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(1,5diém)Chocécs()x,y,z>0vz}—2:—2+—.Déta:y * :
T Y

minh

(a) aby/y? + 22 =23 vaab= (y — a)(z — b).

(b) = < —\/3/22+Z2
(1,5 diém) Cho phuong trinh 22 — (2 — m)z + 2m? —m = 0 (m la tham s6).

(a) Chiing minh réng néu m la s6 nguyén duong thi phuong trinh khong c6 nghiem.
(b) Néu phuong trinh c6 nghiém 1, zo. Tim gid tri nho nhat clia biéu thitc

T+ 25+ 6
Ty T+ 1

A=

4+ ar+2=4y
(1 diém) Giai he phuong trinh { y?>+y+2 =4z
224 z+2=4zx

(1,5 diém)

(a) Cho cac s6 nguyén duong a, b, c,d théa ab = cd. Chiing minh réng a + b + ¢+ d la
hop s6.

(b) C6 bao nhiéu tap con c6 4 phan ti cta tap A = {2026, 2027,--- ,2116} trong do6
tich hai s6 nay bang tich hai s6 kia?

(3 diém) Cho duong tron (O) va day cung BC' ¢6 dinh. A la diém thay ddi trén cung
16n BC' sao cho tam gidc ABC nhon. Cac duong cao AD, BE,CF cat nhau tai H.

(a) Chitng minh EF c6 do dai khong ddi. Tim vi tri ctia A dé dién tich tam giac AEF

16n nhat.
(b) Goi M la trung diém BC, tia M H cat (O) tai P. Chiing minh s6 do goc ZEPF
khong ddi.

(c) Goi K la giao diém ctia AD véi (O). Chitng minh PK luon di qua mot diém cb dinh.
(1,5 diém) Cho 1022 s6 nguyen duong khong nhét thiét phan biet.

(a) Chitng minh ring trong cac s6 da cho c6 mot s6 hodic mot vai s6 c6 tong chia hét
cho 1022.

(b) Néu tong ctia 1022 s6 nay la 2044 va khong ¢ s6 nao bang 1023 thi tit cac s6 nay
¢6 thé chon ra mot sé hodc mot vai s6 ¢6 tong ding bing 1022.
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LOI GIAI THAM KHAO

1 1 y: —x 22—z

hd P 1
Bai 1. (1,5 diém) Cho cac s0 x,y,2 > 0va — = — + —. Dat a =
x Yy z Yy
minh

a) ab\/y2+ 22 =23 vaab= (y —a)(z —b).
(b) < —Vy2+22

=7
Loi giai
2.2
(a) (0.5 diém) Tit gid thiét ta c6: 22 = — . Bién déi bidu thic
y2 +22
W — 22 22— g
ab\/y? + 22 = . Y+ 22
Yy z
2 2
Y +z
= (P2 -2’ + %) + ) - =R

2.2
z 1
= (y222—1'2':yx—2+$4) 13:1'3.
Tt gid thiét, ta c6

(v — o)z~ b) = ( ooy (-2
=

4 3
T T
= = ab.

xr/2? + 3 \/x2+y2

Vay ta c6 diéu phai chitng minh. (0.5 diém)

(b) Ap dung bat ding thitc AM-GM, ta co:

y—i—z)
2 Y222 << 2 s <\/m

y2+z2— y2+22 4 - 2

Hoan tat chiing minh. (0.5 diém)
Bai 2. (1,5 diém) Cho phuong trinh 22 — (m + 2)z + 2m? + 1 = 0 (m la tham s6).

(a) Tim s6 tut nhién m dé phuong trinh c6 nghiém.

(b) Néu phuong trinh c6 nghiém z;, 5. Tim gia tri nhé nhat ctia biéu thiic

—1
pgontr:=1
Xy Ty + 1

Lai giai



(a) Phuong trinh da cho c¢6 nghiém khi va chi khi

A=m+2?—42m*+1) >0 0<m<

SIS

Do d6 m nguyén duong thi m > 1 nén phuong trinh vo nghiem. (0.5 diém)
4
(b) Phuong trinh da cho c¢6 nghiém khi va chi khi 0 < m < = Theo dinh 1y Viete, ta
c6: 11 4+ 19 = m + 2, 3179 = 2m? + 1. Thay vao biéu thiic A, ta dugc
- om+1
C2m? 42

R 4
(0.5 diem) Ta c6 0 < m < = nén suy ra m?> < m,m + 1 > 0, vay nén

m+1 <m+1 1

O +2 " 2m+2 2

Dang thitc xay ra khi m = 0.
. 1 .
Vay gia tri 16n nhat ctia A 1a B khi m = 0. (0.5 diem)

4+ r+2=4y (1)
Bai 3. (1 diém) Giai hé phuong trinh { % +y +2 =4z (2)
22+ 242 =4z (3)

Lai giai

1\* 7
Tacé:x2+:c+2:(:1:—|—§) +Z>O<:>4y>0<:>y>0.

Ching minh tuong tu, ta ¢6: x > 0,2z > 0
Gid stt o # y. Néu z > y, tit (1) vd (2) suy ra y > z, tit (2) va (3) suy ra z > . Mau
thuan. Néu z < y, chitng minh tuong tiu ta c6 diéu mau thuan. Do d6 x =y
r=y=z=1

Chiing minh tuong ty, ta ¢c6 x = y = z. Dé dang tinh dugc ey —z=2

(1 diém)

Bai 4. (1,5 diém)
(a) Cho céc s6 nguyén duong a, b, c,d théa ab = cd. Ching minh réng a + b + ¢+ d la
hop sb.

(b) C6 bao nhieu tap con c¢6 4 phan tit ctia tap A = {2026,2027,--- ,2116} trong do6
tich hai s6 nay bang tich hai s6 kia?

Loi giai
(a) Goi m 1a UCLN ctia a va ¢. Khi do:

a=ma; . _
{c:mq Vol (ag,c¢1) =1

Ta c6: ab = cd & ma1b = meid & a1b = ¢1d

Suy ra a;b : ¢;. Ma (aj,¢;) =1 nén b : ¢;. Dat b =ney (n € N¥)
a1b=cid & ancy = ad & d = nay

Do d6: a4+ b+ ¢+ d = ma; + ncy +mey +nap = (m+n)(a; + ¢;).

Vim+n>2vaa; +c>2néna-+b+c+dlahop so.
Hoan tat chitng minh. (0.75 diém)



(b)

Chon 4 phan ttt a < b < ¢ < d trong A. Gia stt 4 phan ti nay thoa tich hai s6 nay
bang tich hai s6 kia. Khi dé6: ad = be

Ta co:
b=a+=x
c=a+y voi(a>20260<z<y<z<90)
d=a+=z

ad=bc < ala+2) = (a+z)(a+y) & a®+az=d® + ax + ay + 2y
Salz—x—y)=uay

al|xy a<zy
Suyra{z—a:—y21 :>{x—|—y§z—1§89'
(x+y)* 892

Do dé: xy <

< e < 1981 = a < zy < 1981. Mau thuan.

Vay khong ton tai tap con nao théa yéu cau bai. (0.75 diém)

Bai 5. (3 diém) Cho dudng tron (O) va day cung BC c6 dinh. A la diém thay d6i trén cung
16n BC sao cho tam gidc ABC nhon. Cac duong cao AD, BE, CF cat nhau tai H.

(a)

(b)
()

Chimng minh EF c¢6 do dai khong doéi. Tim vi tri ctia A dé dien tich tam giac AEF
16n nhat.

Goi M la trung diem BC, tia M H cat (O) tai P. Tinh ZAPH.
Goi K la giao diém ctia AD v6i (O). Chitng minh PK luon di qua mot diém c6 dinh.

L&i giai

. EF AFE
Tt giac BFEC ndi tiep suy ra AAEF «~ ANABC, ta dugc B0 = Ap ~ s /BAC.

Do d6 EF = BC cos ZBAC. Ma /BAC c6 s6 do khong doi va BC' ¢b dinh nén EF
c6 do dai khong doi. (0.5 diém)
Ky hiéu Sxyz la dién tZich tam giac XY Z.
Ta c6 Sapr = <AE) = cos? ZBAC, suy ra Sygpr = Sapc - cos®> ZBAC.
SaBc AB
Sapr 16n nhat khi va chi khi Sipe 16n nhat, khi va chi khi A 1a diém chinh gitta
cung 16n BC. (0.5 diém)
Vay vi trf can tim ctia A 14 trung diém cung 16n BC.

Ké duong kinh AT ctia dusng tron (O).

BH L ACvaTC 1 ACnén BH || TC, tuong tu CH || TB nén BHCT la hinh binh
hanh. Tw day suy ra HT di qua M. Vay ZAPH = ZAPT =90°,khid6 A, E, F, H, P
ciing thuoc mot dusng tron, (0.5 diém) suy ra /ZEFP = /EAF = /BAC khong
ddi. (0.5 diém)

Goi G la giao diém clia hai tiép tuyén tai B, C ciia duong tron (O).
Taco MT-MP = MB-MC = MO - MG nén tit giic POTG noi tiép. (0.5 diém)
Suy ra

/GPT = £/GOT = LZKAT = Z/KPT.
Do d6 P, K,G thing hang. Vay PK luon di qua diém G c6 dinh. (0.5 diém)
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Bai 6. (1,5 diém) Cho 1022 s6 nguyen duong khong nhét thiét phan biet.

(a) Chitng minh riang trong cac s6 da cho c6 mot sd hosic mot vai sé c6 tong chia hét
cho 1022.

(b) Néu tong ctia 1022 s6 nay la 2044 va khong ¢ s6 nao bang 1023 thi tit cac s6 nay
c6 thé chon ra mot sé hodc mot vai s6 co tong ding bing 1022.

Loi giai

(a) Goi cac s6 da cho 1a ay,ag, - - ajge. Gid stt a; < ap < az < -+ < ajoge.
bat Sy = a1 +as+---a (k€ {1;2;3---1022}
Co tat ca 1022 tong S. Néu trong cac tong nay ton tai mot tong chia hét cho 1022 thi
bai toan da duge ching minh. Gia st trong 1022 tdng nay khong c¢6 tong nao chia hét
cho 1022. Khi d6 s6 du céc tdng nay c6 thé nhan khi chia cho 102214 1,2,3,---1021.

Theo nguyén ly Dirichlet, ton tai 2 tong c¢6 ciing s6 du khi chia cho 1022. Gia sit 2
tong nay 1a S, va S, (m < n). Ta cé:

Sy — S = U1 + -y | 2022
Hoan tat chiing minh. (0.75 diém)
(b) (0.75 diém) Ta co:

S1o22 = 2044
Sjs1 =85 < Sjya — Sjpn (1=1,1020) (%)
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Gia stt khong thé chon ra mot s6 hosic mot vai sé c6 tong ding bang 1022. Khi do:

S; #1022, V1<14<1022
S;—8; /1022, V1<i<j<1022

2044). Mau thuan. Nhu vay cac tong S; (i = 1,1022) khi chia cho 1022 c6 s6
du doi mot khac nhau. Va cac tong S; (j = 1,1021) sé nhan cac gia tri thudc
{1,2,---1020,1021, 1023, 1024, - - - 2043}. Ta chia cdc gid tri nay thanh 1021 cip
s6 (1;1023),(2;1024) - - - (1021;2043). Mbi cap s6 nay déu chita 2 s6 ¢6 cung s6
du khi chia cho 1022. Do dé tuong ting v6i mdi cip sb nay sé c6 ding 1 tong
S; (i € {1;2;---1021}) nhan gia tri 12 1 trong 2 s6 cta cip. Két hgp véi dicu kién
(%), chi ¢6 2 truong hop xay ra:

TH1: S, =i, Vi=T1,1021.

Suy ra Sg22 — S1021 = @1022 = 2044 — 1021 = 1023. Mau thuan
TH2: S, =i+ 1022, Vi=T,1021. Hién nhien S, = 1023. Mau thudn

Hoan tat ching minh.

Cach 2 Ta ¢6 a1022 — 2044 — (Cll +a + -+ alggl) S 2044 — 1021 = 1023, ma
a1022 7£ 1023 nén a1022 S 1022, suy ra a; S 1022. Xét 1022 86 a; — a1022,51 =
n, S2 = a1 + ag, -+ Sio21 = a1 + az + -+ ajpo1-

e Néu c6 mot so chia hét cho 1022. Khi d6 néu a; — aqge2 chia hét cho 1022 thi
a; — aigee = 0, khi d6 1022 s6 déu bang nhau va bang 2. T d6 chon duge 511
s6 c6 tong ding bang 1022.

Néu a; — aj022 khong chia hét cho 1022 thi sé c6 i théa S; chia hét cho 1022 ma
0 < S; < 2044 nén S; = 1022 ta c6 diéu can chitng minh.

e Truong hgp khong c6 s6 nao chia hét cho 1022 thi c¢6 hai s6 ¢6 hiéu chia hét cho
1022, khi do6 Sk - Sl = Qj+1 +-rap = 1022.

HOéC a; — a1022 — Sz — 1022 = Ao + - a; + Q1929 = 1022 dléu Cén chli’ng minh.



