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Kiém tra du tuyén - Thi gian 150 phiit

Bai 1. (2 diém)
a) Cho a,b,c la cac sb thuc duong. Chiing minh rang ta cé bat dang thiic
2 12 2
b
a-+b-+c n 8abc >2
ab+bc+ca (a+b)(b+c)(c+a)

b) Chitng minh ring ton tai cac sb thuc duong a, b, ¢ sao cho

ab+bc+ca (a+b)(b+c)(c+a)

<2
a?+b%+c? 8abc

Loi giai:
a) Khong mét tinh tdng quat, ta c6 thé gid st ¢ = min{a, b, c}. Khi d6, véi chd y ring a® +b* +c? >
ab+bc+ca, tacod

a*+b*+c? B a*+b*+c*—ab—bc—ca
ab+bc+ca ab+bc+ca
a?+b*+c*—ab—bec—ca
> 14
ab+bc+ ca+c?

B a* 4+ b> +2¢?

~ ab+bc+ca+c?

_ a* 4+ b?> +2¢2

~ (ato)(b+c)

Do d6, ta chi can chiing minh

2 2 2
a“+b-+2c n 8abc >0
(a+c)(b+c) (a+b)(b+c)(c+a)

Bit dang thiic nay tuong duong véi
@+ b3 +ad?b+b*a+2c2a+2c¢*b + 8abe >2 (azb +a’c+b*a+b*c+cta+ b+ 2abc)

hay
@ +b® +dabe > a*b + b*a+2a*c +2b%c. & (a—b)*(a+b—2¢) >0
Do ¢ = min{a, b,c} nén bit dang thiic cubi hién nhién diing. Phép chiing minh hoan tit. Pang
thuc xay ra khi va chi khia =b = c.
b) Kiém tra truc tiép, ta thay bd (a,b,c) = (2,1,1) thda man dé bai. Piéu nay cho thiy ring néu
nghich do ca hai phan sb trong vé trai ctia ciu a) thi bai toan khong con ding niia.

Bai 2. (2 diém) Cho ham sb f : R — R thoa man diéu kién

Jf) =y)+ ey —x) + flx+y) =2xy

v6i moi x,y € R.
a) Ching minh f 13 ham s6 1 va Ia toan anh.
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b)

Tim tat ca cac ham so f thoa dg bai.

Lui gidi: Ki hiéu P(x,y) 1a ménh d&

a)

b)

FOf) =y)+fxy —x) + fx+y) = 2x.
Xét P(0,y), ta dudc
f(=y)+f(y) =0, vy.
Suy ra f 1a ham 18. Xét P(—1,y), ta co
FFG) =)+ f(=y+ D)+ f(=1+y) = =2y
Do f la ham Ié nén
f(=f)—y) = -2
hay tuong duong
FUFO) +y) =2y

Suy ra f 1a ham toan dnh.
Vi f toan dnh nén ton tai a € R sao cho

fla)=—1.
Xét P(x,a), ta thu dugc
f(=x—a)+ f(ax—x)+ f(x+a) = 2ax.

Do f 1a ham 1€ nén suy ra
flax—x) =2ax VxeR. (*)

Néu a = 1 thi t (*) suy ra
f(0)=2x, Vx € R,

voly. Dod6a # 1.

Thay x =

t
7 vao (x), ta dugc

Thay f(x) = cx vao phuong trinh ban dau:
c(exy —y) +c(xy —x) +c(x+y) = 2xy.

Rut gon dugc
(> +c—2)xy=0, Vx,y € R.

Suy ra
ce{l,-2}.

Vay cac ham so thoa man la

f(x)=x hodc f(x)=—-2x, VxeR.
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Bai 3. (2 diém) Mot s6 nguyén duong n dude goi 1a dep néu nhu né c6 thé bidu dién dudi dang

(P y) (rHy?)
(x—y)?

v6i x > y 1a cac s6 nguyén duong.
a) Ching minh ring tip cic sd dep chita vo han s6 chin va vo han s6 1é.
b) Tim s6 nguyén duong bé nhit 1a s dep.

Loi giai:
a) Thay x=y+1,taco

(* +y) (x+»%)
(x—y)?

RO rang x% +x = x(x+ 1) va x> + 3x = x(x + 3) déu Ia cdc s6 chdn nén biéu thic trén 1a s6 1€,
ttic 12 ton tai vo s6 s6 dep 18. Lai thay x =2y + 1, ta cé

= (x2+x—|— 1) (x+ (x+ 1)2) = (x2+x+ 1) (x2—|—3x+1)

n=

x? x+y? 2y+1)? 2y+1+4y?
n:( —Ej’)_(y)jy):«y"" ()zy—:_yz(_i; +y):4y2+5y+1

Chon y 1€ thi c6 ngay 4y? + 5y + 1 chin, tiic 12 ton tai v s s dep chén.

b) Ta sé& chiing minh ring s6 dep bé nhét 1a 10, tng vé6i cip (x,y) = (3,1). Tiép theo ta gia st n dep,
khi do vix—y| (x*+y) — (x+y*) vax—y| (x*+y) (x+y*) nén mdi s6 x> +y,x+ y* déu chia
hét cho x —y. T d6 dat (x> +y) = u(x—y), (x+y*) = v(x—y). Suy ra u > v 1a céc sb nguyén

24y x+y2

X—y x—y )

rav>2u>4=n>8. Taxétcac truong hop: Neu n = 8 thi u = 4,v = 2. Tuy nhién khi do

x+y—1=2hay x+y =3, ta thu dudc x = 2,y = 1, thay vao thdy khong théa man. Néu n =9,

thi tif uv =9 va 1 < v < u sé khong c6 nghiém. Do d6 n > 10. Viy s6 n dep bé nhit 1a 10 .

Bai 4. (3 diém) Cho tam gidc ABC c6 AB < AC. Céc di€ém D, E thay doi trén cic canh AB,AC sao
cho AD = AE. DE cat BC tai F. Goi P 1a giao diém ctia dudng tron ngoai tiép tam gidc ABC va ADE,
P khac A.
a) Chiing minh cic ti gidac PFBD, PFCE noi tiép.
b) Goi H,K lan lugt 1a truc tAm cic tam gidc ABC va ADE, L 1a diém dbi xing ctia P qua BC.
Chiing minh H, K, L thang hang.
¢) Goi S 1a giao diém ctia BE va CD, AS cat BC tai I. Ly diém T thudc FP sao cho TI 1 BC. Goi
M 1a trung di€ém IT. Ching minh ring PM luon di qua mot diém cb dinh.
Loi giai:

vahonntav>2.Tacon= =uvvax+y—l=u—v.Dodéu—v>2y>2. Suy
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Gié st cac di€ém nhu hinh V€, céc trudng hgp khdc ching minh tudng ty.
a) Ta 6 PBF = PAC = PAE = PDF nén ti gidc PFBD noi tiép. Tuong tu, bién ddi géc ta dugce td
giac PFCE noi tiép.
b) Goi N la trung diém cung DE khong chifa A ctia dudng tron ngoai tiép tam gidc ADE, R 12 giao
diém ciia PN va DE. Khi d6 PR 1a phan gidc ciia DPE.
Ta c6 PBD = PCE va PDB = 180° — PDA = 180° — PEA = PEC nén hai tam gidc PBD va PCE
dong dang. Suy ra
BD PD DR
CE  PE ER
Lai c6 AD = AE nén suy ra BDR = CER, din dén hai tam gidc BDR va CER déng dang. Goi
X,Y lan luot 12 hinh chiéu cta B,C 1én DE thi hai tam giac BXR va CYR ciing dong dang. Vi

vay,

XR BR DR __ __ ___ __

YR CR ER
Ky hi¢u (UV) la dudng tron dudng kinh UV thi i trén suy ra Pg) gy = Pr/(cp)- Ta cling
ching minh dugc Py /gy = Pu/cp) V& Pk /BE) = Pk /(cp)- V1 Vay, H, K, R cung thudc truc
dang phuong ctia (BE) va (CD) nén ba diém nay thang hang.
Tam gidc ADE cén tai A nén K va N d6i xiing nhau qua DE. Vi vdy, néu goi L' 1a giao diém cia
KR va FL thi PRF = L'RF . Bién déi géc:

PRL + PFL = 2(PRF + PFB) = 2(PAN + PDA) = 180°.
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Suy ra tf gidc PRL'F ndi tiép, din dén FL' = FP = FL, tc 1a L trung L'. Vay ta c6 K,R,H L
thang hang.
¢) Ap dung dinh Iy Ceva cho tam gidc ABC véi ba dudng AI, BE,CD ddng quy, ta cé:

IC EA DB IC CE AD CE PC

IB EC DA = IB DB AE DB PB

Tur day co dlIdc PI 1a phan giac cua BIC. Bai todn quen thudc, ta c6 (FIBC) = —1 nén PF la
phan giac cua BPC nén néu goi giao di€m thd hai cia PI, PT v6i dudng tron tam O ngoai tiép
tam giac ABC lan ludt 1a G, Q thi G, Q 1a trung diém cung BC. Theo bd dé hinh thang, ta c6 PM
di qua O 1a diém cb dinh.

Bai 5. (1 diém) Cho 100 diém P;,P, ..., P nam theo thi tu trén mot dudng tron, trong d6 Pjgp va
Py 12 hai diém ké nhau. Ta c6 5 mau, va mdi diém trong Py, Ps, . .., Pigo dudc to bang diing mot trong
5 mau do6, sao cho méi mau déu duoc sit dung it nhdt mot lan. Vi mdi cach td6 mau nhu vay, thi trong
cac diém Py, P, ..., Pioo phai ton tai it nhit # diém lién tiép chiia it nhdt 3 mau khdc nhau. Hay tim gia
tri nho nhét cta 7.
Loi giai: Trudc hét, ta t6 mau cac diém Pos, Psg, P75, Pioo 14n ludt bang cac mau 1,2,3,4, va tit ca cic
diém con lai bing mau 5.

Trong truong hop nay, voi bt ky 25 diém lién tiép nao trong Py, Ps, ..., Py, ta chi thu dugc nhiéu
nhét 2 mau, nén khong thda man yéu cau bai todn.

Do do,

t > 26.

Gia st ton tai mot cach t6 mau sao cho moi 26 diém lién tiép chi chita nhiéu nhat 2 mau.

V6i cach to nay, ta chon nhiéu diém lién tiép nhit c6 thé tii tap {Py, P, ..., Pio} sao cho céc diém
nay khong chita dii cd 5 mau, va do d6 chia ding 4 mau (néu khong, ta c6 thé md rong thém mot
diém ké ma van chua chifa dd 5 mau).

Gia st cac diém dudc chon la

Pri15 Prs2s - - - Proo,
va 100 — k diém nay khong chita mau 1. Do tinh cuc dai, suy ra P; va P, déu dudc td mau 1.
Véii=1,2,3,4,5, ky hiéu x; 1a chi s 16n nhit ctia diém dugc t6 mau i. Khi d6 x; = k.
Do tinh déi xiing, ta c6 thé gia st
Xy < X3 < X4 <Xj5.

Suy ra x5 = 100, va dé thay rang x, > k.
Ta chiing minh ring v6i méi i = 2,3,4,5,

X;—x;_1 > 25.
That vay, néu x; — x;_1 < 24, xét 26 diém lién tiép
Pi—1,Pi, Pi1,- -, Pyos  (chi sb 14y theo modulo 100).

Trong do:
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* P,y dudc td mau i—1,
* P, dudc t6 mau i,

* P41 dudc to mau j #i—1,i.
Khii=2,3,4 thi ton tai jsao choi+1< j<5.Khii=5,do Py =Py =P, nénj=1¢{4,5}.

Do d6, 26 diém nay chia it nhit 3 mau khac nhau, mau thuin véi gia thiét ban dau.
Vi véy,
5
xs=x1+ ) (xi—xi_1) > 1+4x25> 100,
i=2

mau thuan véi x5 = 100.
Mau thuin nay cho thdy ring v6i moi cach t6 mau hop 18, ludn ton tai 26 diém lién tiép trong

P, P, ..., P chia it nhit 3 mau khéc nhau.

Gia tri nhé nhat can tim cia ¢ la
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