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@ BAI GIANG DANH CHO HOC

SINH TRUNG HOC PHO THONG

$1. KHAI THAC MOT SO HE THUC VECTOR

Trong chuong trinh 16p 10, phan hinh hoc c6 khai niém méi 1a vector tuwong doi
quan trong, & day vector dugc dinh nghia theo ngon ngir hinh hoc va cac phép toan
trén vector dugc xay dung mot cach c6 hé thong day dd, hgp ly. Vector 1a khai niém
mdi, hién dai, c6 nhiéu tng dung trong viéc gidi quyét cac bai toan, trong bai viét
nho nay ta cting tim hiéu vé mot vai hé thic vector dep va ing dung trong gidi toan
hinh hoc.

Tir dinh Iy Jacobi dén dudng théng Newton

DPinh 1i 1.1. Cho tam gidc ABC, M la diém nam trong tam giac. AM cat BC tai D.
bat S, = Symsc, Sy = Smac, Se = Spmas, S = Sapc. Khi doé ta co

Se-MA+S, -MB+S.-MC=10

Ching minh. Goi D la giao diém ctia M A véi BC, khi d6 ta c6
DC DB

Thét vay, ta ¢6 DC - MB + DB - MC = DC - (MD + DB) + DB - (MD + DC) =

BC-MD + DC - DE + DB - DC = BC - MD.

Suy ra
DC DB
MD = G - MB + e MC(1)

Hon ntra

MD —Z
=-__—. 2
MD = - MA(2)
Tiur (1) va (2) ta co
DC ﬁ DB ? MD —
Bc MBtpe MEt gy MA=0

Mat khac

DC _ Sacp _ Sp DB S ND 5

nén
— — — =
Sa - Mupg+S,-Mg+S.-Mc= 0
2



Trén day la dinh ly Jacobi, trong trudng hop M nam ngoai tam gidc thi dang thic
trén c6 dau trir va cong.

Khi M tring v&i mot s6 diém dic biét ctia tam giac thi hé thirc trén sé cy thé hon,
vidu néu M trung vdi trong tdm G cta tam gidc thi S, = S, = S, nén ta c6 hé thuc
GA + GB + GC = ?, rat quen thudc. Khi M tring véi tam dudng tron ndi tiép ta
c6 vi du sau:

Vi du 1.1. Cho tam giac ABC, goi I 1a tim dudng tron ndi tiép ctia tam giac. Dat
BC =a, AC = b, AB = c. Ching minh réng

—
g TA+b-TB+c-IC=0
P Loi gidi: Khi I 1a tam duong tron noi tiép, theo dinh ly Jacobi ta c6

SABC‘I7>X+SBAC'I%+SBCA'I%:6>

1 1 1 —
Em-ﬁ—l—f’b-@—f—irﬂzz 0

1 —
ir(a-IA—l—b-I%—kc-I%) -0
[ |
Dinh 1i 1.2. Cho tam gidc ABC. M 1a diém nam trong tam giac, khi d6 x, y, z thda

X . Yy . z

Smc  Smac  SmaB

(hay con ki hléu SMBC : SMAC : SMAB =Xy: Z) khi va chi khi

x-m%—y-i\ﬁ%—z-m:ﬁ

Chung minh.
e Dat
X y z 1
_— = Y = — = — S:t,s—t,S:t
Sa Sh Sc t:> ¢ X b y ‘ z
— — — =
SuMA+SbMB+ScMC: 0
txm+tym+tzm:6>



e Giasu taco e
XMpg+yMp+zMc= 0 (1)
va e — — =
SaMa + SyMp + S.Mc= 0 (2)
Nhan (1) v6i S, va trir cho (2) nhéan x ta co

Z
z5, = xS, x 5711, x Sa

i{ysa:xsb Ly_S

I
Sa

& w

_ Y _
Sp

Nhin xét:

M4 rong hon, khi M 1a mot diém bat ki nam trong mat phéng tam gidc thi ludn

ton tai b ba (x;y;z) thda

x-m—ky-m—i—z-m:ﬁ(*)

va néu c6 mot bo ba khac (x;y/;Z') thda (x) thix : y : z = x' : ¢ : 2/ ta goi
(x;y;z) 1a toa d6 ti cu cia M trong mat phang tam giac ABC.

Sau day la mot vi du ap dung caa dinh ly trén
Vi du 1.2. Cho tam gidc ABC nhon. Goi I, H 1an lugt 1a tdm néi tiép va tryc tam
ctia tam gidc ABC. Chiing minh rang tam gidc ABC déu khi

HA-TA+HB-TB+HC-1C =0
# Loigidgi: Do I la tam duong tron ndi tiép nén ta co:
a-ﬁi—i—b-l@%—c-l%:ﬁ

Theo gia thiét va két qua bai trén ta c6:

HA _HB _HC
a b ¢

Tir d6 suy ra:
HA a sinA

HB b sinB

Ap dung dinh Iy sin thi
a b c
sinA sinB sinC’

Suy ra:
sinA-sinB—sinA-sinB =0
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= sin(A—B)=0
= A=8B |

Vi du 1.3. Cho tam gidc ABC c6 dudng tron tam I noi tiép tam giac va tiép xtic véi
cac canh BC, AC va AB lan lugt tai D, E va F. Chiing minh rang AD, BE va CF dong
quy tai diém ] va

%
(=) (p =) JA+ (p=a) (p-c) B+ (p—b) (p ) JC =0
# Loi giai: Ta chung minh dugc AE = AF =p—a,BD=BF=p—b,CD =CE =

p—c.
Theo dinh ly Ceva thi ta c6 AD, BE, CF dong quy tai J.

Ap dung dinh Iy Jacobi ta c6

x-]j4>+y-]%+z-]%:6>

voi
x:Yy:z=Sipc:Siac: SiaB
Ma
SIBC o FB . p —-b
Siac FA  p—a
suy ra
Sipc(p —a) = Siac(p —b) = Spap(p —¢)
Do do 1 1 1
SiBc : Siac : SiaB = : :
p—a p—b p—c
hay

Vids Y e Yo7
p—a p—0b p—
(p—=b)(p—)TA+(p—a)(p—)IB+(p—a)(p—b)IC =0
[ |

Vidu 1.4. Cho tam gidc ABC, duong tron tam I ndi tiép tam gidc tiép xuic véi
BC,AC, ABlan luot tai D, E, F. Chung minh rﬁng

a-ID+b-TE+c TF=T0
A Loigidi: Ap dung dinh ly Jacobi cho tam gidc DEF ta c6

SIEF'm‘i‘SIDF'I%"‘SIDE'ﬁ

Ta can chiing minh

SH:E:SIDptsjpgzatbtc
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R R 1 o . 1 1 > SIEF 1’2
That vay Sier = Er -sin[EF = 5 -sin A = Er ﬁ suy ra iR
Sipe _ Sipe _ 1? -

Tuong tu ta cing c6 b~ ¢ " iR’ , do d6 ta c6 diéu can ching minh.

Tir bai todn nay ta c6 Dinh ly con nhim cho truong hgp tam giac nhu sau:

Dinh 1i 1.3. (Pinh ly con nhim) Cho tam giac ABC. Céc vector Zvuéng goc vai
BC va hudng ra ngoai tam gidc va c6 do dai bang BC; cac vector b, T dugc dinh
nghia tuong tu. Khi do .
%
T+b+7=0
Dinh ly con nhim con dung trong truong hop da gidc, hodc truong hop da dién.
Dinh li 1.4. (Pinh ly con nhim) Cho da giac 16i n dinh A A5...A,, cac vecto ¢; 6
do dai 1 vudng goc véi canh A;A; 11 (Ayt1 = Ap) va hudng ra ngoai. Khi d6 ta ¢6
hé thuc .
AjAp.e] + ApAs. €3 + ..+ AyArey = 0
Dinh Iy nay cac ban ¢6 thé chitng minh bang quy nap.
Sau day la mét vi dung ap dung Dinh ly con nhim trong truong hop ti giac.
Pinh 1i 1.5. (Puong thang Newton) Cho tit gidc ABCD ngoai tiép dudng tron tam
I.Goi M, N lan luot 1a trung diém ctia AC,BD.Khidé M, I, N théng hang.

Chirng minh. Goi E, F, G, H lan lugt 1a tiép diém ctia (I) v&i cac canh AB,BC,CD, DA.
bat AE = AH =a,BE=BF =b,CF =CG =¢,DG =DH

TacoAB ﬁ—b I7§+a ﬁBC ?—b I%—Fc I%CD Iﬁ—c Iﬁ%—dl%va

AD -TH=d-IA+a-ID.

Theo dinh ly con nhim ta c6

AB-IE+BC-IF+CD-IC+AD-TH=10

suy ra
(a+c)( I%+I—I>))+ b+d)(171+1%):

Ma IA + IC = 2IM va IB + ID = 2IN.

Do do _ N
(a+c)IN+ (b+d)IM= 0

IM  b+d

tir d6 suy ra I, M, N thang hang va —— IN atc

Tiép theo 1a 4p dung Dinh ly Jacobi trong chitng minh dinh ly vé diém Lemoine.
Vidu 1.5. (Puong d6i trung diém diém Lemoine) Duong thang déi xting véi
duong trung tuyén qua dudng phan giac xuat phat cing dinh duge goi 1a duong
déi trung ctia tam giac.

a) Trong mot tam giac, 3 duong dbi trung ddong qui tai mot diém L. Hon nita ta c6

hé thiic .
2 LA+ LB+ LC= 0
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b) Trong mot tam gidc, diém Lemoine 1a trong tdm ctia ctia tam gidc c6 cac dinh 1a
hinh chiéu ctia diém Lemoine trén cac canh cta tam giac d6.

# Loigidi: a)

Ta co: . -
sinBAM BM _ sin ABM
sinC/AT/I M sinm

1)

Lai co:

sin BAP __PB sin@?
sinm ~PC sin@
@
Vi ABP + ACP = 180° nén:
sin BAM B sin PAC
sinCAM  sin PAB

Do d¢:
BD AB sinC AB? c?

CD AC sinB  AC? 12
b)
Xét tam giac ABC c6 cac diém D, E, F lan luot nam trén cac canh BC,CA, AB sao
cho:
BD c? EC a? E B b?

DC ¥ EA & FB a2
Khi do:
BD EC FA _
DC EA FB
= AD, BE, CF dong quy (theo dinh 1y Ceva).

Goi giao diém 1a I. Ta co:
TA+TB+I1C=T0

Xét theo dién tich:

2

Sniea _ BF _a®  Sarc

Saiac  FA T Sarca 2

Suy ra:

2 TA+P - TE+2-IC=10



) Tir tich vo huéng dén cdc déng thirc dé dai

Tich v6 hudng cua hai vector duge dinh nghia vo cung don gian, la dai lugng dugc
xéc dinh bang tich do dai hai vector véi cos goc tao bdi hai vector do. Tuy vay ing
dung ctia tich vo huéng nhiéu, trong s6 d6 c6 tinh todn do dai cac doan thang, tinh
khoang cach cac diém, thiét lap cac déng thire hinh hoc hay. Trong muc nay ta chu
yéu quan tdm dén viéc khai thac tich vd hudéng két hgp véi dinh ly Jacobi dé thiét
lap dang thiic hodc bat dang thitc hinh hoc. Ta bat dau bang vi du sau:

Vi du 1.6. Cho tam gidc ABC, trung tuyén AM va dudng phan giac trong AD.
Chitng minh rang

a) AM? = %(ABZ + AC?) — chz.
A
2bc cos —
AD= — £
b) b+c

) V6i K 1a mot diém bat ki thudc doan BC. thi

BC- AK* = KC-AB*+KB-AC?>—BC-KB-KC

P Loi giai:
a) Ta co:
m:%ﬁjtéfﬁ
Binh phuong hai vé:
2 1 2
AM _4(1ﬁ+ﬁ)
ZE(ABZ—FACZ—FZI@-R)
:i(b2+c2)+%ﬁ-ﬁ
Ma: 2 5 5
+c"—a
@'R_f
Do d6: . .
AM2 — E(bz + CZ) - Zﬂz
b) Ta co:
DC DB
BD c .
WD—C:Enen.

AD= - Ab4 A
b+c

b+c



Binh phuong hai vé:

AD? = (b — (bz@ n cﬁ)
= j 7 (#2AB? + AC? + 2bcAB - AC)
Ma:
zﬁzﬁ = AB-AC-cosA = bccos A
Do d6: 1
AD? = CERIE (bzc2 + ?b? + 2b%¢? cos A)
»  2b*2(1+cosA)
= AD" = L
Suy ra:
2bc cos é
AD= ——2
b+c
At - K€ 7 1P g

Binh phuong hai vé, ta co:

AK? = KC2. AB® 4+ KB2- AC? +2KB-KC- AB - zﬁ)

sea (
Nhan hai vé véi BC?, duoc:
BC?. AK? = KC?- AB* + KB?- AC® +2KB - KC- AB - AC

Ta biét rf?mg:

2 2 pe2
ﬁ-zﬁ:AB +A2C BC

Thay vao biéu thic trén, ta dugc:
BC?- AK* = KC?- AB*> + KB*- AC* + KB - KC (AB* + AC? — BC?)

Thu gon:
BC- AK?> = KC- AB*>+ KB - AC?> — KB - KC - BC?



Dinh 1i 1.6. (Dinh ly Jacobi - Lagrange) Cho tam gidc ABC, céc s6 thuc a, 8,7 ¢6

tong khéc 0. Diém I thda « - Ij+‘61%+”y I¢ = 0. Khi d6 voi moi diém M ta c6:
a-MA? +B-MB*+v-MC?>= (a+B+vy)MI>+«a-TA* + B - IB> + - IC?

va

w-TA2+B-IB? + - IC? = («BAB? + ByBC? + ayAC?)

a+p+y
Chung minh. Ta c6

o MA2 4+ B MB2 + v MC? = a(MI + IA)? + B(MI + IB)? + (M + IC)?

= (+ B+ )MP+ (a-TA+B-IB+v-1C)?
Vi alA + IB +4IC = 0, nén ta co: (aIA + BIB + 71C)? =

Khai trién:
02IA? + BAIB? + 921C? + 2aPIA - 1B + 2By 1B - IC + 29alC - TA = 0

Mat khac

2 2 2 2 2 2 2 2
I_/i-ﬁzm +IB AB, ﬁ.ﬁj:w + IC BC, I%-ITKZIC +IA

AC?

2 2 2

Thé vao, ta duoc:
(¢ + B+ 7)(alA> + BIB* + 7IC?) = aBc® + Bya’ + yab®
Do do

afc® + Bya® + yab?

al A% + BIB% + yIC% =
TRIB a+ B+

Tir dinh ly trén ta c6 déng thic sau, dugc goi la dinh ly Jacobi-Lagrange:

afc® + Bya® + yab?
a+ B+

aMA? 4 BMB? + yMC? = (a + B +7)MI* +
Nhin xét:
Khi ta thay d&i diém I bang cac diém dac biét trong tam giac ta c6 dang thitc khac
nhau. Vi du néu I tring véi trong tdm G cta tam gidc ABC thia = B =9 =1,

vGi moi diém M ta c6

MA? + MB? + MC? = 3MG2+3(a +b*+c?)

khi d6 dai lugng MA? + MB? 4+ MC? nhé nhét khi M tring G.
10



Déc biét, khi cho M triing v6i tim dudng tron ngoai tiép ctia tam gidc thi
1
OA% + OB% 4 0OC? = 30G? + 3 24+ c?)

(a> 4+ 1> + ).

\O| =

1 i
. Ta tinh dugc OG? = R? — §(a2 + b+ c?), dan t6i R? >

Béng cach cho cac diém khac, ta sé nhan dugc nhiéu hé thic tuong tu. Cac ban xem
thém vai vi du sau.
Vidu 1.7. Cho tam gidc ABC c6 I la tdm ndi tiép va O la tdm ngoai tiép. Ching
minh rang
a) a-1A2+b-IB*>+c-IC? = abc.
b) I0? = R® — 2Rr (Hé thiic Euler). Tir d6 suy ra R > 2r.
# Loi giai:
a) Ap dung Dinh ly Jacobi-Lagrange cho truong hop I 1a tdm noi tiép. Ta c6

1
A IR e ICP — L p2 oy a2y
a-1A“+0b-1IB“+c-IC a—i—b—f—c(abc + bca” + acb”) = abc

b) Khi M truing véi O 1a tdm ngoai tiép tam gidac ABC. Ta c6
a-OA*>+b-OB*+c-OC*= (a+b+c)OI* + abc

b
SuyraIO? = R — — 2 — R2_2Ry.
a+b+c

Tir 6 suy ra R> — 2Rr > 0, dan t6i R > 2r.
[ |
Vidu 1.8. Cho tam gidc nhon ABC ¢6 tryc tim H. M la trung diém canh BC.
Duong tron tam M ban kinh MH cat BC tai A1, Ay; cac diém By, B, va Cy, Cp dugc
xac dinh tuong tu. Ching minh réng 6 diém A;, B;,C; véii = 1,2 cung thudc mot
duong tron. Xac dinh tdm va tinh ban kinh duong tron doé theo 4, b, ¢, R.
& Loigiai: Taco
et e
OA> = OM? + MA}?> = OB> — BM? + HA?

1 1 1
=R>— ZLBc2 + E(HB2 + HC?) — 1az

=R?>— %BCZ + %(HBz + HC?) — R?

1
= E(HA2 + HB?* + HC?) — R?

11



= 0A? = %(HAZ + HB? + HC?) — R?

(12R* — (a* + b* 4+ *)) — R?

N —

1
OA? =5R? — E(a2 + b+ )

Chiing minh tuong tu ciing ¢6 cho OB?,0C?, do d6 O cach déu 6 diém A;, B;, C;.
|

Vidu1.9. Cho tam giac ABC ¢6 G, H, I lan luot 1a trong tam, truc tAm va tam noi
tiép. Chung minh ré“mg
a® 4+ b3 + ¢ + abc
atb+ g 3.3
2 a’ + b’ + c® 4+ 3abc
b) IG2 = S(B2 42+ ) —
) 167 =5 (@ +b+c) 3(a+b+c)

a) IH?> = 4R? —

& Loi giai:
Ap dung dinh Iy Jacobi-Lagrange khi I 1a tim noi tiép tam gidc.
a) Khi M la truc tam H cua tam giac, ta co
a-HA?> +b-HB*4c-HC?> = (a+b+c)HI* 4 abc

2 2 2 2 abe

=——(a- b-HB -HC?) — ——. 1
Suy ra HI a—i—b—i—c(a HA” + +c¢-HC?) P (1)
Mat khac HA* = 40M? = 4R® — a%, tuong tu thi HB®> = 4R?> — b?, HC*> =
4R — %,
Khidéa- HA?> +b-HB?> +c-HC*> =4R*(a +b +c) —a® —b> — . )

3. 13 4 3

Tir (1) va (2) ta c6: [H? — a2 — - T 0"+ ¢ +abe

i a+b+c
b) Khi M trung voi trong tam G cua tam giac, ta co

a-GA>+b-GB*>+c-GB*>= (a+b+c)GI* 4 abc

Suy ra
G12:7(a-GA2+b-GB2+c-GC2)—a7bC
a+b+c a+b+c
4a 1 1 2 1
Tacoa-GA2 = 2222 £ ) — 242) = 2 (ab? 2y _ 1.8
acéa-G 9(Z(b +¢%) 411) 9(ab + ac”) 5"

2 1 2 1
Tuong ty ta ciing c6 b - GB? = §(ba2 +bc?) — §b3,c -GC? = §(ca2 +cb?) — §C3.
@+ b 43 +3abe
3(a+b+c)

2
Tir d6 ta c6: IG* = §(a2 +b* +c?)

12



Vi du 1.10. Cho tam giac ABC.Goi O, I, G, H 1an luot 13 tam duong tron ngoai tiép,
noi tiép, trong tdm va truc tdm cta tam gidc. Chiing minh rang

1

OIEOGZEIH
& Loi giai:
. A . L AT2 _ p2 abc N 2 _p2 loo 0 o
¢ Theo vi du trén thi ta c6 O = R 7a+b—|—cvaOG =R 9( +b°+c?),
khi d6 OI > OG tuong duong
L<1(a2+b2+c2)<:(a+b+c)(a2+b2+c2)>9abc
a+b+c ™9 -
Dung theo AM-GM.
. Xet 30134 3 224 2
10G2 — 12 = ° +0°+c +abc  4(a” + b+ %)

a+b+c 9
Ta can ching minh:

B+ ++abe 4+ 1+ ) =0
a+b+c 9 -

That vay, bat dang thic trén tuong duong véi
5(a® + b® 4 ¢%) 4 9abc > 4ab(a + b) + 4bc(b + c) + 4ca(c + a)
biéu nay dung vi theo BDT Schur
a® +b° + ¢ + 3abc > ab(a + b) + be(b +c¢) + ca(c +a)

va
a® +b% + 3 > 3abc

D& két thiic bai viét, chung ta cting di chiing minh lai Dinh ly Feuerbach, mét dinh
ly dugc xem la dep nhat ctia hinh hoc phang so cap, va 1an nay ta st dung cac ki
thuat tinh toan do dai nhu da lam & cac vi du trén.

Pinh 1i 1.7. Chiing minh rang trong mot tam giac thi dudng tron noi tiép va duong
tron Euler tiép xic nhau.

Chirng minh. Nhéc lai, duong tron Euler 1a dudng tron qua trung diém cac canh

va chan cc dudng cao, duong tron Euler ¢6 ban kinh bang ntra ban kinh duong

tron ngoai tiép va tdm 1a trung diém doan thang néi truc tim véi tam duong tron

ngoai tiép tam gidc.

Xét tam giac ABC, goi H, O, I 1an lugt la tryc tdm, tim ngoai tiép va noi tiép tam

gidc ABC, N la tdm duong tron Euler va N 1a trung diém OH. Bé ching minh (1)
13



va (N) tiép xuc, ta can chiing minh IN = %R — 1, trong d6 R, r 1an lugt 1a ban kinh
dudng tron ngoai tiép, noi tiép tam giac ABC.

Ta di tinh dd dai doan IN, nhu cach da lam nhu cac bai toan trén.
Tac6a-NA*+b-NB?+c-NC?

=(a+b+c)NI*+ m(abAB2 +acAC? + beBC?)

= (a+b+c)IN? + abc.

Vi N la trung diém OH nén ta c6

1 1 1
2 _ = 2 - 2 = 2
AN? = S AH? + JOA? - JOH*(1)
Ma AH = 20M nén AH? = 40M? = 4(OC? — MC?) = 4R* — a*(2)

OH = OA + 0B + OC,

suy ra

OH? — OA% + OB? 4+ OC? + 204 - OB + 204 - OC + 208 - OC

=3R*+ (OA? + OB? — AB?) + (OA? + OC? — AC?) + (OB? + OC? — BC?)

=9R?> — (a* +b* +*)(3)

Tir (1), (2), (3) ta c6:
L T S N (0 B SNy 2,12, 2 Lo 212 2
NA :§(4R —a)+§R —4(91{ — (@ +0b +c)):1(R — a4+ b+ %)

Tuong tu cho NB?, NC?, tir d6 ta c6:

a-Zl\IA2+b-NBz+c-NC2

=1 (a+b+ )R +at* + ) +b(a>+ ) +c(a®+b*) —a’ — b — )
Khi dé:

1 1 abc

2 _ 15 2 2 2, 2 2 P2y _ 313 3\ _
IN® = 7R +4(a+b+c) (a(b>+c*) + b(a® +c*) +c(a® +b°) —a’ — b° — ) T i
Ma:
ab* + ) +b(@®+A) +c(@®+b?)—a® - -

16s?

—(a-l—b—c)(b-l—c—a)(c-l-a—b)-|-2abc—m-i—SRs

2,2 2

per l6pr
=2 41 8Rrp= R

2p + 8Rrp 5 + 8Rrp

14



Suy ra

1
s 0T HH@ )+ @+ 1) —a = b =) =+ Ry
Két hop cac két qua trén ta c6

1 R 2
IN2:1R2+r2—Rr: <2—r) .

R .
Suy ra IN = 50 do dé (I) va (N) tiép xuc trong.

Nhin xét:

Loi giai trén da két hgp nhiéu budc tinh toan phirc tap da dugc thé hién & cac
vi du trén. Tuy phtc tap nhung nhin chung 13i giai rat tu nhién, cac budc di 1o
rang, viéc tinh toan chi 1a viéc kiém tra lai tinh dung dan ma thoi.

Téi day xin két thuc bai viét, hi vong cac em c6 thém mot bai hoc thu vi, ty minh c6
thé khdm pha thém nhiéu dang thic va bat dang thirc mdi.
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