SO GIAO DUC VA PAO TAO KY THI OLYMPIC TRUYEN THONG 30 THANG 4
THANH PHO HO CHi MINH LAN THU XXVII - NAM 2023
TRUONG THPT CHUYEN

LE HONG PHONG

PAP AN CHINH THUC
MON: TOAN - KHOI: 10

Luu y: Cic bude gidgi ding nhung khdc ddp dn déu cho diém twong iing.

Ciu Néi dung Piém
Cau 1. Cho c4c sb thuc x, y,z théa min x(x+y)= y(y +2z) = z(z+x) 0.
Chimng minh
2 y2 2
a. —+—+—=x+y+z
1 = Y 4,0
2 2 2 3 3 3
A 2 x—3,+23—+z—3 =9
Yz 7 Xy y z x
2
Tir gia thiét suy ra xpz#0 va x* = y(y+z)—xy. Do @ x—:y+z—x. 1,0
Y
a. 3 2 7 -
Tuong tu ta co y_=Z+x_y va i—=x+y—z. Suy ra —+Z—+Z—:x+y+z. 1,0
Z x y B X
2 2 2 3 3 3
bat P=4 L S a0 x_3+y_3+z_3 :
-~ A 5 y. 'z % s
Trudng hop 1: Khi (x—y)(y—z)(z—x)=0 thi tir gia thiéttacd x=y =1z ’
Khi d6 P=9, dpcm.
Truwdng hop 2: Khi (x—y)(y—z)(z—x)=0.
2 2 2
Tacod (y+z—x)(z+x—y)(x+y—z):x—.y—.z—zxyz. 05
S ’
Suyra X’ +y’ + 2 +3xz =X’y + Yz + 2 x+ 0’ + y2t + 2x°.
2 2 2
Ta cling c6 (x——y][y——z](z——x)=(z—x)(x—y)(y—z).
y z X
Suy ra (x+y)(y+z)(z+x)=x2z.Do 8 x’y+y’z+2’x+x° +yz’ +zx* =—xyz. | 0,5
2 2 2 3 3 3
B B vay X’ +y’ +2° +3xyz=—xyz. Suyra el gy
¥z zx Xy xyz
3 3 3 2 2
Taco 3+y—3+z—3=3+ ) e —= y—2+—7—l—i—i
Y.z x P s et o X, Pa
2 2 2
Lai c6 (x_+y_ Z—)[l l+l)=(x+y+z)(—+l+l) nén
Bz ENX Y OB -
2 2 2
x—,+y—,+z—,—4=3+l+£+f. 0,5
¥ 7 % Xy 8
2 = 2 el 2 .
Matkhécx—2=l+z x;y—,=1+x y;Z—,=l+y Znén£+1+£:—4.
y y z Z X vz X
x3 y3 Z3
Suy ra — ++—=3+(-4).7=-25. Do vy P=4(-4)-(-25)=9, dpcm.
-




Goi S 12 tap hop céc sb nguyén » (n > 1) sao cho v6i n sb thuc bat ky thude

khoang (—2:;2) c6 tdng bang 0 thi tong liiy thira bdc 4 cta chiing luén nho hon 3,0
32.Chimg minh S ={2;3}.
Goi céc sb thuc dang xét 12 a,...,a, thi a,,...,a, €(=2;2) va a, +...+a, =0.
_Véi n=2 thi a’ <16,a* <16 nén 4’ +a’ <32. Suyra 2 5. Lo
-Véi n=3, gia st ga, >0 (do trong 3 s6 cho trudc s& c6 it nhét 2 s6 c6 tich
khong am). Ta co

al +a +ai <a' +a; +16 <(a,+a,) +16 = (—a;)" +16 =a} +16 <32. 0
Suyra 3eS.
-Véi n>4 thichon g, =a,=-a,=-a, = 4/8 va cac sé con lai (néu c6) bang O,
tacéd a +..+a} =32. Suyra ng S v6i moi sb nguyén duong n > 4. 1,0

Vay S ={2;3}.




a. Tim gia tri nho nhit ciia f(x;y)=2"-5" véi x;p 1a2 s6 nguyén duong

thoa man 2* > 5.

3 . . : - 4,0
b. Tim tat ca cac sd nguyén duong N c6 ding 2 udc nguyén to 1a 2 va 5, dong
thoi N +4 1a so chinh phuong.
a) Vdi x, y 1a 2 sb nguyén duong bét ky théa man 2° >5”. Tacé f(x;»)=0. 5.5
Néu f(x;y)=0 thi 2* =57, vo ly. ’
(laS)d) Néu f(x;y)=1 thi 2*-5"=1. Suyra x>3;5" =2"—1=3(mod4), vo ly. 58
T I Néu f(x;y)=2thi 2* -5 =2, vdly do 5’ 1é. ’
Do f(3;1)=3 nén gi4 tri nho nhét ciia f(x;y) can tim 1a 3. 0,5
Pat N =25" va N+4=m? v6i a,b,meN". Khi d6 (m—2)(m+2)=N.
Do a>1nén N:2. Dodé m chin(do m® chin),suyra N : 4. Do vay a>2.
bit m=2k,keN’ ta duge (k—l)(k+1) =425P,
Xét cac truong hop sau: 0,5
; k-1=5%k+1=5"
» Neéu a=2 thi (k—l)(k+1):5b. Suy ra ks
x+y=b;x<y,x,yeN.
Suyra 2=5" (Sy_" —1), v6 nghiém do 577" =1 (mod 4).
= Néu a>3thi (k—1)(k+1):2. Suyra k 1€ va k>3 (do 2°7°5" 210).
Datp:%mq:%_l‘hi p.qeN’;g—p=1va pg=2""'5". 0,5
b)
2.54) Do (p,q)=1 nén p,qe{Z”“4;5"}.
Pit a—4=t thi teN do p,geN".
, =5
o Néu {p 5 thi 2' —5” =1, vo nghiém theo cdu a (cha y ¢ =0 khong 0,5
q =
thoa man).
. =2
o Neu{f™" ms-2=1
g=5"
Suyrat>2 vab 1 t chin (do (=1)" =(=1)" +1 (mod3)). 1.0

Do d6 5" =5** =5 (mod8). Suyra 2' =5" —1=4 (mod8).
Dovay t=2 vab=1.
Vay b=1,a=6 va sb nguyén duong can tim la N =320.




Bai 4

a. Cho 4 hinh vudng don vi xép ké nhau nhu hinh v&. C6 bao nhiéu cach to
mau 10 dinh cta c4c hinh vuéng don vi bdi & mau khac nhau (médi dinh t6 1
mau) sao cho khong c6 hai dinh ké nhau nao ciing mau khi & =32k =102 (trong
hinh v& c6 tit ca 13 cap dinh ké nhau)

b. C6 bao nhiéu cach t6 mau 8 dinh cta hinh 18p phuong béi 3 mau khac
nhau (mbi dinh t& 1 mau) sao cho khong ¢6 hai dinh k€ nhau nao cung mau?
(trong hinh 18p phuong c6 tat ca 12 cdp dinh k& nhau)

4,0

(2,0d)

A D E 7

Vé6i k =3.
S6 cach t6 mau dinh A4 1a 3.
S& cach t6 mau 3 dinh B,C, D sao cho 2 dinh B,D cung mau la 2x2.
S6 cach t6 mau 3 dinh B,C, D sao cho 2 dinh B, D khac mau 1a 2x1.

0,5

S6 cach t6 mau 6 dinh E,F,G,H,1,J 1a 3.
Vay s6 cach t6 mau can tim khi k =3 12 3x(2x2+2x1)x3° = 486.

0,5

Véi k=10.

S6 cach t6 mau dinh 4 1a 10.

S6 cach t6 mau 3 dinh B,C, D sao cho 2 dinh B, D cing mau la 9x1x9.
S6 cach t6 mau 3 dinh B,C, D sao cho 2 dinh B, D khéc mau 1a 9x8x8.

0,5

S6 cach t6 mau 6 dinh E,F,G,H,I,J 1a (1x9+8x8)’.
Vay sb cach t6 mau cin tim khi £ =10 13 10x (81+ 72x8)x 73° =2555841690.

0,5

b)
(2,0d)

Trudng hop 1: Cac dinh 4,C, B, D' duoc t6 bai 1 mau.
S6 cach chon 1 mau dé t6 cac dinh 4,C,B,D 1a 3.

S cach t6 mau cac dinh con lai 1a 2*. Vay sb cach t6 thoa man 1a 3.2* =48.

1,0

Trudng hop 2: Cac dinh 4,C,B,D' duoc t6 bdi 2 mau.
S6 cach chon 2 trong 3 mau dé 6 cac dinh 4,C,B,D 1a C2.
S6 cach t6 mau cac dinh 4,C, B, D’ bang 2 mau sao cho c6 3 dinh cling mau la

4x2.Khi d6, sb cach t6 mau cac dinh con lai 1a 2x 1.

0,5

S6 cach t6 mau cac dinh 4,C, B, D bang 2 mau sao cho ¢6 2 cip dinh ma mdi

cdp dinh cing mau 13 3x2. S6 cach td mau cac dinh con lai la 1°.
Vay so0 cach t6 théa man la

C32><|:4x2x(2><13)+3x2><14}:66.

Tém lai, tong sb cach t6 thoa man yéu cAu bai toan 1a 48+ 66 =114.

0,5

Trang 4




Cho tam giac nhon khong cdn ABC c6 duong tron ndi tiép (I) tiép xtic véi cac
canh BC,CA, AB lan luot tai D,E, F.
a. Goi H 1 hinh chiéu ctia D 1én EF. Chting minh HD 1a phan gisc BHC.
b. Goi P 14 giao diém ctia BE,CF va L 1a giao diém cua AI, EF. Goi H'

5 o 5,0
la diém doi xtmg v6i H qua L. Chimg minh DH' song song vGi PL.
c. Goi M 1a diém dbi xtmg véi F qua B va N 1a diém d6i ximg v6i E qua
€ Ching minh 2228 U o s oo 6 b
sin DMN sin H'DF
Gia str cac diém c6 vi tri nhw hinh v&, cac trudng hop khéc chimg minh tuong tu.
) Goi W 14 giao diém ctia FE, BC. Theo Dinh ly Ceva thi 4D, BE,CF dbng quy. 0.5
(1,08) | Suyra (W,D,B,C)=-1. Lai c6 HD 1. HW nén HD la phéan giac BHC. 0,5
Theo cauataco 4,P,D théng hang. Goi Z la giao diém cta FE, AD.
Tacé EGW,D,B,C)=—1 nén (4, P,Z,D)=—1. 0,5
b) [Suyra (L4, LP,LH,LD)=—1. 05
2,0d . . = £
(2,0d) Laic6 LA|| HD nén LP di qua trung diém HD. 0.5
Suy ra DH' song song v6i PL (do L 14 trung diém cua HH'). 0,5
, SinDNM DM DB cos(B/2) cot(B/2) cos(B/2) .
Ta co = = = . va 0.5
sinDMN DN DC cos(C/2) cot(C/2) cos(C/2) ’
sin HDE _HE sin DEF _ HF cos(B/2)
sin HDF H'F sin DFE HE cos(C/2)
3 cot DFE cos(B/2) tan(C/2) cos(B/2) s
cot DEF cos(C/2) tan(B/2) cos(C/2)’ ’
sin DNM  sin HDE
Suy ra — =,
©) sin DMN ~ sin HDF
(2,0d) 3 ¢
Chuy DNM + DMN = H’DE+H’DF=E+E<9O°.
—_ in DNM _ sin HDE 0.5
Néu DNM > H'DE thi DMN < H'DF. Khi d6 20— » S22 o5
sin DMN  sin H'DF
Néu DNM < HDE thi DMN > HFDF. Khi do S22NM _smADE
sin DMN  sin H'DF 0,5

Do vay DNM = HDE. Suy ra DH' L MN. Do vay PL 1 MN, dpcm.

Trang 5




