

voi v = LACB. Tt CK = CA ta c6

JALC = JAKC =180° — o — %

va do do

JACL =180° — a — LALC = %

nghia 14 C'L 1a phan giac cia ZACB, dan dén Z/ACL = /BCL. Hon nita, CH 1. AB va ABOC
can tai O ¢6 ZBOC = 2a, ta dugec LZACH = ZBCO = 90° — «.

Khi d6 /ZNCH = Z0CL, do d6 /ZNPH =2/NCH = ZOCH. (1)
Mat khéc, dé thay 2CP = CH = 20M va CP || OM, do d6 CPMO la hinh binh hanh va

/MPH =/0CH. (2

T (1) va (2) suy ra

/LMPH = /ZNPH,

nghia 14 M, N, P thang hang. Hoan tat chiing minh.
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O

Bai 2. Cho tam giac ABC vuong tai A, duong cao AD. Qua D ké duong thing song song véi
AB, AC lan lugt cat AC, AB tai Z, B. Duong thang qua C' song song v6i £Z cit dudng thang AB
tai N. Goi A’ 1a diém déi xing cia A qua duong thang EZ va I, K lan luct 1a hinh chiéu vuong
goc ciia A’ len AB, AC. Goi T' la giao diém ctlia cac duong thang /K va DE. Chting minh ring
/NA'T = ZADT.

Lai giai.

Goi L, M, F lan lugt la giao diem ciia duong thang AA’ v& cdc duong thing EZ, BC,CN. IK la
dudng chéo clia hinh chit nhat K A'TA nén di qua trung diem L cta AA'. AZAL ~ ANALE =
LZAL =/AEZ. NABC «~ ADAB = Z/ACB = ZBAD. Ta cung ¢6 ZAEZ = Z/BAD nén

LAZAL = LZCAM = LZACB = LACM.

Vi AF L CN nén AAFC = ACDA,;bdi'dé nén cac duong cao lan lugt tir dinh F, D clia cac tam
giac AFC,CDA bang nhau, hay FD || AC. Va-DE-|| AC nén E, F, D thang hang.
Trong tam giac LFT, A'T || FT va /LAl = Z/LIA', nén /LFT = /LTF. Vi vay F, A", I, T dong
vien. Ma LA'IN = ZA'FN = 90° nén ti giac IA'FN noi tiép. Vay nén F, A', I, T, N dong vién. Ta
co

/NAT =/TFN = /ACF = /FEZ = /ADT.

c
[

K
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U

Bai 3. Cho tam giac nhon ABC, A’, B',C" lan lugt ddi xing v6i A, B,C qua BC,CA, AB. Giao
diém ctia duong tron ngoai tiép céc tam gidc ABB’ vi ACC’ cit nhau tai A;. Cac diém B; va C;
dinh nghia tuong ty. Ching minh rang AA,, BB;, CC; dong quy.

Loi giai.

Cach 1:

Cach 2:

Goi 01,05 va O lan luct 1a tam ciia dudng tron ngoai tiép cac tam gidc ABB', ACC' va ABC.
Vi AB la duong trung truc ctia CC’ nén O, thuoc AB; hon nita, AC 1a day cung chung cia
(O2) va (O) nén OO, L AC.

Tuong tu, Oy thuoec AC va OO, 1L AB.

Do do6 O la tryc tam cia AAO10,. Suy ra AO L 010,.

Mit khac, AA; 1a day cung chung ciia 2 dudng tron, dan dén AA; L O;0,. Vi thé AA, di qua
O. Tuong tu, BB, CC; cing di qua O. Hoan tat ching minh.

Ta ¢c6 /BAB' = ZCAC' =2/BAC. Tt hai dudng tron (ABB") va (ACC") ta c¢6
LAA B =90°— ZBAC = LZAA{C'.

Déan dén

LAIAC = LA C'C = ZBC'C =90° — ZABC. (1)
Mat khac, goi O 13 tam dudng tron ngoai tiép tam gidc ABC' thi
ZOAC =90° — LABC. (2)

Tit (1) va (2) suy ra A, A, O thang hang. Tuong tu, BB, va CC) ciing di qua O, hoan tat
ching minh.
O

Bai 4. Cho tam giac ABC véi do dai céc canh 1a a,b,c noi tiép duong tron ban kinh R. Goi I
la tam duong tron noi tiép cia tam giac ABC. Dat Py, Py, Py lan lugt 1a dién tich cac tam giac
ABI,BCI,CAI. Chiing minh rang

R* R' R!

SR > 16.
Pt

P_32_

Lai gidi.
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Goi 7 1a ban kinh duong tron noi tiép ciia tam giac ABC. Ta c6

re ra rb
P=—  P=— P=—.
1 27 2 27 3 2
Suy ra

et ot o=t 5t
P P} P? o2\ a? B?

Phuong tich trong tam cho ta OH? = 90G? = 9R* — a®> — b* — ¢%. Suy ra

1 1 1 4(1 1 1)

OR? > a® +b* + .
St dung bat dang thic AM-HM, ta dugc

1+1+1> 9 >1
2 a2 2T a?+b2+c2 T R?Y

Cudi cting, stt dung bat dang thitic R > 27, ta c6
1 P 1 n 1 S 4 5 16
Pr P} P2~ r?R? — RY

Nhan xét: Ta c6 thé tranh sit dung phuong tich trong nhu sau:
Tu loi giai trén ta c6
1 1 1 4 ( 1 1 1 )

Diat a +b+c= 71, E = (ABC) va sit dung bat dang thiic o + y* + 2> > xy + yz + 2z, ta dugc

1. N 7
2 a2 b2~ ab be  ca abe 2RE 2Ry’

Cubi cling, stt dung bat dang thitc R > 2r, ta cé
1 . 1 . 1 s 2 S 16
P:, P} P}~ r3RT_RY
]

Bai 5. Cho hinh chit nhat ABCD théa AB = b > 2a = BC, E la trung diém ctia AD. Trén duong
thang song song véi AB qua E, lay diém G sao cho

1(a®
Sacr = 5 (?—i—ab) .

Diém H 1a chan duong cao tit F dén GD va I 1a diém thudc doan AC sao cho tam giac ACE v
AEI dong dang. Cac dudng thang BH va IE cit nhau tai K va cac dusng CA va EH céat nhau tai
J. Chting minh rang K.J 1 AB.

Loi giai.

Goi L 1a chan duong cao tit G dén EC va Q la giao diém ctia EG va BC. Khi d6

1 1
SGCE: §ECGL: 5\/a2+b2 GL
Do d6 GL = %\/@2 T

o GL
D& thiy AQCE «~ ALGE, ta dugc % = sy ra BL = Va? £ 8 hay L= C,
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Goi w 1a dudng tron ngoai tiép tam giac EBC, ta c6
/EBG = /ZFCG = /ZFEHG = 90°,

do d6 H va G thuodc w.
Do ANACE «~ ANAFI, ta c6

LAIE = ZAEC =90° + LGEC =90° + LGHC = ZEHC,

do d6 IEHC noi tiép hay I thuoc w.
Tu EB = EC tac6 ZEIC = ZEHB nén ZJIE = ZEHK. Khi d6 JIHK noi tiép, suy ra

/ZJKH =/HIC = ZHBC.

Dan dén KJ | BC = KJ 1 AB. Hoan tat chiing minh.

O

Cho XY la day cung khac dudng kinh ctia duong tron 2 c6 tam 14 O. Trén doan thang XY lay hai
diém P, Q phan biét sao cho @ nam giita P va X. Duong thing [ qua P vuong géc véi duong kinh
qua @ cat duong tron € tai M (M P bé hon ban kinh). Chiing minh rang

MP-XY >2-QX - PY.
Bai 6. Loi giai.
Dau tién ta cho P, tring nhau va chiing minh bat ding thiic trong trusng hgp nay. Duong thing
vuong goc véi OQ tai Q cat Q tai B,C. Khi d6 QB = QC. Ta chiing minh
BQ - XY >2QX - QY. (7.1)
Ta c6 QX - QY = QB - QC = QB? nén ta chi can ching minh XY > 2BQ, hay XY > BC la

duge. Goi T la trung diém ctia XY, xét trong tam giac vuong OTQ thi OT < OQ, cho nén kéo theo
XY > BC. Vay (1) ding.
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Trd lai van dé ban dau, ta can chitng minh

XY PY
MP-XY >20X - PY — >
= T 20X < PM
Tu (1) ta co
XV QY
20X ~ QB!
cho nén ta chi can chitng minh
QY _ Py
OB~ PM'

Néu CB cat Y M tai S thi tit MP || QS ta c6

QY>QY_PY
QB ™ QS EVP M

Hoan tat chting minh.
Nhan xét: Dudi day 1a mot 10i gidi dé xuat st dung hinh hoc gidi tich.
Ta sé ching minh (QM — QP) - XY > 2-QX - PY. Goi A la giao diém ctia [ va duong thang
OQ. Chon heé truc toa do Decartes c6 goc toa do 1a O sao cho Q(a,0), A(c,0), P(c,h) va dat QX =
x,PQ=t,PY =y, OP =d,QM = z.
Dat \g = rP—a?vadp =12 —d? Tasé chiing minh
(z—t)(t+z+y) >2zy (7.2)

Lan lugt cong va nhan vé theo vé hai he thic x(t +y) = A\g va y(t + z) = Ap, ta dugdc

tx+y)+2zy =Ap+ Ao (7.3)
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Tt hai phuong trinh trén dé dang thu duge

(zy)® — 2y(® £ Ap+Ag) + ApAg =0 (7.5)
Nén w; = zy 1a mot nghiém cta tam thic bac hai

p(w) = w? = wt+ Ap + Ag) + ApAg
Maw; =zy <z(t+y) = Ao va

p(Ag) = (r? —a®)? = (r = a®) (B + Xp + Ag) + ArAg
= (r* —a®)? - (1 )(t2+r RSN T e — ) (F — o)
= (P =d*)? = (1P =a ) — (P =) (r* —a®) = (17 — a®)* + (r? = &*)(r* — a?)
= —t*(r? — a*).= —t2)\Q -y

@

Suy ra A\g € (wy,ws) v6i wy, wo la hai nghiem cia p(w), wi < ws.
St dung (3) va (4), bat dang thiic (2) viét lai

(ay)? < ('z—:))\p)\Q (7.6)

Bat dang thiic (6) dudc chiing minh néu ta ching minh dugc

p( z_t)\P)\Q) 0, (7.7)

- t Z 2 Z Z 2
Vi tif trén suy ra 4/ - n t)\P)\Q € [wy, ws]. Bién doi dai so, bat dang thic (7) tuong duong
z
42°ApAg < (22 =) (2 + Ap + A\g)? (7.8)
Vi 22 —t* = r* — d* = \p nén (8) tuong duong
422/\Q (t2 + /\p + )\Q) (79)

Ma t? = (a —c)* + h* = &> + d* — 2ac,2”> = t* + 1* — d* = a® — 2ac + r* va ta bién ddi dugc
2+ Ap + Ag = 2(r? — ac). Do d6 (9) tuong duong

(a® — 2ac +1r*)(r* — a*) < (r* — ac)?

Bat dang thitc cudi ding do tuong duong véi a*(a — ¢)* > 0. Hoan tat ching minh. O
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§4. SO HOC
Bai 1. Tim tat ca cac cdp s6 nguyeén (z,y) théa man phuong trinh:
z° — 9y = 162y
Lo gidi.
Néu mot trong 2 s6 @,y bang 0 thi s6 con lai cling phai bang 0 va (z,y) = (0,0) 1a mot nghiem. Néu
xy # 0, dat d = ged(z,y) va ta 6 x = da,y = db v6i a,b € Z va (a,b) = 1. Phuong trinh da cho

duge bién déi thanh
d*a® — d*b° = 16ab (1)

Theo phuong trinh trén, ta két luan a | d®b° do d6 a | d® vi (a,b) = 1. Tuong tu b | d® suy ra ab | d*,
vi vay ta c6 thé viét d® = abr v6i r € Z. Khi d6, phuong trinh (1) trd thanh

abra® — abrb® = 16ab
<:>7’(a5—b5) =16
Do dé a® — b° phai la uéc 16. Diéu nay nghia la
a® — b° =+£1,42, 4,48 +16.
Néu ‘a5—b5} =1thia==1vab=0 hodca =0 vab==£l suyra xy = 0, mau thuan.

Néu {a5 — 65‘ =2, thia=1vab=—1hoac a = —1 va b= 1. Trudng hop nay ta dé dang tinh dugc
(z,y) = (—2,2).
Néu ‘a‘r’ — b5} > 2. Khong mat tinh téng quat, gid st a>b. Dat a =2 + 1. V6i  # —1,0 ta cé:

@ =] = |(z+1)° =b°|
> ’(a:—l— 1)° —565‘
= 162" +102* 4 102> +5z + 1| > 31

V6iz=—-1=a=0= zy =0, mau thuan.

Véiz=0=>a=1=1-0 =44 48 £16 =1V = -3,-7,-15,5,9,17=b ¢ Z

Suy ra truong hgp nay khong xay ra.

Vay phuong trinh ¢6 2 nghiém théa man 1a (0;0) va (—2;2). O

Bai 2. Tim tat ca cac cip s6 nguyén duong (m,n) théoa man phuong trinh:
125 - 2" — 3™ =271
Loi giai.
Xét phuong trinh theo mod5, ta nhan duge
3" =-1 (modb),
diéu nay chi xdy ra khi m = 4k + 2 véi k € Z. Tiép tuc xét phuong trinh theo mod7, ta c6

125 - 2" — 3™ = 5(mod5) = —2" — 3%+2 = 5(mod5) = 2" + 2" =2 (mod7)
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Vi 2° = 1,2,4(mod7) tuong tng véi s = 0,1,2(mod3). Do d6 chi x&y ra 1 truong hgp la 2" =
2%+ = 1(mod7), suy ra 3 | n va 3 | 2k + 1. Vi vay ta c6 thé viét n = 32 va m = 3y. Phuong trinh

da cho ¢6 dang
5%.2% 3% =271, (2)

hoac
(52" —3Y)(25-2% +5-2" .3V + 3%) =271
Do d6 25-2% +5.27.3Y 4 3% < 271 suy ra 25 - 22 < 271 hodc = < 2. Ta két luan x = 1 va thay

vao (2) ta nhan duge y = 2. Vay nghiém duy nhat ciia phuong trinh 1a (m, n) = (6, 3).
Cach khac: Xét phuong trinh theo modb, ta nhan dugce

3" =—-1 (modb),

diéu nay chi xay ra khi m = 4k + 2 v6i k € Z. V6i n > 4, xét phuong trinh theo mod16, ta nhan
ducc

—3%+t2 = _1  (mod16)

=9.81"=1 (mod16),

diéu nay 1a khong thé vi 81 = 1 mod-16. Do d6,n < 3. Ta ¢6-thé dé dang kiém tra ring véi n = 1
va n = 2 khong thé cho ra m théa man va véi n = 3 thi m = 6. Vay nghiém duy nhat ctia phuong
trinh 1a (m,n) = (6, 3). O

Bai 3. Tim tét ca céac s6 c6 4 chit s6 abed = 10%a + 10%b + 10c + d, véi a # 0 sao cho

abcd = aa+b+c+d ice a—a-i—b—c—i—d I

Loi giai.
Roranga #1va —a+b—-—ec+d>0.Suyrab+d>c+a>a. Taco

10000 > abed = qtbtetd o g=atb=ctd |,

> aa+b+c+d o aa+b+c+d—2

— aa+b+c+d—2 (CL2 . 1)
% a2 (a2 ! 1) ‘
Vé6i a > 4, ta co
a*? (a® — 1) =4°-15 > 4° - 10 = 10240 > 10000,

mau thuan. Do d6 a = 2 hoac a = 3
TH1: a = 3.
Néua+b+c+d<T7thi

abed = a*toretd — (gmatbmerd ) < qotbretd (1 —q) <37 — (1 - 9) < 3000,

mau thuin.
Néua+b+c+d> 8 thi

gotbtetd _ goatb-ctd 4 3 o gatbietd=2 g 5 799 .8 - 4000,

mau thudn. Vay truong hop nay khong thé xay ra.
TH2: a=2. Vi 2'°=1024 <2000 nén a +b+c+d>11. Neua+b+c+d > 12 thi

abed > 200+etd=2 .3 — 1024 - 3 > 3000,
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mau thuan. Do d6, a + b+ ¢+ d = 11. Suy ra abed < 2'' + 2 = 2050 nén b = 0.
2050 — 29772 > 2000 <= 297¢72 < 50,
dodod—c—2<5.Vid+c=9nénd—c—21é suyrad—c—2e¢€ {1,3,5}. Suy ra
abed = 2050 — 27772 € {2048, 2042, 2018}

S6 duy nhat théa man a + b+ ¢+ d = 11 1a 2018.
Vay 2018 1a nghiém duy nhét. O

Bai 4. Chiing minh ring ton tai vo han s6 nguyén duong n sao cho

4" 42"+ 1
n>+n+1
14 mot s6 nguyen.
Loi giai.
Dat f(n) = n? 4+ n+ 1. Ta co:

f( :n4+n2+1:(n2+n+1)(n2—n+1).

n?)

Diéu nay c6 nghia la f(n) | f(n®) v6i moi s6 nguyén duong n. Bang cach quy nap trén k, ta c6 thé
dé dang thay rang f(n) | f (an) vGi moi 6 nguyen duong n va k.

Theo gia thiét ta can chitng minh rang ton tai vo hann € Z* dé f(n) | f (2"). Tit théo luan trén, néu
ton tai mot s6 nguyen duong n dé 2* ¢6 thé duge viét dudi dang n®', véi k € Z*, thi f(n) | f(2").
Ta chon n = 22" va k=2" —mvéim € Z*, thi 2" = n2" v vi ¢6 vo han s6 nguyen dudng c6 dang
n=2"" v6i m € Z" neén ta c6 vo han s6 nguyen duong n théa yeu cau bai.

Hoan tat ching minh. O
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OCHUONGO
@ GICI THIEU DE THI VA DAP AN
PE TUYEN SINH VAO PTNK

$OGOSO

§1. DE THI NAM 2021

Bai 1. Cho hé phuong trinh: { Vi=2+/y—1=2
r+y=m

(a) Giai he vé6im =7
(b) Tim m sao cho hé c6 nghiém (x,y)

1 1 1 1 1 1 b
Bai2. ChoM =>-+-+> N= o’ + K= 4 L ¢
a b ¢ b+g 02+a2 a+b b+c c+a a+bd
. b
(a) Chtng minh néu MKz%thiN:O

abe
(b) Cho M = K =4, N =1. Tinh tich abe.
Bai 3. Cho day n s6 thuc x5 29; ... 5@, (n>5) théa: zy < 19 < ... <@, vaz + 2o+ ...0, =1

(a) Ching minh néu z,, > = thi 3 + 72 < z,

(b) Chitng minh néu z,, < = thi tim duge s6 nguyén duong k < n sao cho

O DWW | o

=

Lol =

Bai 4. (a) Tim tat ca cac s6 tu nhién n sao cho (2n + 1)* + 1 chia hét cho 22°*

. ) ) ) 2n + 2 4n® +2n+1 )
(b) Tim tat cd s6 tu nhién.n v s6 nguyén to p sao cho va la céc so

p p
nguyén. Chitng minh v6i n vap tim dude, cacsé nguyen trén khong thé dong thai la sb
chinh phuong.
Bai 5. Cho tam giac ABC vuong tai A. Cac diém E, F lan luot thay doi trén cac canh AB, AC sao
cho EF || BC. Goi D la giao diém ctia BF va CE, H 1a hinh chiéu ctia D len EF. Duong tron
(I) duong kinh EF cat BF, CE tai M, N. (M khac F, N khac F)
(a) Chitng minh AD va duong tron ngoai ticp AHMN cung di qua tam [ ctia duong tron
tam [.
(b) Goi K, L lan lugt 1a hinh chiéu vuong goc ctia E, F len BC va P, Q tuong ting 1a giao

. . BP-BL
diem cua EM, FN v6i BC. Ching minh t& giac AEPL, AFQK ndi tiep va

CQ-CK
khong ddi khi E, F thay déi.
(¢) Chiing minh néu EL va FK cat nhau trén dudng tron (1) thi EM va FN cit nhau trén
duong thang BC.
Bai 6. Cho N tap hop (N > 6), méi tap hop gom 5 chit cai khac nhau duge 1ay tir 26 chit cai a, b, c,
e LY, 2
(a) Biét rang trong N tap hgp da cho, hai tap hop bat ky ¢6 chung ding 1 chit céi, va khong
c6 chit cai nao c6 mat trong tat cd N tap hop nay.
Chiing minh khong c¢6 chit cai nao ¢6 mat trong 6 tap hgp tt N tap da cho.
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(b) Biét rang trong N tap hop da cho, hai tap hgp bat ky c6 chung ding 2 chit cai, va khong
6 hai chit cai ndo cling xuat hién trong N tap hop nay.
Hoi trong s6 N tap hop da cho, c¢6 nhiéu nhat bao nhiéu tap hop c6 chung ding 2 chit cai?

§2. DE THI NAM 2022

Bai 1. Cho hai phuong trinh: 22 — 2az +3a =0 (1)vaa® —4r+a=0 (2)
(a) Chting minh {t nhat mot trong hai phuong trinh trén c6 nghiem.
(b) Gia sit hai phuong trinh déu c6 hai nghiém phan bigt. 77, T, 14 tong binh phuong cac
nghiém cua (1) va (2). Ching minh 77 + 575 > 68
Bai 2. Cho céc s6 duong a > b > ¢ théa a® + b* + ¢ = 1. Ching minh:

VA+ (b+c)? <2a+b+c < VA+4a?

Bai 3. Cho phuong trinh: 2° + 5 = k% (z;y; k € N¥)
(a) Chiing minh phuong trinh trén vo nghiem khiy 14 s6 chén.
(b) Tim k dé phuong trinh c6 nghiem.
Bai 4. Cho tam giac ABC ¢6 truc tam H, D doi xing véi H qua A. I 1a trung diém ctia CD, dudng
tron (/) duong kinh C'D.cat AB tai E, F (£ thuoc tia AB)
(a) Ching minh ZECD = /FCH va AE = AF.
(b) Chitng minh H la true tam cua ACEF.
(c) BH cat AC tai K. Chiing minh EFK H noi tiép va FF 1a tiép tuyén chung ctia (CKE)
va (CKF).
(d) Chiing minh tiép tuyén tai C cta (I) va tiép tuyén tai K ctia (K EF) cit nhau trén duong
thing AB.
Bai 5. Cho day s6 nguyén ay > as > az > ... > Go1 > (99 théa man:
i) |a;] <11 vaa; 0 Ve=1;2;;22
11) &1+CL2—|—(1,3+...+CL22:1
(a) Chtng minh: ay; a9 >0
(b) Chitng minh c6 thé chon k& > 1 86 tit ag;as;...;asn détong S cla ching thdéa —10 <
ay + S S 0.
(c) Chiing minh tit day da cho ¢6.thé chon m > 1 s6-¢6 tong bang 0.
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¢ CHUGONG
QUA TRINH PHAT TRIEN KHOI
CHUYEN TOAN PTNK

$OGOSO

§1. SUHINH THANH KHOT
CHUYEN TOAN PTNK

@ LICH SU THANH LAP TRUONG

Hoan canh ra doi

Sau khoang thoi gian tim hiéu céng tac dao tao hoc sinh ning khiéu Toan - Tin tai nhing truong
dai hoc phia Bic, cu thé la cac mo6 hinh ¢ée khéi Chuyen Toan-Tin Dai hoc Khoa hoc tu nhien Ha
Noi va Khoéi Chuyen Toan Dai hoc Su pham Ha Noi; khoa Toan Truong Dai hoc Tong Hop da lap
to trinh xin duge md khéi chuyén nham phat hién va boi dudng hoe sinh niang khiéu vé Toan hoc,
Tin hoc va tao nguon dao tao tot cho khoa. Ngay 14/07/1993, Thit truéng Bo Gido duc va Dao tao
Tran Chi Déo ky quyét dinh thanh lap "Hé phd thong trung hoc chuyen Toan — Tin, Truong Dai
hoc Tong hop TP. H6 Chi Minh".

Hon 2 nam hoat dong, don vi da gat hai dugce nhiéu thanh tich t6t dep trong cac ky thi nam 1995,
1996; mo hinh gidng day hoc sinh ning khiéu ngay trong long truong Dai hoc da ching té dugc
tinh wu viét ctia minh. Do d6, Ban dao tao DHQG TP. Ho Chi Minh da lap dit an thanh lap truong
PTTH chuyén thuoc Dai hoc. Va ngay 4/7/1996 Bo trudéng Tran Hong Quan da ky quyét dinh s6
2693/GD-DT thanh lap truong Phd Thong Nang Khiéu.

Lich st thanh lap

Ngay 8/8/1996, GS. Tran Chi Do, Giam D¢ Dai hoc Qubc gia Thanh phd H6 Chi Minh (DHQG
- TP. H6 Chi Minh) ky quyét dinh s6 92/DHQG — TCCB vé viéc bo nhiem Ban Gidm higu Truong
Phé Thong Nang Khiéu bao gom:
e GS.TS Nguyén Van Dén, Hicu Trudng truong DH KHTN, kiem Hicu Trudng trusng Phd Thong
Ning Khiéu.
e PGS.TS Hoang Van Kiém, Trudng khoa Cong nghé thong tin, Truong DH KHTN, kiem Pho
Hieu truéng Truong Pho Thong Nang Khiéu.
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e GVC. Diang Thi Hudng, Trudng khoa Ngit Van Anh Truong Dai hoc Khoa Hoc X4a hoi va Nhan
van (DH KHXHNV), kiém Phé Hi¢u trudng Truong Pho Thong Nang Khiéu.
Ngay 8/8/1996, Pho giam doc DHQG, GS. Nguyén Van Hanh ky quyét dinh s6 90/DHQG — TCC,
quyét dinh truong Pho thong Nang khiéu c¢é co s6 chinh dat tai truong Pai hoc Khoa hoc tir nhién
(s6 227 Nguyén Van Ciut, Q5, TP. Ho Chi Minh) cho dén khi ¢6 du diéu kién hinh thanh mot co s6
doc lap.

Ngay 6/12/1996, Pho giam doc DHQG TP. HCM, GS. Nguyén Van Hanh ky quyét dinh s6 206/DHQG /KHTC
vé viec giao cd s6 135B (nay la 153 Nguyén Chi Thanh, Phuong 9, Quan 5, TP.HCM) do truong
DHKHTN tam thoi quan 1y cho trusng Phé Thong Nang Khiéu ké tit ngay 1/1/1997. Day cing la

co s6 clia trusng Pho Thong Nang Khiéu cho dén nay. Hién nay, truong ciing da bat dau mé mot

co 6 nita tai Linh Trung, Thi Ditc, va tang chi tiéu tuyén sinh dé c6 thé chon loc thém nhiéu nhan

tai. Hien tai, thay Tran Nam Diing dang & phé hiéu truéng nha truong.

To6 Toan 1a t6 chuyeén mon c¢6 lich sit lau doi nhét trong cac t6 chuyén mon ctia Trusng Pho Thong
Ning Khiéu. Diéu nay ciing dé hiéu vi Truong Phd Thong Nang Khiéu duge hinh thanh dua trén co
sé cac 16p chuyén Toan — Tin ctia truong DHTH TP. Ho Chi Minh, nay 1a DHKHTN TP. Ho Chi
Minh.

Nhitng thanh vien dau tién ctia to Toan 1a co Tran Thi Lé, cac thay Hoang Lé Minh, Lé Ba Khanh
Trinh, Buii Xuan HAi, Thai Minh Duong, Nguyén Hoi Nghia, Lé Van Hop, Tran Ngoc Hoi. Thoi gian
dau, nhiem vu ctia t6 Toan 1a day phan Toan c¢o ban cho céac 16p chuyen Toan va chuyen Tin hoc,
ciing nhu xay dung chuong trinh dé day cho doi tuyén Toan. Ve mit khéi lugng cong viee cu thé thi
khong nhiéu vi dau tien chi ¢6 1 16p chuyén Toan — Tin, sau d6 1a 3 16p roi 5 16p, tuy nhién, vi chua
¢6 kinh nghiém vé chuong trinh day chuyén (lte nay Bo chua ban hanh noi dung chuong trinh cho
cac 16p chuyén) nén cac thanh vién clia t6 da phai vita lam, vita may mo hoc hoi kinh nghiem, dan
dan len duge chuong trinh khung cho cap do doi tuyen. Thay Nguyén Thanh Himg la tru cot cla
doi tuyén chuyéen Tin ctia PTNK tit nhitng ngay dau thanh lap cho dén gio.

Tt nam hoc 1996-1997, nhiem vu-clia t6- Toan tré ning né hon vi khéi chuyen Toan nay da trd
thanh truong Pho thong Nang Khiéu vé6i cde 16p Toan — Tin — Ly~ Hoa — Sinh — Anh — Van. Dé
dam bao cho hai mat tran — dao tao miii nhon thi HSG va dao tao Toan phd thong cho tat ca cac
16p, lyc lugng ctia t6 Toan da duge bo sung thém rat nhiéu cac thay co gidi tit cac truong PTTH va
DHKHTN: ¢6 Loi, cac thay Danh, thay Viét Dong, thay Nam Diing, thay Thanh Diing, thay Thity,
... va sau nay la céc sinh vien tré méi ra truong nhu Tuan, Ditc, Khanh (Tuan va Diic 1a cyiu hoc
sinh PTNK).

Thay Thai Minh Duong (ding bén trdi), nguyén Phé Hiéu trudng PTNK
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Va cac thanh vien t6 Toan c6 thé tu hao la da hoan thanh t6t hai nhiem vu. Cling véi cac to chuyen
mon khac, t6 Toan da gép phan khong nhé trong viec dao tao kién thitc phd thong cho tat ca cac
khéi 16p, gitp ty 1é dau tét nghiep va dau dai hoc ctia hoc sinh PTNK luén ¢ mic cao.

Thay Nguyén Thanh Hung (chi nhiem doi tuyén Tin) va thay Nguyén Tang Vi trong ngay 1€ ky
niém 20/11 nam 2020

Niém tir hao ciia cac thanh vien to Toan khong chi nam & nhitng thanh tich bé ndi, nhiing ty lé dau
tot nghiep, dau dai hoc hay so cac huy chuong qubc gia, quoc té. Bang nhing bai gidng day tam
huyét, ho da truyen cho cac thé hé hoc sinh tinh yéu mon toan, nhiing kién thitc co ban v nén tang
ctia toan hoc pho thong va ¢a-toan hien dai. Qua phong cach day rat khac nhau ciia céc thay co,
cac hoc sinh da hoc dudc 16i hoc tap-chit dong, biét tir tim toi va ddo sau van de. Chinh diéu nay da
gitip cho cac hoc sinh PTNK tiép tuc thanh eéng & cac bac hoc cao hon. Mot diéu rat quan trong
ma cac thay muén giii dén cac em hoc sinh 1a: dong co hoc tap khong chi 1a dat gidi qudc gia, qudc
té ma quan trong hon ca 13 mot kién thitc nén tang tot, mot phong cac lam viéc khoa hoc danh cho
nhitng phat trién vé sau. Su trung thuc trong thi ci, su chia sé, hd trg 1an nhau trong hoc tap, vi
thé luon 1a kim chi nam clia cac thay co va cac em hoc sinh.

Bén canh do, trong qua khit cac thay co to Toan cling da t6 chitc nhidu dot tap huan doi tuyén ¢ Hoc
Mon, Viing Tau dé ciing sinh hoat, giao luu. Day ciing 1a mot trong nhitng an tugng rat sau dam
clia cac cuu hoc sinh véi trudng, 1a nhitng diéu can duge phéat huy dé nang cao tinh thay tro trong
truong 16p. Sau nhiéu nam giang day, to Toan cling da cé nhiéu thay doéi trong danh sach thanh
vien. Duéi day 1a mot s6 thay co da va dang cong tac tai to Toan:
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Thay Lé Ba Khdanh Trinh, nguoi thay cé phong cdch gidng bai gay an tuong vdi nhitng thé hé hoc
sinh Ndang khiéu

Y. 2016 - 202 el
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Tt trdi: c6 Nguyén Thi Duyén, co Nguyén Thi Tudn, thay Nguyén Thanh Ding, thay Ta Hodang
Thong, thay Nguyén Trong Tuan, thay Nguyén Tang Vi, thay Vuong Trung Ding, thay Vo Tién

Trinh, thay Nguyén Ngoc Duy

158 Nguyén Chi Thanh, P9, Q5, TPHCM Trang 94/102



https://ptnk.edu.vn/

G TRUGNG PHO THONG NANG KHIEU L] 0838 533 704

§2. QUA TRINH PHAT TRIEN
—~THANH TICH CUA TO

Dai tuyén khéi chuyén tham gia thi HSG Qudc gia lan dau tién vao nam 1995 va két qua 1a con s6
0. Khong nan chi, thay tro lai tiép tuc miét mai diii mai kinh stt, cac thay déu dem hét tam huyét
ra truyen lai cho thé hée hoc sinh va dan em.

Sau mot nam ren luyén vat va, két qua dau tien ciing da dén! Trong k¥ thi HSG Qubc gia nam hoc
1995-1996, hoc sinh Lé Long Tricu da dat giai nhi mon Toan, lam nic long cac thay c¢o va ban be.
Nam do, Trieu duge tham du ky thi chon doi tuyén Viet Nam thi Toan quoc té. Tuy chua lot vao
dugc doi tuyen nhung Triéu va Lé Quang Nam (m6i hoc 16p 10) cling da hoc hoi duge them rat
nhiéu qua hai tuan tap huan tai Ha Noi. Quan hé giita t6 Toan véi cac thay ¢ Ha Noi ciing dugc
thiét lap va mé rong.

Trong linh vitc dao tao mii nhon, nhitng thanh tich bat-dau dén mot cach tir tit nhung chic chan:
sau Lé Long Triéu dat gidi nhi Toan qubc gia viio nam 1996 1a Lé Quang Nam doat HCV Olympic
chau A — Thai Binh Duong APMO vao nam 1997 va tiép theo 1 nhing thanh tich an tugng vao
nhitng nam 1998, 2000, 2002, 2005. Dac biét 1a hai chiéc HCB Toan Quoc té clia Nguyén Dang Khoa
(2003) va Tran Chiéu Minh (2005).

Dic biét hon, tit nam 2012 dén nay, truong Pho Thong Nang Khiéu luon ¢6 dai dién trong doi tuyén
Viet Nam thi Toan Qudc té. Viee canh tranh mét trong sau suat dir IMO 16 rang 1a rat kho, va viec
truong Phé Thong Nang Khiéu lien tuc ¢6 hoe sinh trong doi tuyen du thi IMO 1a mot diéu rat vinh
du cho truong, cho thanh ph6é Ho Chi Minh, hay rong hon 1& cho toan mién Nam.
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' A\\= DAIHOCQUOC LIATP. HO CHI MINH &z

TRUGNG PHO THONG NANG KHIEU

LE XUAT QUAN

KY THI CHON HOC SINH GIOI CAP QUOC GIA
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Buéi 1€ zudt quan thi HSG Qudc gia 2020

Thanh tich ciia PTNK qua céc ki thi hoc sinh giéi Toan qudc giala vo ciing dang né. Cé nhiéu niam,
ca doi tuyén PTNK gom 10 ban déu c6 gidi quoc gia. Bang sau day théng ké thanh tich thi qudc gia
clia truong trong giai doan gan day (tu 2008 dén 2022). Nhiéu hoc sinh hai nam lién déu tham gia
ky thi chon doi tuyén qubc gia thi IMO.

Nam | Gidi nhat | Giai nhi | Gidi ba | Gidi KK | Tong
2008 0 0 0 1 1
2009 0 0 1 2 3
2010 0 0 ) 2 4
2011 0 1 1 2 4
2012 ! 2 3 0 6
2013 1 9 1 1 )
2014 0 2 4 1 7
2015 0 2 3 2 7
2016 0 2 6 2 10
2017 0 2 A 3 9
2018 1 4 2 3 10
2019 0 4 0 2 6
2020 1 3 1 3 8
2021 1 4 3 2 10
2022 2 1 2 2 7

Trong d6 hai hoc sinh dat gidi nhat, ciing 1a thi khoa ctia k¥ thi nam d6 la: Tran Hoang Bao Linh
(35/42 diém) - VMO 2012 va Pham Tuan Huy (33/42 diém) - VMO 2013. Nam 2022, Pham Hoang
Son dat giai nhat trong hai nam lién tiép 2021, 2022 trong d6 em dat thii khoa nam 2022 véi s6 diém
rat cao la 39/40.

Trong nhitng nam gan day c6 them mot sé ban 16p 10 duge vao doi tuyén va thi dat gidi cao, dién
hinh ¢6 ban Truong Cong Huy Hoang dat giai nhi nam 2021 khi em con la hoc sinh 16p 10.

Bat dau tur chiéc HCB Toan Qubc té dau tien nam 2003, dén bay gio cac hoc sinh uu ti clia truong
Pho Thong Nang Khiéu da gianh duge tong cong 1a 14 chiée huy chuong trong ky thi Toan Qubc té
(gom 4 HCV, 8 HCB va 2 HCD). Sau day la danh séach chi tiét cac gidi IMO cia truong PTNK.
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Nam Thi sinh Giai thuéng | Diem s6
Py

2003 Nguyén Dang Khoa L 4 26/ 42
o

2005 Tran Chiéu Minh -/ 31/42

2008 | Dang Tran Tién Vinh B 21/ 42
o

2009 Pham Hy Hiéu L 29/ 42

2012 | Tran Hoang Bao Linh 20/ 42

2013 Pham Tuén Huy 1 33/ 42

2013 | Cén Tran Thanh Trung 1 31/ 42

2014 Pham Tuén Huy 1 32/ 42
F e

2014 | Hb Quéc Dang Hung 2/ 22/ 42
F

2015 Nguyén Huy Hoang 2 23/ 42
F

2016 | Pham Nguyén Manh 2 26/ 42

2019 Nguyén Nguyén 1 34/42
i

2020 | Nguyén Mac Nam Trung 2 28/42
i

2022 Pham Hoang Son L= 30/42

Dudi day 1a mot s6 hinh anh céc thi sinh trong giai doan 2008-2021.

Dang Tran Tién Vinh, IMO 2008 va Pham Hy Hiéu, IMO 2009
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Pham Tudn Huy va Can Tran Thanh Trung - nhing chang trai vang PTNK

Ho Quéc Dang Hung, HCB IMO 2014
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Nguyén Huy Hoang - HCB IMO 2015
Pham Nguyén Manh - HCB IMO 2016

Gan day, Nguyén Nguyén (khoa 16-19) da xuat sac gianh duge HCV tai ky thi IMO tai TP. Bath,
Anh vao nam 2019 véi s6 diém cao nhat cua doan Viet Nam.

Nguyén Nguyén - HCV IMO 2019
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Mic dit khong phai 1a wu tien trong diém trong day va hoc, thanh tich ctia khéi Toan truong Phé
Thong Nang Khiéu tai ky thi Olympic 30/4 truyén thong toan mién Nam van luon rat an tugng.
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Dic biét, vita qua, tai ky thi Olympic 30/4 nam 2021 tai Truong THPT Chuyén Lé Hong Phong,
em Truong Cong Huy Hoang, 16p 10 Toan va em Pham Hoang Son, 16p 11 Toan da xuat sic gianh
duge diém tht khoa ciia hai mén Toan 10 va Toan 11.

Em Truong Cong Huy Hoang va em Pham Hoang Son tai Olympic 30-4 nam 2021

Trong ky thi chon HSG 16p 12 THPT, l6p chuyén Toan ciia trudng gan nhu phai tham gia hét, va
cac thi sinh nay luon dat duge nhitng vi tri dan ctia ky thi. Ngoai cic hoat dong hoc tap chuyén
sau, hoc sinh khéi Toan trudng Phé Thong Nang Khiéu eling c6 rat nhiéu thanh tich khac trong cac
trd choi tri tue, trong cic hoat dong vin nghé, thé thao,... Tiéu bieu nhat c6 1& chinh 1a Than Ngoc
Tinh (Toan 0912, thi vao mua 9) va Nguyén Huy Hoang (Toan 1215, thi vao mua 15) khi da xuat
sac vo dich cuoc thi hoc thuat thuong nién ciia Pho Thong Nang Khiéu (Théach Thitc Entropy), sau
d6 dem cau truyen hinh duong lén dinh Olympia vé cho truong. Trude d6 con c6 cac thi sinh Bui
T Quy, Dao Nguyén Thanh Hung (mua 13), Nguyén Hoang Bach (mua 14).

Di1 chua thé vo dich Duong len dinh Olympia, nhitng thanh tich ma Ngoc Tinh va Huy Hoang dem
lai da gop phan lam dep thém hinh anh ctia khong chi t6 Toan, méa con la hinh anh chung ctia ngoi
truong Nang Khiéu.

Cac guong mat Olympia cia PTNK (theo thit tu thoi gian)
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§2. LOTKET

D& 26 nam troi qua ké tit khi PTNK ra doi, va cling ting ay thoi gian, khéi Toan gdm thay va tro
da dong lyc chung stc phan dau, dua PTNK trd thanh mot trong nhiing truong chuyén 16n manh
nhat qubc gia. Gio day, co sd 2 clia truong ciing da duge thanh lap, nhiem vu ctia cac gido vien to
Toan ciing ngay cang trd nén vat va hon nhiéu.

Vé6i dinh huéng muc tiéu phat hién, boi dudng nang khiéu hoc sinh Viét Nam trd thanh nhing chi
nhan tuong lai ciia dat nude, chic chan trong tuong lai t6i, sé con thém that nhiéu hoc sinh cta
PTNK dem vé vinh quang cho ban than, cho gia dinh, nha truong va cho dat nudc.

Bai viét nay c¢é tham khdo va bo sung ti Chuyén dé Todn hoc s6 10 PTNK, nam 2016. Ban bién
soan bo sung thém noi dung nay vao quyén sich nham gitp doc gid cé cdi nhin 16 nét hon vé thanh
tich cing nhu nhiing su co gang khong nging cia thay tro chuyén Todn ti nhing ngay dau thanh lap
cho dén ngay hom nay.
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