SO GIAO DUC VA PAO TAO KY THI OLYMPIC TRUYEN THONG 30 THANG 4

THANH PHO HO CHI MINH LAN THU XXIX - NAM 2025
TRUONG THPT CHUYEN
LE HONG PHONG Mbén: ’TOAN
Khbi: 10
— - - Ngay thi: 4/202
[ AP AN CHINH THUC | gay thi: 05/04/2025
Cau Noi dung Piém
Cho céc sb thuc a,,dy,...,05,b,,b,,....,b;) théaman a, #0 véimoi i =1,...,30.
Hoi phuong trinh
1 3

max {a,x +b,a,x+b,,...,a;,x +by, | = 4

c6 nhiéu nhat bao nhiéu nghiém?

Gid st phuong trinh da cho ¢6 3 nghiémx, <x, <x;. Suyra ton tai chi sb
1<i<30 dé

ax,+b =max{ax+b,a,x+b,,...,a,,x+b,,} =4; 15
ngoairatacod ax, +b <4,ax,+b <4.

Néi cach khac, ham tuyén tinh ax+b —4 nhan gia tri 0 tai x, va khong duong

tai x,,x;. Di€u nay chi xay ra khi n6 1a ham hang bang0 ; nghia laa, = 0,56, =4, 1
mau thuan. Nhu vay, phuong trinh da cho c¢6 khong qua 2 nghi¢m.

Dao lai, véi @, =+ =a,, =1,a,, = —1,b, =---=b,, =0 ta dé thy phuong trinh 05

max{x,—x} =4 c6 2 nghiém lax =14.
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Cau Noi dung Pi¢m
Cho cac sb thuc x, y thoa man |x| <3, y| < 3. Chung minh rang:
? 0<(x*+1)(y” +1)+4(x-1)(y-1)<164 !

Mot mat, do | x|,| y|£3,tacod

(DO +D+4 =Dy =D < (7 + D7 + D) +4( x[+D( y[+1) )
<@ +DE*+1)+4@+D)(B+1)=164

Dau "=" dat dugc khi x =y =-3

Mat khac,

+DO+D+Ax =Dy =1 =x"y +xX* +y° +1+4xy—dx—4y+4
=(xp+1)’+(x+y-2)"2>0 2

Dau "=" dat duoc khi xy=—1,x+ y=2 hay(x,y) = (1i\/§,1$\/§).
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au

Noi dung

Cac s6 thyc duong a,,a,,...,q,,, dugc viét trén mot vong tron theo thir ty do.
Biét rang moi s0 16n hon tich cda hai so0 lién trude nd: véi moi 1<i <100 thi
aa,, <a,, (taquyuéca,, =a,,a,, =a,). Ho1 c6 nhi€u nhat bao nhiéu so

nguyén duong trong cac sO a,,a,,...,q,,

Chung ta s& chi ra rang hai s6 hang lién tiép khong thé dong thoi 1a s6 nguyén
duong dugc. That vy, gid st nguoc lai, a;,a,,, 1a hai s6 nguyén duong lién tiep.

Suy ra, vi a,,, > a,a,,, néna,

i+ i+2

>a,, =21. Tuong tu, a,, >a,,a,, néna,, >a,,.

Ctr 1ap luan nhu vay, tasuy ra a,,, > a, 21 v6i moi k. Noi riéng, di€u nay co
nghia lag, <a, <---<a,y, < @, , mau thuin. Nhu vay, trong 100 s6 hang

a,...,a,, co6nhiéunhat 50 so nguyén duong.

Hon nita, néu c¢6 50 sé nguyén dwong thi ching 1a cac sé hang chi sé chin hoic
1a cac s6 hang chi sb 1¢. Gia str a,,a,,...,dy, lacac s6 nguyén dwong (truong hop
Ay,..., 0, 1acac s6 nguyén duong 1ap luan twong tw). Khi nay bang cach nhan
cac bat dang thic a, > a,a,, a, > a;a,, ..., a,y, > ay,a, lai, ta dugc

a,a, -y, > a,a, - a,,, kéo theo 1>a,a,---ay , vo ly.

Nhu vay, trong cac sb Ayyees gy > €O nhiéu nhat 49 sé nguyén duong. Vi du sau
day cho thay gia tri nay dat dugc:
1 1 1 1

a,=a,=--=day4 =1,q, =@,a3 =®,...,a99 =§,a100 =%.

Ky

thi
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Cau Noi dung Pi¢m
s Cho cac s6 nguyén duong a,b véia >b. Biétring ¢’ —b 1a mot udc cua s
ab(a® —b*). Chirng minh rang (a—b)° > 3ab
bata =dm,b=dn, v6i d = ged(a,b), nhu vay ged(m,n)=1. Diéu kién cua bai
toan ching t6 d°(m’ —n’)| d*mn(m® —n*), kéo theo (m’ —n’) | dmn(m® —n’), hay | 2
(m—n)(m* + mn+n*) | dmn(m—n)(m+n), nghiala (m*> +mn+n*)|dmn(m+n).
Dé ¥ rang hién nhién ged(m® +mn +n*,m) = ged(m® + mn+n*,n) =1. Ngoai ra,
ta cling co ged(m® +mn+n*,m+n) =1. That vay, néu k| m* +mn+n* va
k|m+n thi k|(m+n)n+n® ching to k |n*; tuong tu k |m*, do do 1
k|ged(m,n)=1,hayk=1.
Tu d6 m* +mn+n*|d , kéo theo d >m* +mn+n> =(m—n)’ +3mn>3mn.
Suy ra ’
(a=b)Y =d’(m-ny’ >d’=d*-d >d* 3mn=3ab
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Noi dung

Piem

Cho tir giac ABCD ndi tiép duong tron (O) . Cac dudng thang AD va BC cit
nhau tai P, cac duong thang AC va BD citnhautai Q. Goi M va N tuong
g 1a trung diém ctia AD va BC. Ky hiéu (L) va (K) tuong tmg la duong tron
ngoai tiép tam giac Q4D va tam gidc QBC . Puong thang MQ cat lai (K) tai
diém E (khac Q), duong thang NO cit lai (L) tai diém F (khac Q).

a) Chirng minh rang cac diém P,0,E,F,M,N cung thuoc mot duong tron.

b) Puong thang di qua L va vudng goc voi OF cat dudng thang di qua K va
vuodng goc v6i OF tai diém T. Chimg minh rang cac diém 7, P va O thang
hang.

Do AQAD ~ AOBC nén ZMQD = Z/NQC , suy ra NQ la duong ddi trung cua
tam giac AQD . Ta thu duogc tu gidc AFDQ diéu hoa.
Suy ra

LOFM = LQFD — ZMFD = ZQAD — ZQFA=ZQBC — ZQDA = ZMPN.
Suyra M,F,P,N dong vién. Tuong ty M,E,P,N dong vién.
Lai c6 ZPMO = ZPNO =90" nén PO la dudong kinh cua (PMN). Vay
P,O,E,F,M,N déunam trén duong tron duong kinh OP.

Ky thi
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Goi J la trung diém ctia OP. LQ cat TK taiU, KQ cat TL tai V. (L) giao
(K) tai S khac Q.

Hién nhién P thudc truc dang phuong cua (L) va (K) nén P,Q,S thing hang.
Dong thoi ta cling c6 LPSO =90

5.b 1.5
Taco JLLFS, LK 1 OS nén ZJLK = ZFSQ = %LFLQ =/QLT.
Tuong tu ZJKL = ZQKT , suy ra Q,J lién hop ddng giac trong tam giac TLK .
Do d6 TQ,TJ dang giac trong ZLTK . @8
Mit khac, ta cling ¢c6 LQLT = LZQSF = LZQNP = ZQMP = ZQSE = ZQKT , suy
ra tir gidc LKUV i tiép.
Laico LQ L BC nén LQ || KO, tuong tu suy ra LOKO 1a hinh binh hanh.
Tude L2 Ve _YU _1V
OK QL LK TK 1.5

Ma £TKO = ZTUQ = ZTVQ nén ATVQ ~ ATKO(c.g.c).
Vay TO,TO dang giac trong ZLTK . )
T (1) va (2) suy ra T, P,J, 0O thang hang.
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