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DE BAI

Bai 1. (1,5 diém)
a) Cho f(x) = 2% — axr + a® — 4, trong d6 a 1a tham s6. Tim gid tri ctia a, sao cho
phuong trinh f (x) = 0 ¢6 hai nghiém thyc z; va x5 sao cho |23 — 23| < 4.

1+3va
dr +2+x

Bai 2. (1,5 diém) Cho z,y > 0 thda man 2y >z va 11 (ya& + /y) + 4,/7y = 26

b) Giai phuong trinh: 1=0.

Z i 1 1
a) Tim gia tri nhé nhat ctia bieu thie: 7' = 11 (x + y) + — + — + 2021
r Yy

b) Chiing minh réng: + 2?2 4+y* >3

@3 (2y — )
Bai 3. (1,0 diém) Cho ham s6 bac hai f (z) = ax® + bx + ¢, (a # 0). Biét ring phuong trinh
f () = z vo nghiém. Chiing minh rang phuong trinh f (f (z)) =  cling vo nghiém.
Bai 4. (1,5 diém) Cho z,y € N théa man: 3* + 171 = y2,
a) Ching minh rang: z : 2.
b) Tim céc cap so6 z,y théa man phuong trinh.
Bai 5. (3,0 diém) Cho duong tron (O) va diém P ndm ngoai duong tron. Vé cac tiép tuyén

PA, PB dén (O) v6i A, B 1a cac tiép diem. C la diém trén cung nhé AB, tiép tuyén tai
C cat PA, PB va PO lan lugt tai D, E, F.

a) Goi H la giao diém ctia dudng tron ngoai tiép tam giac PDE va PO, kéo dai HC
cat dudng tron PDE tai diem G. Chiing minh ring tit gisc PFCG noi tiép.

b) Goi I 1a tam dudng tron noi tiép tam gidc APDE. Ching minh rang tit giac DOET
noi tiép.

¢) Ching minh ring H 1a tam dudng tron ngoai tiép tam gidc ADOE.

d) Chitng minh rang duong tron ngoai tiép cac tam gidc PAB, PDE va PCF cung di

qua mot diém khac P.

Bai 6. (1,5 diém) Trén mat phang cho 17 diém, trong d6 khong c6 ba diém nao thing hang.
Qua hai diém bat ki ta vé dudc mot doan thang va trén doan thang dé ghi mot sé nguyen
duong (cac s6 ghi trén céc doan thang khac nhau la cac s6 nguyén duong khac nhau). Ta
t6 mau mdi doan thing bing mot trong ba mau: dé, xanh va vang.

a) Ching minh rang ton tai mot tam gidc c6 ba canh ciing mau.
b) Chting minh réng ton tai mot tam gidc ¢6 cac canh 1a cdc doan thang da vé va tong
céc sO ghi trén cac canh clia tam gidc dé 1a hop sob.
— HET -

Cha j: Can bo coi thi khong giai thich gi thém.
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Bai 1. a) Dé phuong trinh c6 hai nghieém thuc x; va zp thi A = a? —4 (a® — 4) = 16—3a® > 0.

Theo dinh ly Viete ta co: { 2; aj; i 4 do doé:
}a:i’ — x§| = |z — 2 [(xl +x2)2 — xlxﬂ = |z — x| [aQ —a? +4] =4z — 19| < 4
Lai co:
0§|x1—x2|:\/(m1+x2 )? —4dzi0 = \/a® — —4) =+v16-3a2 < 1
Vi vay, ta co: a € [—% — 5] U [\/5, ?]

b) DK: z > 0. Phuong trinh da cho tuwong duong:

143z —4r—+v/2+2=0
S3Vr—V2+z=4x—1
& (8z—2)=(4z — 1) (3y/z + 2+ 1)
& (4o —1) [(Bvz+v2+x) —2] =0
4r—1=0
3WVT+V2+a=2

Tu do ta tinh duge hai nghiém ctia phuong trinh la: S = {4 3

17— 3\/_}

Bai 2. Ap dung bat ding thic Cauchy ta co:

11(%3”2) +2(x+y) >11y2(@+y) +2(@+y) > 11 (Vz+y) +4/zy = 26

15
Do doé: 7(x+y)215<:>x+y22

a) Ap dung bat ding thic Cauchy ta co:

1 1 4
T:11(x+y)+—+—+2021211(9:+y)+—+2021
r oy T +y

4
=(z+vy) + ——— +10(x +y) + 2021
(z+v) ey (z+v)

1
> 2\/(30 +9) Tt 10.2 4 2021 = 2045
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b) Ap dung bat ding thitc Cauchy ta co:
1

2, .2 _ 24,2~ 9
x3(2y—m)+x Ty x2(2xy—x2)+x Ty _:L'2(2xy—x2)+ W
1 1
= 24 2oy —2%) >33 ——— 2?2 220y — 22) =3
x2(2xy—a:2)+x 2y —27) 2 \/xQ(Qxy—xQ)x (2ay = %)

Bai 3. Do phuong trinh f (z) =2 < ar’+br+c=12 < ar*+ (b—1ax+c=0,(a #0) vo
nghiém nén ta co:
A=(b—1)°—4ac <0 (b—1)* < 4ac

Gia sit phuong trinh: f (f (xz)) = x ¢6 nghiém, goi nghiém d6 la xg, ta co:

f(f (w0)) =z0 & f(f (x0)) — f(x0) + [f (x0) — 0] =0

& alf (1?0)]2+bf (z0) — az§ — bxo + [f (x0) — 2] =0

& alf (v0) — xo] [f (z0) + o] + b[f (z0) — o] + [f (z0) — 0] =0
& [f (wo) — o] [a (f (z0) +20) +0+1] =0

< a(f(zo)+mo)+b+1=0
sari+ab+1)zg+ac+b+1=0

Do d6 phuong trinh: a?z? + a (b+ 1)z + ac+ b+ 1 = 0 c¢6 nghiém nén ta co:
A=a*b+1)?—4d®(ac+b+1) >0

Tu d6 dan dén

(b+1)°—4(ac+b+1)>0e dac<b* —2b—3
Suyra: 0> —20—3> (b—12 < ?—20—3>b0 —2b+1a —4 >0 (vo li).
Do d6 ta c6 diéu phai ching minh.

Bai 4. a) Lan lugt xét z = 0,1,2,3 déu khong nhan duge z = 1,2,3 1a nghiem. Do d6 ta xét
x >4 va x,y 1a hai s nguyén duong.
Vé trai chia hét cho 9 nén vé phai chia hét cho 9, dit: y = 3z, (2 € N*), ta c6 phuong
trinh: 3*72 4+ 19 = 2%
Nhan xét: 3 = —1 (mod4) nén 3" = 1 (mod4), néu n chdn va 3" = —1 (mod4), néu
n 1é.
Gia sti: Néu z 1a 86 1& thi 3*72 + 19 = 18 = 2 (mod4). Do mot s6 chinh phuong chia
4 chi du 0 hoac 1 (vo li).

b) Do d6 khi z 14 s6 chén thi 3*=2 + 19 = 20 = 0(mod4), suy ra z la s6 chan. Dat:
x —2 =2k, (k€ N*). Ta ¢c6 phuong trinh:
3419=222-3% =19 (z-3F) (2 +3F) =19
o z+3F=19 - z =10 o z=10 o r =06
z—3=1 3F=9 k=2 y =30
Thit lai v6i z = 6,y = 30 (nhan). Do d6 nghiém duy nhat ctia phuong trinh 1a
(z;y) = (6;30).
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Bai 5. a) Tacé: ZDPH = /EPH (tinh chat hai tiép tuyén cit nhau) nen /DGH = /EGH,
do d6 hai cung HD va cung HE bang nhau. Tu do:

/HCF =/HGF + /DEG = /HPD + /DPG = ZHPG

Dan dén, tt giac CF PG nai tiép.
b) Ta c¢6: ZODI + ZOET = 90° + 90° = 180° nén tit giac DOET noi tiép.

c) Xét duong tron (PDE), v6i H 1a diém chinh giita cung DE va I 13 tam dudng tron
noi tiép tam giac APDE, tinh chat quen thuoc HD = HI = HE, do d6 ta c6 H 1a
tam duong tron ngoai tiép ti giac DOEI.

Tu d6, H 1a tam duong tron ngoai tiép tam gidc ADOE.

d) Tu cau ¢) ta ¢c6 HO = HD = HI — HE, lai ¢c6 AHDC «~ AHGD (g - g) nén
HD? = HC.HG, do d6 HO? = HC.HG. Suy ra AHOC «~ AHGO (c - g - ¢) nén
ZHGO = ZHOC.

Laic6, /ZHGP = ZHFC nén /OGP = /ZHGO+/HGP = ZHOC+/ZHFC = 90°,
suy ra A, G, P, B, O cung thuoc mot dusng tron.

Bai 6. a) Goi A la mot diém da cho, ndi A véi 16 diém con lai duge 16 doan théng va ching
dugc t6 bsi ba mau, Theo nguyen 1y Dirichlet ton tai it nhat 6 doan thang c6 cling
mot mau. Gid st d6 1a cac doan thing AB, AC, AD, AE, AF, AG c6 cing mau do.
Xét cac doan thang ndi timg cap diém trong 6 diem B,C, D, E,F,G. Xay ra cac
truong hgp sau:
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e Trudng hop 1. Ton tai mot doan thing c6 mau do, chang han BC, thi tam
gidc AABC c6 ba canh cling 1a mau dé, khang dinh ding.

e Truong hop 2. Tat ci cac doan thing néi B,C, D, E, F,G chi ¢6 mau xanh
hoac vang. Ta xét 5 doan BC, BD, BE, BF, BG dugc t6 bdi hai mau thi theo
nguyén 1y Dirichlet ton tai it nhat 3 doan thang c6 ciing mot mau. Gia sit 13
BC, BD, BE cung c¢6 mau xanh.

— Néu trong ba doan thing CD,CE,DE c6 mot doan to mau xanh, ching
han 14 CD thi tam giac ABCD c6 ba canh ciing mau xanh, khang dinh
ding.

— Néu trong ba doan thiang C'D,CE, DE khong c¢6 mot doan nao mau xanh,
thi tam giac ACDE c6 ba canh ciing mau vang, khang dinh ding.

Vay ton tai tam gidc c6 ba canh cling mot mau.

b) Chia mbi s6 nguyén duong ghi trén cac doan thang cho 3 ta dudc cac s6 du 1a 0,1, 2.
Ta t6 mau doan thang ghi s6 du 0,1,2 theo thi tit tng véi mau dé, xanh, vang.
Theo két qua trén ton tai mot tam gidc c6 ba canh cliing mot mau, tic 1a ba s6 do
c6 cuing s6 du 7, chang han 1a 3k + 7, 3h 4+, 3m + r. Liic d6 tong ba s6 trén ba canh
clia tam giac d6 bang:

3k+r+3h+r+3m+r=3k+h+m+r):3

ma 3k +r+3h+r+3m+r>3dodbé3k+r+3h+r+3m+rlahgp so.

_ HET —

Chi y: Can bo coi thi khong gidi thich gi thém.
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