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"Pay 1a mot tuyén tip gdm day di cic chii dé quan trong ctia hinh hoc 16p 9
danh cho céc ban hoc sinh chuén bi thi vao céc trudng trung hoc pho thong (THPT)
chuyén. Cubn sich dugc viét véi vian phong nhe nhang, ngan gon, vi du va bai tap
dudc chon loc cin than d&€ minh hoa t6t nhit cho cdc phuong phép giai toan co ban
& ting chu dé. O diu mdi cha dé déu c6 phan din nhip vé phuong phap chung, mot
s6 kién thiic co ban lién quan, cudi méi chii dé 1a phan bai tap phong phui dé€ hoc
sinh c6 thé tu luyén. Pay 1a mot dinh hudng rat quan trong, vi cdc ban hoc sinh s&
chi thuc su nim bat dudc cac phucng phap, hiéu siu van dé khi tu minh lam bai.
T6i d4nh gia cao nodi dung cudn sach, mdt san pham tAm huyét clia tic gia Nguyén
Ting Vi. Pay sé 1a mot tai liéu rit phit hop cho cdc ban hoc sinh mubn chinh phuc
canh ctia cic trudng chuyén. Cudn sich ciing sé rit bs ich cho cac ban hoc sinh 16p

10 chuyén todn va céc thay co gido day 16p 9, 10."

TS. Tran Nam Diing
Truong Phéd thong Ning khiéu - PHQG TPHCM

"Chu tric sach khac véi cac quyén sach Hinh hoc hién nay. Bai tip da dang,
phong phu phut hgp véi hoc sinh khé gidi bac trung hoc co s (THCS). Quyén sach
con 1a tai liéu tham khéo thiét thuc cho céc bac phu huynh hoc sinh yéu thich todn
THCS, sinh vién céac truong Su pham, gido vién Toan bac THCS."

Thay Nguyén Pirc Tan
Giao vién chuyén Toan tai TP.HCM



Danh tang vé Bao Tran va cac con Si Ro Bale



Hinh hoc Iudn 1a mot trong nhitng dé tai khé va hip dan dbi v6i hoc sinh va
gido vién yén thich mon toan. Hon nita d€ dat cac két qua t6t trong cac ki thi hoc
sinh giéi va ki thi tuyén sinh vao 16p 10 chuyén todn, cac em hoc sinh cin phai
lam t6t bai hinh hoc vi n6 chiém mot vi tri khd quan trong trong dé thi. D€ giip
cac em hoc sinh va ban doc c6 mot cudn sach hinh hoc tham kh3o tét, xin gi6i thiéu

dén ban doc cudn sach "Cac chuyén dé hinh hoc 9 - Béi dudng hoc sinh ning khiéu".

Cubn sich nay bao gdm 10 chuong. Chuong 1, 2, 3 trinh bay cac bai todn co
ban, cdc mod hinh quen thudc trong chuong trinh THCS, dé thuc su gidi todn hinh
hoc chiing ta cling nén nam chac cic bai toan nay, tif d6 trang bi cho minh mdt nén
kién thiic co ban t6t. Chuong 4, 5 trinh bay cdc van dé vé thang hang va ddng quy,
day ciing chinh 1a cdc cau héi thudng gip nhit trong bai toan hinh hoc. Chuong 6, 7,
8 trinh bay cdc vin dé khé hon lién quan dén yéu t6 thay ddi, day la dang toan khé
can phai nam chac cac phuong phap suy luan va ciing nam chic cac kién thic & cac
chuong trude. Chuong 9 1a cdc bai todn téng hgp, dugc 14y tir dé thi hoc sinh gidi,
dé thi tuyén sinh vao 10 ctia cc trudng chuyén 16n trong ca nuéc. Pay la chuong
dé€ van dung tit ca nhiing kién thiic da hoc & cdc chuong trude, ciing 1a chuong dé
ki€m tra ning luc hinh hoc ctia hoc sinh. Chuong 10 dudc xem nhu phan phu luc
nham gi6i thiéu mot s6 ki thi hinh hoc quéc té ma hoc sinh Viét Nam c6 thé tham
gia dugc. Cubi ciing 12 phin goi y van tat cho cac bai tip, cdc em dua vao d6 dé di

tim 101 giai cac bai tap kho.

Mot s6 tinh chit hay dinh 1i phiic tap va ting dung clia n6 sé khong dudc néu
trong sdch nay vi véi cac em hoc sinh THCS diéu d6 ciing chua that sy can thiét,
cdc bai toan giai bang phuong phdp manh mot cach dé dang ciing khong dudc dua
vao tai liéu dé gilt gin tu duy trong séang cho cac em hoc sinh THCS.



Cung v6i sach tham khio nay 13 website vé hinh hoc do chinh tic gia thanh 1ap
www.toanviet.net. C4c ban c6 thé vao website d& xem bai gidng, bai tap va cac dé
thi. Vi dang xay dung nén trang web con thiéu s6t kha nhiéu, tuy vay ciing gitip ich

dudgc phan nao cho cac ban khong c6 diéu kién di hoc thém.

Vi viét trong thdi gian ngan nén ciing khong tranh dudc nhitng thiéu sét, hy vong
ban doc luong thif va dong gép nhiét tinh d€ cho cac 1an tii ban sau dudc hoan thién

hon. Moi thic méc xin lién hé email: nguyentangvu @ gmail.com.

Cudi cung, xin chan thanh cam on thay Nguyén Diic Tan, TS. Tran Nam Diing
da doc ban thao va déng gop y kién quy bau cho tac gid. Cam on c4c ban Lé Phiic
Lit, Nguyén Tién Hoang va mot sd ban gido vién tré tai Star Education da dong gép

céc bai toan va phat hién nhiéu 16i danh may d€ san phdm dudc hoan thién hon.
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Chuong 1

Cic diém thang hang

Chiing minh cdc diém thang hang 1a dang ciu hoi thudng gip nhét trong cac bai
toan hinh hoc. Nhin lai trong qué kht, su phat trién ctia Hinh hoc phang 1a viéc phat
hién ra nhitng két qua dep ma & day la cac duong thang: dudng thang Euler, dudng
thang Simson, ...

DE chiing minh ba diém thang hang, ta c6 rit nhiéu phuong phap ma mdt trong sd
d6, thudng thiy nhét chinh 13 dinh li Menelaus. Ngoai ra, mot phuong phap hay st
dung 1a bién ddi géc hoic st dung céc tia trung nhau. Trong chuong nay ta sé& tim

hiéu mot s6 phuong phap va céc bai toan thang hang thudng gip.

1.1 Pinh li Menelaus

Dinh 1i Menelaus trong phan nay chi dudc trinh bay dudi dang hinh hoc, cic
dang dai sb va lugng gidc sé dugc tim hiéu rd hon trong chuong trinh trung hoc phd
thong, vi thé viéc chiing minh c6 khi phu thudc vao hinh vé.

Dinh li 1.1.1 Cho tam gidc ABC va ba diém A", B',C"trén cdc dudng thang chita
cac canh BC,CA, AB sao cho: hoiic ca ba diém A’, B’,C’ déu nam trén phan kéo
dai ctia ba canh, hoic mot trong ba diém d6 nam trén phan kéo dai cia mot
canh con hai diém kia nam trén hai canh ctia tam giac. Piéu kién can va di dé
A’,B',C’ thang hang la hé thiic:

AB' CA" BC'
B'C AB C'A

(1.1)




Loi giai.

Cl

A’ B C

Ta phai chiing minh ring (véi diéu kién di cho vé cac diém A’,B’,C'): A',B',C’
thang hang < (1.1).

a)

b)

Diéu kién can. Ta chiing minh A", B’,C’ thang hang = (1.1)

Xét trudng hop hai diém (B’,C") nam trén hai canh cia tam gidc, con A’ nam trén
phan kéo dai ctia BC.

Tt B, ké dudng thing song song v6i AC, cat dudng thang A’'B’ tai M.

cA' BC _BC' BM

Taco 4is = By " CA ~ AB"
/ / /
Nhéan X}ég /lec ﬁ hj;i C(i:fmg thuc trén, ta dudc: jéB . gi‘ = f}BC;
M g aB oA " M
Diéu kién di. Ta phai ching minh (1.1) = A’, B’,C’ thang hang.

Gia st B/,C’ ndm trén hai canh clia tam gidc, con A’ nam trén phan kéo dai cta
BC, va co6 hé thic (1.1).

Néu C’ thudc doan A’B’, va A’B’ cét AB tai C” thi, theo diéu kién can.
AB" CA" BC”

BC AB C'A

. . BC'  BC"
Tu (1) va (2) suy ra: OA= O

2

Ta co:

2)




Vay C” = C’ (do C" va " déu nam trong doan thang AB) hay ba diém A’ B',C’
thang hang.

Trudng hop ca ba diém A’, B',C’ déu nam trén phan kéo dai ciia ba canh clia tam
giac chiing minh tuong tu. |

Dinh 1i Menelaus cho ta mot tiéu chuin dé ching minh thang hang, ta chi can
chiing minh bd ba diém thda man diéu kién 1.1. Hon nita ta thiy rang diéu kién nay
lién quan dén ti s6 cac do dai, do vdy viéc tinh todn trén d6 dai doan thang sé 1a yéu
td quyét dinh trong phan nay.

Sau day 1a mot s6 ing dung ctia dinh 1i Menelaus trong viéc chiing minh cic bai

todn vé cac di€ém thang hang.

Bai 1.1. Chiing minh rdng trong mét tam gidc, chdn cdc duong phdn gidc trong
ciia hai goc va chdn ciia dudng phdn gidc ngoadi ciia goc thit ba ciing nam trén

mot duong thdng.

Loi gidi.

Gia st cac duong phéan giac trong goc B,C la BE,CF va phan giac ngoai goc A la
AD. Khi d6 D nam ngoai doan BC, E, F thudc cic doan AC,AB.
.DB AB EC BC FA AC
Tac) —=—,— = —,— = —.
DC AC EA AB FB BC
DB EC FA AB BC AC

SUYTa 3 EA FB AC AB BC

Theo dinh 1i Menelaus thi D, E, F thﬁng hang. |
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Bai 1.2. Cho tam gidc ABC néi tiép duong tron (0), tiép tuyén tai A ciia (O)
cdt dwong thing BC tai D; tiép tuyén tai B cdt AC tai E; tiép tuyén tai C cdt AB
tai F. Chitng minh rang D, E ,F thing hang.

Lai gidi.

A ;I
D ‘ C
F
DB DA AB
Ta c6 ADAB «~ ADCA. Suy ra DA DC - 4iC

N DB DB DA AB? "
en — = — - —;
DC DA DC AC?

EC AC* FA BC?

Tuo w— 2
"W EA T B2 FB T ABY 2)
T (1) v (2) e 2B ECFA

va@taco pe-m Ep T

Do d6 D, E, F thang hang. ]
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Bai 1.3. Cho tam gidc ABC nhon khdc tam gidc déu, cdc dwong cao AD,BE,CF.
Goi X la giao diém cua EF va BC; Y,Z dugc xdc dinh tuong tu.
Chiing minh ring X,Y,Z thing hang.

Lai gidi.

Z

Céc ti gidc AFDC,ABDE noi tiép. Suy ra /BDF = /BAC = /CDE.

Hon nita AD L BC nén DX la phan giac ngoai cua ZEDF.

Chung minh tuong tu EY, FZ la phan giac ngoai cua géc Z/DEF va /DFE.

Tam gidac DEF ¢6 X,Y,Z 1an luct 1a chan dudng phan gidc ngoai ctia tam gidc DEF .
Ap dung Menelaus cho tam gidc DEF thi X,Y,Z thang hang. ]

1.2 Phuong phap goc bu
Gia st can chiing minh A, B, C theo thi tu thiang hang.
* Néu c6 tia Bx nam giita hai tia BA, BC thi A, B,C thang hang khi va chi khi
/ABx+ ZCBx = 180°.
* Néu c6 tia Ax sao cho AB,AC cung phia ddi v6i Ax thi A, B,C thang hang khi
va chi khi ZxAB = /xAC.
Mot trong nhitng vi du cho phuong phap nay 1a bai toan vé duong thang Simson
trong chuong 3. Sau day ta xét mot s6 vi du khac.
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Bai 1.4. Cho tam gidc ABC noi tiép duong tron (0), cdc duong cao BD,CE cdt
nhau tai H. Puong tron ngoai tiép tam gidc ADE cdt (O) tai diém P khdc A.
Puong thing AP cdt BC tai K. Chitng minh K ,E, D thdng hang.

Loi gidi.

Gia su ta ¢6 hinh nhu hinh vé. Cac trudng hgp khac
lam tuong tu.

Ta ¢c6 APED,BEDC 1a céc ti gidc noi tiép nén
/APE = /EDC = /KBE. Suy ra KPEB ni tiép.
Viay /PEK = /PBK = /PAD = 180° — ZPED.
Do d6 ZPEK + ZPED = 180°.

Suy ra K, E, D thang hang. ]

Bai 1.5. Cho tam gidc ABC nhon, ndi tiép duong tron w. Cdc duong cao
AD,BE,CF cdt nhau tai H. Puong tron tam I dwong kinh CH cdt w tai diém
P khdc C. Puong thang BP cdt (I) tai N. Chiing minh rdang F,D,N thdng hang.

Lai gidi.

Taco BD-BC = BN -BP va BD - BC = BF - BA, suy ra BN - BP = BF - BA.

Do d6 tif giac AFNP ndi tiép, suy ra ZBNF = /BAP. (1)
Ma /BAP = /BCP = /BND. )
Tit (1) va (2) ta c6 ZBNF = BND. Vay F,D, N thang hang. [ |
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Bai 1.6. Cho tam gidc ABC c¢6 O la tam dwong tron ngoai tiép. Puong tron thay
doi qua A va O cdt cdc canh AB,AC lan lugt tai D va E. Goi K la truc tdm tam
gidc ODE. Chiing minh B,K ,C thdng hang.

Loi giai.
A
"

Ta c6 ZOKD = ZOED = ZOAD = ZOBD. Suy ra ODBK ni tiép.

Chiing minh tuong tu, ta cling c6 OECK ndi tiép.

Khi d6 ZOKB = ZODA = ZOEC va ZOEC + ZOKC = 180°

Nén ZOKB+ ZOKC = 180°.

Suy ra B, K, C thang hang. |

1.3 Ki thuét hinh duy nhéit

1.3.1 Ching minh tia hoic dudng thang trung nhau

D€ chitng minh ba diém A, B, C thang hang, ta c6 thé sit dung cach ching minh
hai dudng thang hodc hai tia AB, AC trung nhau. Theo phuong phap nay, ¢ nhiéu
céch dé tiép can nhu:

+ Clng vudng géc hodc song song v6i mot dudng thang khéc.

* Cung la phéan giac cia mot goc.

+ Cung 12 trung tuyén ctia tam gidc.

Sau day ta xét mot s6 bai tip ap dung phuong phap nay.
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Bai 1.7. Cho tam gidc ABC, cdc duong cao AD,BE,CF cdt nhau tai H. Goi
M ,N,P,Q lan luogt la hinh chiéu vuéng goc ciia D trén cdc duong thcfng AB, BE,
CF, AC. Chitng minh 4 diém M,N,P,Q cung thuéc mot duong thcfng.

Loi gidi.

Ap dung dinh li Thales, ta co: M = 8D = BN
BF BC BE

Suy ra MN J/ EF. (1)

Ta c6 HNDP va AFHE noi tiép nén suy ra

/HNP = /HDP = /HAF = ZHEF.

Suy ra NP )/ EF. (2)

Tir (1) va (2) ta c6 M, N, P thang hang.

Tuong t ta ciing c6 Q, N, P thang hang.

Vay bén diém M, N, P,Q cung thudc mot

dudng thang. [ |

Bai 1.8. Cho tam gidc ABC, cdc duong cao BD,CE cdt nhau tai H. Phdn
gidc goc ZABH va /ACH cdt nhau tai K. Goi M,N lan lugt la trung diém ciia
AH ,BC. Chiing minh M,K N thdng hang.

Loi gidi.

Ta chiing minh dugc 5 di€m B,C,D,E,K cung
thudc duong tron duong kinh BC.

Do BK la phan giac goc ZABH nén KD =KE. (1)

1
Ta cung cO ND = NE = EBC vaMD =ME. (2)

Tu (1) va (2) ta c6 M,K,N cung thudc trung truc
ctia DE nén thang hang. [ |
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Bai 1.9. Cho tam gidc ABC nhon, truc tdm H. Tit A vé cdc tiép tuyén AP va AQ
dén dwong tron duong kinh BC (P, Q la cdc tiép diém). Chitng minh P,H , Q thing
hang.

Lai gidi.

Goi AD, BE, CF la cac dudng cao cua tam giac ABC va O la tam dudng tron dudng
kinh BC.

Puong thang AO cat dudng thang HP tai K.

Dé thiy OA_LPQ. (1)
Ta chting minh dudc AP?> = AE -AC = AH - AD.

Suy ra AAPH «~~ ANADP va /AHP = ZAPD.

Miit khdc OPAD ndi tiép nén ZAPD = ZAOD.

Do d6 i gidc ODHK noi tiép nén ZOKH = 90° hay OA_LHP. ()
Tt (1) va (2) ta c6 P,H, Q thang hang. [ |

Bai 1.10. Cho tam gidc ABC ndi tiép duong tron (O), duong tron tam I noi tiép
tam gidc ABC tiép xiic vdi BC,AC,AB lan lugt tai D, E ,F. PDuong tron ngoai tiép
tam gidc AEF cdt (O) tai P. Vé DK LEF véi K thuéc EF.

Chiing minh P,K I thdng hang.
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Loi giai.

Ta chiing minh dugc KD la phan giac goc ZBKC.

FK FB
Tu d6 suy ra AFKB ~ AEKC. Do d6 — = —.
EK EC

PF _FB FK

Mat khac ta c6 APFB ~ APECnén — = — = —.
PE EC EK

Do d6 PK la phan giac goc ZEPF. (1)
Lai c6 td gidc PEIF noi tiép c6 IE = IF nén PI 12 phan gidc ZEPF. (2)
Tir (1) va (2) ta c6 P, K, I thang hang. |

1.3.2 Chitng minh céc diém trung nhau

Cung ki thuat chiing minh nhu trén, ta ¢6 thé st dung “phuong phdp diém tring”,
phuong phap nay hay dugc st dung dé€ ching minh céc bai toan phat bi€u ngugc.

Pé ching minh ba diém A, B,C thang hang, ta dung diém C’ sao cho A,B,C’
thang hang, sau d6 chitng minh C tring C'.

Viéc chiing minh C trung C’ thudng xuét phat tif su xac dinh duy nhét cta diém

C ¢6 thé 1a giao clia hai dudng, trung diém doan thang....

17



Bai 1.11. Cho duong tron tim O duong kinh AB va mét diém C badt ky thudc

duong tron. Tiép tuyén tai C cdt tiép tuyén tai A, B cia (O) lan luot tai D, E. Goi

H la hinh chiéu ciia C trén AB.

a) DB cdt CH tai N. Chiing minh A,N,E thdng hang.

b) Puong thing qua A song song HE va duong thing qua B song song véi HD
cdt nhau tai M. Chiing minh D, M, E thdng hang.

Loi giai.

(&)

a) Gia st BC cat AD tai F, ta chiing minh dugc D 1a trung diém ctia AF.
Khi d6 N = BN = Iﬂ
DF BD AD
Ma AD = DF, suy ra CN = HN hay N la trung diém cta CH.
Goi N’ 1a giao diém ctia AE va CH.
Chitng minh tuong tu ta ciing c6 N’ 1a trung diém ctia CH. Do d6 N = N’ hay
A,N,E thang hang.
b) Phan tich: vé hinh chinh xdc va truc giac ta du doan dudc M 1a trung diém clia
DE, hon nita diém M 1a dudc x4c dinh duy nhét do 12 giao diém ctia 2 dudng.

18



Do d6 ta c6 thé goi M’ 1a trung diém DE va chiitng minh M’ = M bing cach
ching minh AM’ ) HE va BM' |/ HD.
Thuc ra do vai trd nhu nhau nén chi can chiing minh AM’ ) HD 1a dq.
Ta co HA = b = A—D
HB CE BE
Suy ra AAHD ~ ABHE = /AHD = /BHE.
Lai c6 /KHA = /BHE (dbi dinh) = /KHA = /AHD.
Tir d6 ta c6 tam gidc HDK can tai H va A 1a trung di€ém KD.
Tam gidc DKE c¢6 M'A la dudng trung binh nén AM’ ) EK hay AM' ) HE.
Chiing minh tuong tu ta c6 BM' J/ HD.
Vay M’ = M. Hay D, M, E thang hang. |

Bai 1.12. Cho tam gidc ABC nhon néi tiép duong tron (O), cé H la truc tdm
tam gidc, AD la duong kinh cia (O). Trén cdc canh AB, AC ldy E, F sao cho
AE = AF va E H F thing hang. Puong tron ngoai tiép tam gidc AEF cdt phdn
gidc goc /BAC tai P. Chitng minh H,P,D thdng hang.

Lai gidi.

Goi BK, CL lan luot 12 chan dudng cao ha tif B, C ctia tam giac ABC va P’ 1a giao
diém phan gidc goc ZBAC va HD. Ta chiing minh P’ = P, hay AEPF noi tiép.



Ta c6 tinh chét quen thuoc ZHAB = ZDAC, nén AP’ ciing 1 phan gidc ZHAD.
Lai c6 ZAEF = /ABH + /EHB; /AFE = ZACH+ ZFHC.

Ma ZABH = ZACH va /AEF = /AFE nén /ZEHB = /FHC = ZEHL.
LE HL

Do d6 HE la pha /LHB, 1
o do a phan giac suy ra —— EB_ HB (1)
HL AH
T: AHL vat ADC dong dang, — = .
am giac va tam giac ong dang, suy ra DC = aD
AH HP HL HP
MaCD =BH va — = ,suyra — = . )
AD PD’ HB P'D
LE HP
Tu (1) va(2)tacd — = = P'E /HL | BD = P'E1AB.
()Va()acoEB D J HL || BD =
Chitng minh tuong tu ta c6 P'F LAC.
Do d6 AEP'F ndi tiép, suy ra P’ = P. Hay D, P, H thang hang. |

1.4 Cac truong hgp dac biét khac
Trong phan nay, ta xét mot sd bai tp dang dic biét d6 1a chiing minh dudng
thang qua trung diém, hoic tim ba dudng tron thang hang.

Bai 1.13. (B6' dé hinh thang) Cho hinh thang ABCD (AB /| CD) khdc hinh binh
hanh. Goi P la giao diém cua AD va BC; Q la giao diém ciia AC va BD. Chiing
minh rdng dwong thang PQ qua trung diém ciia AB va CD.

Loi giai.
Vé duong thang qua Q song song véi hai ddy cat AD,
BC lan lugt tai E, F.

L QE AQ  BQ (QF
T oL _ &0 E = OF.
4C0 S5 =ac " Bp cp SWraek=0

Goi M, N 1an ludt 12 giao diém ctia AB, CD véi PQ.
EQ PQ _QF

Taco — =

DN PN CN’
Ma QF = QF, suy ra DN =CN
Hay N la trung di€ém CD.

Ching minh tuong tu M 1a trung diém AB. |
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Bai 1.14. Cho duong tron tam O duong kinh AB, C la mét diém thudc (O), ké
duong kinh CD. Tiép tuyén tai A cdt BC tai E, ED cdt (O) tai F (khdc D), duong
thing BF cdt AC tai K. Chitng minh E, K, O thdng hang.

Lai gidi.

S

&~

Goi L 1a giao diém ctia BF va AE. Ta c6 BF - BL = AB> = BC - BE.

Suy ra ti gidgc CFLE noi tiép.

Khi d6 Z/ZECL = /EFL = /DFB.

Lai c6: ZDFB = /BCD (cing chin cung BD ctia dudng tron (0)), /DCB = ZABC.
Vi vay CL J/ AB.

Ap dung bd dé hinh thang ta c6 diéu phai chiing minh. ]

21



Sau diy 1a mot vi du vé& chiing minh thang hang dua vao y tudng: Chiing minh
cic diém cach déu hai diu doan thing. Y tudng nay don gian nhung ciing dudc st
dung kha rong rai trong viéc chiing minh thang hang.

Bai 1.15. Cho tam gidc ABC c¢6 truc tam H. Goi D,E ldn lugt la hinh chiéu
cua H lén duong phdn gidc trong va phdn gidc ngoai goc A. Chiing minh duong

thang DE di qua trung diém ciia BC.

Loi giai.

Goi K, L 1a chan dudng cao tif B va C, M 1a trung diém canh BC.

Ta c6 6 diém A,H,K,L,D, E cung thudc dudng tron dudng kinh AH.

Ta cling c6 AD,AE la phan giac trong va phan giac ngoai cia ZKAL nén KD = LD
vaKE = LE.

Mat khac MK = ML = %BC.

Cic diém M, D, E cung thudc dudng trung truc ctia KL nén thang hang. [

Trudng hop khéac 1a truong hdp ching minh tdim ba dudng tron thang hang, dé
chitng minh diéu nay ta thudng chiing minh ba dudng tron d6 cing di qua hai

diém.
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Bai 1.16. Trén duong tron (O) ldy hai diém phdn biét A, B. Tiép tuyén ciia duong
tron (0) tai A va B cdt nhau tai diém P. Trén cung nhé AB ldy diém C sao cho
CAB khdc tam gidc can. Cdc duong thing CA va BP cdt nhau tai D, BC va AP
cdt nhau tai E.

Chitng minh rang tam duong tron ngoai tiép cdc tam gidc ACE, BCD va OPC

thing hang.

Lai gidi.

Goi Q la giao cta (ACE) va (BCD) (Q khac C).

Ta c6 ZBDQ = /BCQ = ZQAE. Suy ra AQDP ndi tiép.

Tuong tu thi BOQEP ndi tiép.

Khid6 ZPQOC=/EQC—-/ZEQP = /PAC— ZPBE = %(AAOC— /BOC) = ZPOC.
Vay tif gidc OPCQ noi tiép.

Tir d6 ta c6 tim cac dudng tron (ACE), (BCD), (OPC) thang hang. |
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1.5 Bai tap tu luyén

Bai 1.1 Cho tam gidc ABC, trén céc canh BC,AC liy cac diém M va N théa diéu

2 z 2 PA
kién BM = 2CM, CN = 3NA. buong thang MN cat duong thang AB tai P. Tinh 7B

Bai 1.2 Ching minh ring chan ba dudng phan gidc ngoai clia mot tam gidc thi
thang hang.

Bai 1.3 Cho tam gidc ABC, dudng tron tdm I ndi tiép tam gidc tiép xiic vdi cac
canh BC, AC, AB lan ludt tai D, E, F. Ching minh ring tim dudng tron ngoai tiép
cic tam gidc IAD, IBE, ICF thang hang.

Bai 1.4 (Pudng thang Gauss)Cho ti gidc ABCD khac hinh thang. Goi I 1a giao
diém ctia AD, BC; J 1a giao diém ctia AB,CD. Chiing minh ring trung diém ctia cac
doan thang AC, BD va IJ cing thudc mot dudng thang.

Bai 1.5 Cho tam giac ABC nhon, phan gidc AD. Goi E, F 1an lugt 12 hinh chiéu cta
D trén AB, AC. Chiting minh rang BF, CE cat nhau tai mot diém thudc dudng cao
ha tir A cda tam giac ABC.

Bai 1.6 Cho tam gidc ABC, dudng tron qua B, C tuong ting cit cic canh AB, AC tai
D va E. Tiép tuyén tai D va E ctia dudng tron ngoai tiép tam gidc ADE cat nhau tai
P. Goi M 1a trung diém ctia BC, chiing minh A, P, M thang hang.

Bai 1.7 Cho tam gidc ABC, dudng tron tim () noi tiép tam gidc tiép xiic v6i AB,
AC 1an lugt tai D va E. Goi K 12 hinh chiéu cta C trén BI.

a) Goi M,N lan ludt 12 trung diém BC,AC. Chiing minh ring K, M,N thang hang.
b) Ching minh D, E, K thang hang.

Bai 1.8 (TPHCM 2017) Cho tam gidc ABC déu, cac diém M, N thudc canh BC sao
cho /ZMAN = 30° va M nam giita B, N. Pudng tron ngoai tiép tam gidac ABN va
ACM cit nhau tai K. Ching minh K,C d6i xing nhau qua AN va tam dudng tron
ngoai tiép tam gidc AMN thudc AK.
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Bai 1.9 Cho tam giac ABC nhon, ndi tiép dudng tron tim O ban kinh R. Pudng cao
AH, goi D, E 13 hinh chiéu ctia H trén AB, AC. Chiing minh rang D, O, E thang hang
khi va chi khi AH = RV/2.

Bai 1.10 Cho tam giac ABC vuong tai A ndi tiép dudng tron dudng kinh BC. Pudng
cao AH. Goi D, E lan ludt 13 hinh chiéu ctia H trén AB va AC. Dudng tron tim A
ban kinh AH cat dudng tron duong kinh BC tai P va Q.Chiing minh rang D, E, P, Q
thang hang.

Bai 1.11 Cho tam gidc ABC, phan gidc trong géc ZBAC cat BC tai D. Pudng tron
ndi tiép tam giac ABC tiép xic véi AB,BD,AD tai E, F,G; dudng tron bang tiép goc
A ciia tam gidc ACD tiép xiic véi AC,CD,AD tai P,Q,R. Ching minh E, F, R thing
hang va P,Q, G thang hang.

Bai 1.12 Cho tam gidc ABC, dudng tron bang tiép géc A va bang tiép goc B tiép
xtic véi AB lan lugt tai D, E. Vé duong kinh DF. Chiing minh E, F, C thang hang.

Bai 1.13 (VMO 2014) Cho tam giac nhon ABC ndi tiép dudng tron (O) (AB < AC).

Goi I 1a trung diém cung BC khong chia A. Trén AC liy diém K khac C sao cho

IK = IC. Puong thiang BK cit (0) tai D (D # B) va cit dudng thang AT tai E. Pudng

thang DI cat dudng thang AC tai F.

a) Chiing minh ring EF = %

b) Trén DI 14y diém M sao cho CM song song v6i AD. Pudng thang KM cit dudng
thang BC tai N. Pudng tron ngoai tiép tam gidc BKN cit dudng tron (O) tai P
(P # B). Chiing minh ring dudng thang PK di qua trung diém ctia doan thang
AD.

Bai 1.14 (Dinh li Brokard) Cho tif gidc ABCD ndi tiép dudng tron w tim O. Goi /
1a giao di€ém ctia AC, BD; P 1a giao diém ctia AD va BC. Pudng tron ngoai tiép tam
gidc ADI va BCI cat nhau tai K.

a) Chiing minh K, I,P thang hang.

b) Goi Q la giao ciia AB va CD. Ching minh OI 1 PQ.
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Bai 1.15 (Dinh li Lyness) Cho tam gidc ABC, dudng tron w tiép xiic v6i AB, AC
tai D, E va tiép xiic trong v6i dudng tron ngoai tiép tam gidc ABC. Ching minh DE
di qua tAm dudng tron noi tiép ctia tam giac ABC.

Bai 1.16 Cho tam gidc ABC nhon ndi tiép dudng tron (0). Cic dudng cao AD, BE,
CF cit nhau tai H. Goi M 1a trung diém BC, dudng thang MH cét dudng thang EF
tai K. Tiép tuyén tai B va C ctia (O) cit nhau tai P. Chiing minh K, D, P thiang hang.

Bai 1.17 Cho tam gidc ABC, cic dudng cao BD,CE. Goi M, N la trung diém BD, CE,
MN cit cac dudng thang AB,AC tai P,Q. Goi K la trung diém ctia PQ, chiing minh
AK qua tAm dudng tron ngoai tiép tam gidc ABC.

Bai 1.18 Cho ti gidc ABCD ndi tiép dudng tron tim O, goi I 1a giao diém cda
AC,BD. budng thang qua D vudng géc AD cit dudng thang qua C vudng géc BC
tai K. Chiing minh rang I, O, K thang hang.

Bai 1.19 Cho tam gidc ABC can tai A, dudng tron tim I ndi tiép tam gidc tiép xiic

véi cdc canh BC,AB,AC 1an luct tai P,E, F. Mot dudng thang tiép xic véi (1) tai D

va cat cac canh AB,AC tai M, N.

a) Chiing minh ring BN,CM, EF, D cung di qua mot diém.

b) Goi H,K lan ludt 1a hinh chiéu ctia M, N trén canh BC. Goi T 1a giao diém ctia
MK va NH, ching minh 7 thudc DP.

Bai 1.20 Cho tam gidc nhon ABC khéc tam gidc cén, ndi tiép dudng tron tim O
Cac dudong cao AD,BE,CF, goi A{,B1,C) lan luct 1a trung diém AD,BE,CF. AO
cat BC tai A’. Goi A, 1a trung diém doan thang ndi hinh chiéu ctia A’ trén AB, AC;
cac diém B,,C, dudc xdc dinh tuong tu. Chiing minh rang A14,,B1B,,C;C, dong
quy.
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Ggi y giai mot s6 bai tap

Bai 1.1 Ap dung Menelaus cho tam gidc ABC véi duong thang MN ta cé

MB NC PA
MC NA PB
MB 1 NC PA
M\—:——: _— = =,
SUC T 2 NA T B sW R 5 =3

Bai 1.2 Cho tam giac ABC, goi D, E,F lan ludt 1a chan 3 dudng phéan gidc ngoai
ctia géc A, B,C. Khi d6 D, E, F tuong ing nam ngoai doan BC,AC,AB.
) PR N . DB AB .EC BC FA CA
Theo tinh chat duong phan giac, tacé — = —, tuong ty thi — = —, — = —.
) DC AC EA BA'FB CB
Khi dé
DB EC FA AB BC CA

DC EA FB AC BA CB
Theo dinh Iy Menelaus thi D, E, F thang hang.

Bai 1.3

D/
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Goi D' 1a chan dudng phan giac ngoai clia goc A, khi d6 ZIAD" = 90° = ZIDD’, do
d6 td giac TAD'D noi tiép dudng tron dudng kinh 1D’

Do d6 tam dudng tron ngoai tiép tam gidc JAD 1a trung diém M cta ID'.

Tuong tu goi E’, F' 1a chan dudng phén gidc ngoai cla géc B,C, va N, P lan lugt
la trung diém cta IE',IF’. Khi d6 N, P 1a tAm dudng tron ngoai tiép cic tam gidc
IEB,IFC.

Theo bai trén ta c6 D', E’, F' thang hang, ma M, N, P 1a trung diém cta ID' IE' IF’
nén st dung tinh chit duong trung binh ta ¢c6 MN J D'E' MP J/ D'F’, tit d6 c6
M, N, P thang hang.

Bai 1.4 Goi E,F,H lan luct 1a trung diém cta ID,IC,CD. Rd rang P € EF,M ¢

FH,N € EH.
PE JD NH BC MF Al
Theo dinh Iy Thales: — = —;—=—;—— = — (1).
PF JC'NE Bl MH AD D
Ap dung dinh Iy Menelaus cho tam gidc IDC véi 3 diém thang hang J,A, B: I
BC Al

B (2).

Tu (1) va (2) PE
a suy ra —— -
v uy PP

D MF .
J—-—: 1, do d6 3 diém
JC MH
P,N,M thang hang.

. DB AB
Bai 1.5 Theo tinh chat phan gidc ta cé6 — = —.
ai 1.5 Theo tinh chat phan giac ta c6 DC = AC

Hon nita, theo mbi lién hé gilta géc va canh clia tam gidc vuong ta c6 CF =

CDcosC,AF =ADcosDAC,AE =AF,BE =CDcosB,BH =ABcosB,HC =ACcosC.
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Khi do
HB FC AE_ABcosB CDcosC AE

— — . . =1
HC FA BE ACcosC FA CDcosB

R E
Theo dinh ly Ceva thi BF,CE,AH dong quy.

B

Bai 1.6 Goi Q Ia trung diém cta DE, ta ¢c6 ZDAQ = ZCAM. Ta can chiing minh
/DAQ = ZEAP, diéu nay c6 nhiéu cich chiing minh, trong chuong 3 di chiing
minh, trong bai nay toi giai mot céc}{ khac.
Veé duong kinh AH cta (ADE) DH cat AE
tai K vd EH cat AD tai F.

Goi P’ 1a trung diém cta FK. Ta ching
minh dudc P'D,P'E 1a tiép tuyén ciia
(ADE), suy ra P' = P. Ma tam giac ADE
va AFK dong dang, dan t6i ADQ va AKP
dong dang, dan t6i

/DAQ = /KAP = /EAP

Tu do ta c6 LEAP = ZCAM, suy ra

A, P,M thang hang.
Goi Q 1a trung diém DE, chiing minh ZQAD = /PAE.

Bai 1.7
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a) Taco MN J/ AB.
Tam giac KBC vudng tai K c6 KM
1a trung tuyén nén KM = MB, suy ra
/KCB = 2/KBM = /ABC, dan t6i
KM || AB.
Do dé K,M,N thang hang.

b) Ta c6 IEKC noi tiép, suy ra ZKEC =
ZKIC =90° — %AA = /AEF.
Suy ra A, E, K thang hang.

Bai 1.8 Goi K’ 1a diém ddi xing cta B qua AM. Khi d6 AM = AB va ZBAM =
1 <
/MAK’', ma ZMAN = 30° = EZBAC nén Z/K'AN = ZCAN, va AK' = AC, dan t6i

AN Ia trung truc cta CK’.

Mt khéc ta ¢c6 ZAK'M = ZABM = 60° = ZACM nén ti gidc ACK'M ndi tiép.
Tuong tu thi ABK'N ndi tiép. Tir d6 ta c6 K’ = K, 16 rang C, K dbi xiing qua AN nhu

trén.

Goi I 1a tim dudng tron ngoai tiép tam

gidc AMN.

Ta ¢c6 4AMIN = 2/MAN = 60°

va /AMKN = 120°, suy

ZMIN + ZMKN = 180°, do d6 IMKN

ndi tiep.

Hon ntta /M = IN nén MI la phan giac
ZMKN, ma KA cling la phan gidc ZMAN

nén M,1,A thing hang.

Bai 1.9
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Vé duong kinh AA’. Ta ching minh dugc AA" | A

DE.
Néu AH = RV/2 thi AH? = 2R? = AO - AA'.
VaAH? = AD-AB, do d6 AD-AB = AO -AA’, dan E

t6i AADO «~ ANAA'B, suy ra ZADO = /AA'B =
/ACB = /ADE, dan t6i D,0,E thang hang. \P

Ngudc lai, néu D, O, E thang hang. B

Tacé ZADO = /ADE = /ACB = /AA'B, din tGi w
tam gidc ADO va AA'B dong dang, nén AD -AB = v
AO-AA' =2R?, suy ra AH? = 2R* hay AH = RV/2.

Bai 1.10
Ta c6 AH?> = AE -AD, suy ra AQ* = AE -
AC, dan t6i tam gidc AQE va ACQ dong

dang. Tur d6 ta c6 LAQE = ZACQ. Q
Mit khic AP = AQ nén ZAPQ = S INN
/AQP, ma ZAPQ = /ACQ nén ZAQP =

/ACP = /AQE. i

Suy ra P, Q, E thiang hang. )

Chiing minh tuong ty ta c6 P,D,Q clng B H 0

thang hang.

Vay P,Q, D, E thiang hang.
Bai 1.11 Goi r, R 1an lugt 13 ban kinh dudng tron noi tiép tam gidc ABD va ban kinh
dudng tron bang tiép goc A clia tam gidc ACD.

A A AG
Ta cd AG = rcotlIAD = rcot— vaAR = Rcot—, suy ra — = 1.
4 4 AG R
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- DG I1G r
Honnta — = — = —.
DR KR R
Tir d6 ¢ ,AG_DG:>DR_DG_
CRCOUR T DR T AR~ AG
DF
AE BE AG DF
Khid6 — . — - — =1, th inh 1y
ldOBF iE DG , theo dinh ly

Menelaus thi E, F, R thang hang.
Ching minh tuong ty ta cing c6 P,Q,G
thang hang.

.. . < rr s s A A . ,C I,H BE

Bai 1.12 Goi G va H 1a hinh chiéu cua I, I}, trén BC. Ta c6 R
1.C  1,G LF

Khi d6 tam giac ECI, va FCI, dong dang va ZI,CE = Z/I,CF, dan t6i E,C, F thang

hang.

Bai 1.13

a) Ching minh ZAKI = ZABI (cung bu
LACI).
Tam gidc ABI,AKI bang nhau, suy ra
E 1a trung di€m clia BK.
Ching minh F 1a trung diém CK.

b) Tam giac AID c6 DE,AF la dudng cao
cat nhau tai K nén K 1a tryc tam, suy
ra IK1AD, do d6 CM_LIK. Suy ra M
la tryc tam tam giac IKC.
Khi d6 AC 1a tiép tuyén ctia (BKN).
/CKP = /ZKBP = /DIP, suy ra
KFPI ndi tiép, do d6 ZIPK = 90°, suy
ra IJ la duong kinh.Tur d6 chung minh
JAKD la hinh binh hanh.
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Bai 1.14 a) Goi K’ 1a giao diém ctia PI va dudng tron ngoai tiép tam gidc ADI, khi
d6 PI-PK' = PA-PD = PB-PC nén K’ ciing thudc dudng tron ngoai tiép tam gidc
BIC, do d6 K’ = K. Hay P,I, K thang hang.

b) Ta ¢c6 ZAKB = ZAKI + /BKI =
/EAB+ ZACB = ZAOB, suy ra AKOB
ndi tiép, tuong tu thi BKOC ndi tiép.
Chiing minh tuong tu nhu trén ta cling c6
0,K,Q thang hang.

Ta ¢c6 ZOKB = ZOAB = ZOBA =
ZAKQ, suy ra KI,KQ la phan giac ngoai
va phan trong cua ZAKI nén PK | OQ.
Chiing minh tuong tu ta cting ¢6 QI L OP.
Tur d6 ta c6 I 1a truc tm cua tam giac OPQ @
nén OI 1L PQ.

Bai 1.15

Gid st DP cit (ABC) tai H. V& hai tia
tiép tuyén tai Px va Hy cla (ABC). Khi
d6 Px ciing 1a tiép tuyén clia ®.

Ta c6 ZxPH = ZyHP = ZBDP, suy ra
Hy /| AB, ti d6 ta c6 H la di€ém chinh gitta
cung AB. Do d6 C,1,H thang hang.

PE cit (ABC) tai L, tuong tu thi B,I,L
thang hang.

33



Tacé HD-HP = HB> = HI*> = AHID « AHPI, dan t6i ZHID = /HPI. Tuong
tu thi ZLIE = ZLPI.

Hon nita /ZHIL = /HIA+ /LIA = /ZHAI + /LAl = /HAL.

Tt d6 ta ¢6 ZDIE = /HID + /LIE + /HIL = /HPL + /HAL = 180°, do d6
D, I,E thang hang.

Bai 1.16

Ta can ching minh ZHKD = /MKP,
tuong duong véi chiing minh tam giac E
HKD va MKP d6ng dang hay can chiing KlG
minh — = Aﬁ

MP’
Ve HG L EF,MN 1 EF. Ta c6 N la \

HK HG 5 ‘
trung diém cta EF va —— = — (1) D\ M
MK MN \

Ta c6 tam gidc HEF va HBC dong dang \

. H G EF EN \

nen —— — = C'_ .(2) \\‘
Ta c6 ZMEN = ZBAC = ZPCM, suy ra \
MN \
‘\

\

\)

AMEN —~ APCM, dan t6i ﬁ = —
3) CM PM

P
Tu (1), (2) va(3) taco

HG MN HG HD HK
HD MP MN MP ~ MK

= AHKD «~ AMKP = Z/ZHKD = /MKP

Do d6 K, P,D thang hang.

Bai 1.17 Cho AO cét PQ tai K'.
Goi M 1a trung di€ém BC, khi d6 I 1a tAm dudng tron dudng kinh BC. Suy ra
IN L CE,IM 1 BD, ti giac INMH ndi tiép.
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Tac6 IM | AQ = Z/AQK' = /IMK = /IHC.
Hon nita /K'AQ = /BAH = /ICK’.
NP QK' AK
Tir d6 ta c6 AAQK’ ~ ACHI = —.
4o ta co AAQ T T
Chung minh tuong tu ta ciing c6

PK' AK
NAPK' ~ ABHI = — = —
IH  BI

_AK AK _QK' PK'

— ==
/aIC 1B IH IH
K =K.

= K'P = K'Q hay

Bai 1.18 DK cit (0) tai F, CK cit (O) tai L.
Khi d6 ABF L 1a hinh chit nhat.
Goi M, N la giao diém cuia IK véi AL va BL.
Ta ching minh O € MN hay LM = BN. (*)
O = BDNAF, P = CLNAF.

Ap dung Menelaus cho tam gidc DBF ta ¢

NB KF ID .
NF KD IB

Suy ra
NB KD IB W
NF KF ID

Tuong tu

ML IC KL )
AM IA KC
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Tu (1) va (2) thi (*) tuong duong

KD IB IC KL
KF ID IA KC

KD KC IC ID !
KF KL IA IB
Ma
IC ID CD?
IA 1B AR °
Va
KD KC CD?
KF KL LF? b
Tir d6 ta c6 L INLE d
ML NB
AM  NF
suy ra ML = BN va MN qua O. "
Viy 1,0, K thang hang.
Bai 1.19
A
D
M L)
E 3 F
T,
G B 2 Y7 C

a) Goi X la giao diém ctia BN va EF. Ap dung dinh Iy Menelaus cho tam gidc ABN
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b)

ta co
XN FA EB_1 XN EB

— = 1= —=—
XB FN EA XB FN
Goi Y 1a giao diém ctia DP va BN. Tuong tu ta cling ¢

YN _ BP
YB ND

Ma BP = BE,FN = ND nén )% = % do d6 X =Y. Dan t6i BN, EF,DP dong

quy. )

Tuong tu thi BN, EF, DP dong quy.

Puong thang qua T song song MN cit BC,MN tai S, Q.

Goi U 1a giao diém cta M1 va BC.

Tac6 ZBIU = %AABC—F %ABMN = ZCIN.

Va /IBC = ZICN,IB = IC, do d6 AIBU = AICN, dan t6i BU = CN.

Khi d6
MT MH BM BM MI

TK NK CN BU IU
suy ra IT J/ BC, da t6i IT L SQ va tam giac IQS can.
Hon nita GI 12 phan gidc ZQGP nén GQIS noi tiép.
Theo dinh ly Simson thi D, T, P thang hang.

Bai 1.20

37



Goi D' 1a trung diém AH, M 1a trung diém BC. Ta c6 A, A, M thang hang. Ta chiing

minh AA; qua trung diém MD' bang dinh ly Menelaus cho tam gidc AMD'.
AoM ) A1D AD—AH HD AzM uc

Ta chu inh = ,

a chuing minh “r = 2P @ c0 o == p  ~ D Y aa, AU
HD UC

St dung cip dong dang BHD va A'UC cung cidp BDA va A'UA ta c6 —— BD AU’

BD AU’ it dé . HD UC

AD AU 0% AD T AU

Hon nita trung diém M D’ 13 tAm dudng tron Euler nén tuong tu ta ciing c6 B1B,,C1C,

cung qua P.
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