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OCHUONGO

@ MENH DE - TAP HOP - ANH XA

GOEOED

§1. MENH DE - MENH DE CHUA BIEN

@ LY THUYET

Pinh nghia 1.1. M6t Ménh de 16gic (goi tat la ménh dé) la mot cau khang dinh
dting hodc khang dinh sai.

Mot cau khéng dinh dung duoc goi la ménh dé dung. Mot cau khéng dinh sai goi
1a mot ménh dé sai. Tinh "Pung" hay "Sai" cia ménh dé dugc goi la chan tri cta
ménh dé.

Mot ménh dé khong thé vira ding vira sai.

Mot ménh dé thuong duogc ky hiéu béng cac chir caiin hoa: P, QQ, R...

Pinh nghia 1.2. Cho ménh dé P. Ménh dé "Khdng phdi P” dugc goi la ménh dé phu
dinh cta P va ki hiéu la P.

Tinh chét 1.1. Ménh dé P ding thi ménh dé phu dinh P sai va nguoc lai.

P|P
D|S
S|b

Dinh nghia 1.3. Cho hai ménh P va Q. Khi d6 ménh dé "P va Q" duoc goi la ménh
dé héi. Ki hiéu

PAQ
Tinh chdt 1.2. Ménh dé P A Q duing khi P va Q ciing dung, va sai trong cac trudng
hogp con lai.



Plo|lPrQ
p|p| b
p|s| s
s|p| s
s|s| s

Pinh nghia 1.4. Cho hai ménh P va Q. Khi d6 ménh dé "P hodc Q" duoc goi la

ménh dé tuyén hay ménh dé hoac. Ki hiéu

Tinh chdt 1.3. Ménh dé P Vv Q sai khi P va Q ciing sai, va ding trong cac trudng

PVQ

hogp con lai.
PIQ|PVQ
b|b b
b|S| b
S|b| b
S|S S

DPinh nghia 1.5. Cho hai ménh dé P va Q. Ménh dé "Néu P thi Q” dugc goi 1a ménh

deé kéo theo va ky hiéu P = Q.

Dinh nghia 1.6. Cho ménh dé kéo theo P = Q. Khi d6 ménh dé Q = P dugc goi
1a ménh dé dao ctiaménh dé P = Q.
Ménh dé P = Q chi sai khi P diing Q sai.

Tinh chdt 1.4. Ménh dé P = Q sai khi P ding Q sai va ding trong cac truong hop

con lai.




PI|Q|IP=Q
b|b b
b|S S
S|b b
S|S b

Pinh nghia 1.7. Cho hai ménh dé P va Q. Ménh dé c6 dang "P néu va chi néu Q"
dugc goi la ménh dé tuong duong va ki hiéula P < Q.

Tinh chdt 1.5. Ménh dé P < Q dung khi cd hai ménh dé kéotheo P = Qva Q = P
dung va sai trong cac truong hop con lai.

PI|Q|P&Q
b|b b
b|S S
S|b S
S|S b

DPinh nghia 1.8. Mot biéu thic ménh dé 1a mot biéu thic trong d6 gom mot hay
nhiéu ménh dé va cac phép toan trén ménh de.

Dinh nghia1.9. (a) Ménh dé hfing ding 1a ménh dé ludn nhan chan tri ding.
(b) Ménh deé hﬁng sai 1a ménh dé luén nhan chan tri sai.

Dinh nghia 1.10. Hai ménh dé P va Q (biéu thirc ménh dé) duogc goi la tuong
duong logic néu ménh dé P < Q 1a hang dung.



Tinh chdt 1.6. Ta c6 mot sb tuong duong logic trong bang sau:
Xét cac phét biéu

e P(n): "n + 11a 86 chinh phuong". (1)

* Q(x,y): "x +y chia hétcho2". (2

M&i phét biéu trén 1a cau khang dinh chita mot hay nhiéu bién (n,x,y..). Tinh dting
sai ctia chiing phu thudc vao gid tri ctia bién.

Dinh nghia 1.11. Cac phét biéu dang (1), (2)... dugc goi la ménh dé chira bién.

¢ Cho ménh dé chira bién P(x) véi x € X 1a mot tap hop nao d6. Khi d6 khang
dinh ¢6 dang "V&i moi x thudc X thi P(x) dung" (hay "P(x) dung vdi moi x
thuoc X") la mot ménh dé va duoce ki hiéu la

"Vx € X,P(x) hoacVx € X : P(x)."

¢ Cho ménh dé chira bién P(x) v6i x € X 1a mot tap hgp nao dé. Khi dé khéng
dinh c6 dang "Ton tai x thudc X dé cho P(x) dung" 1a mét ménh dé va duoc ki

hiéu la
"Jx € X, P(x) hoac 3x € X : P(x)."
Pinh 1i 1.1. Ménh dé phu dinh ctia ménh dé chita lugng tir V va 3:
« TxEX P() = 3re X:P().
« TXEX:P() =VxeX: D).

BAI TAP CO LOI GIAI

Vidu 1.1. Cho P, Q la cic ménh dé. Chiing minh cac ménh dé sau la tuong duong

logic.

Vi du 1.2. Tim ménh dé pht dinh ctia cic ménh dé sau va xét chan tri ctia ching.



(a) A="C6 v6 han cac s6 tu nhién".

(b) B="C6 hiru han sb chia hét cho 5".

(c) C="Phuong trinh |x? 4 1|=1 v nghiém".
(d) D="(72Y —7):10".

Vi du 1.3. Céac ban Nam, Hung, Diing dang cua cam ¢ X, trong lic cd X hoi lai thi
cac ban tré 10i su that rang.

Nam: Huing c6 b6 va Diing chua c6 bd.

Hung:Néu Nam c6 bo thi Diing cting c6 bd.

Vay ai 1a ngudi c6 bo?

Vi du 1.4. LSp 10 van dugc chia thanh 3 t6: t6 A, t6 B va t6 C dé tham gia van nghé
do truong t6 chuc.

(a) Néu td A tham gia thi t6 B khong tham gia.
(b) Néu ca t6 B va t6 C tham gia thi td A cling phai tham gia.

V6i quy udc trén khi t6 B tham gia thi t6 A va t6 C c6 tham gia hay khong?

Vi du 1.5. Trong cdc ménh dé sau, ménh dé nao ding. Viét ménh dé phu dinh.
(@) Vx e R: x*> > —1
(b) Vxe]R:§§|x| SZ
() ImeN:n*+n*+11asb nguyén to.

(d) Vn € N : (n° — n)i15.

Vi du 1.6. Xét tinh duing sai cia cdc ménh dé sau va lap ménh dé phua dinh
(@) IneQ:n*=2
(b) Ix e R: x > x?

(c) Vn € N : n? + 1 khong chia hét cho 3.

(d) In € N :10" —9n — 1 1a s6 nguyén t6.



{C} BAI TAP REN LUYEN

Bai 1.1. Gid st Q cé ménh de1a b, hay xac dinh chan tri cta P, R, S néu gia tri cua
biéu thirc ménh dé sau cung la D.

(Q— ((PVR)AS))A(S— (RAQ))

Bai 1.2. Dung céac twong duong logic da biét dé ching minh cac biéu thitc ménh
dé sau 1a hang ding:

(@) (PAQ)— P

() P— (P — P)

© P—=(Q—(PAQ))

(d) PVQ—P

() ((P—Q)A(Q—R)) = (P—R)

Bai 1.3. Khong lap bang chan tri, st dung cac tuong duong logic da biét dé xét
ménh dé G c6 phai la hé qua ctia F khong?

(@ F=PA(QVR)vaG=(PAQ)VR.
b) F=(P—->Q)AN(Q—=R)vaG=P— (Q—R).
(g F=PAQvaG=(P—Q)V(P—Q).
Bai 1.4. Chiing minh rang
(@ A=B=AVB
b) P=Q=PVQ
() P= Q = Q = P (ménh dé thuan va ménh dé phan dao la tuong duong)
(d) Q= P =P = Q (ménh dé dao va ménh dé phan la tuong duong)
Bai 1.5. Ching minh
(@ P=PV(PAQ)

(b) P=PA(PVQ)
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Bai 1.6. Chiing minh ménh dé (P = Q) = R khong tuong duong voi ménh dé
P = (Q=R).

Bai 1.7. Chung minh réng P5=Q=P<Q
Bai 1.8. Chiing minh rang
() PVQ=PAQ
(b) P=Q=PAQ
(© P<=Q=PAQAQAP
Bai 1.9. Chung minh
@ (P=Q)=R=R=P=Q
b) P=(Q=R)=(PANQ)=R
Bai 1.10. Chung minh cac tuong duong logic sau:

PVQ)APAQ=P

PVQ)ARVQ=QAR

P—-Q)A(QA(RVQ))=PVQ
) (PVQ) = (PAQAR))=PAQ

a) (
b) (PVQ)AR
o (PVQ)A(PVQ))VQ=PVQ
d) (

Bai 1.11. Cho cac ménh dé sau, hay tim s6 16n nhat cic ménh dé dung.
(a) Angela Trinh 1a nguoi dién vién.
(b) T khong giau co.
(c) T giau nhung khong la dién vién.
(d) Néu T la dién vién thi T khong giau.
(e) Tlangudi dién vién khi va chi khi T giau.

(f) Hodc T 1a dién vién, hodc T la giau nhung khong dong thoi ca hai.

11



Bai 1.12. C63hocsinh A, B, C dugc xép ngdi thanh mot hang va nhin vé phia trudce,
ngudi ngdi sau chi nhin thiy dau ctia nhitng ngudi ngdi trude va khong duogc quay
dau lai. Cac ban nay dugc biét trude 1a c6 5 chiéc mii: 3 mau xanh, 2 mau doé.
Nguoi ta doi cho mdi ban nay mét chiée mii trong s6 5 chiéc mi d6. Sau d6 nguoi
ta yéu cau cac ban doan xem la minh dang d6i mi mau gi. Ban A ngdi sau cung tra
15i khong biét, ban B ngdi & gitra cling tra 10i khong biét. Do d6 ban C tra 16i diing
minh d6i m mau gi. Hay giai thich tai sao ban C biét dugc diéu do.
Bai 1.13. M6t nhom hoc sinh gém A,B,C dugc phan cong truc nhat 16p trong 1 tuan
tir thit 2 dén thit 7, méi ngay truc khong qua 2 ngudi, riéng ngay thi 7 tryc 1 ngudi.
Theo yéu cau ctia GVCN:

(a) Néu A khong tryc thi B phai tryc

(b) Hai em B, C khong dong thoi truc hodc khong dong thoi khong truc.
Hoi ai la ngudi truc ngay thua 7?
Bai 1.14. Bon ban Anh, Huy, Truong va Linh tham gia ddi tuyén béng dé ctia nha
truong. Khi sdp xép doi hinh thi dau véi cdc d6i ban, hun luyén vién dua ra chién
thuat nhu sau:

(a) Néu Huy tham gia tran diu thi Anh ciing tham gia

(b) Néu Linh khong tham gia thi truong ciing khong tham gia.
Trén co s& quy dinh trén hoi:
- Néu trong mot tran diu c6 Huy tham gia va Linh khong tham gia thi Anh va
Truong c6 tham gia hay khong?
- Néu trong mot tran ddu ma Anh khong tham gia va Truong hoac Huy tham gia
thi Linh c¢6 tham gia hay khong?
Bai 1.15. Trong s6 nhitng hoc sinh cta 16p 10 Toan nhitng hoc sinh khong kém
Toan thi khong kém Van, nhitng hoc sinh kém Van thi khong kém Ngoai ngtr va
nhirng hoc sinh khong kém Toan thi khong kém Ngoai ngtt. Phéan loai hoc sinh 16p
10 Toan ngudi ta thay:

(a) Sb hoc sinh khong kém it nhat mot trong ba mén Toan, Van, Ngoai ngit bang

s6 hoc sinh kém it nhat mot trong 3 mon do.

(b) Sb hoc sinh khong kém it nhat hai trong ba mon trén bang sé hoc sinh bang
s6 hoc sinh kém it nhat hai trong ba mén doé.

12



Ching minh:

- S hoc sinh kém 3 mén bang s6 hoc sinh khong kém ca 3 mon.

- 56 hoc sinh khong kém hai mén Van va Ngoai ngit bang tong s6 hoc sinh khong
kém mén Van va khong kém mon Ngoai ngt (s6 hoc sinh khong kém chi mot mon
Van hoac Ngoai ngtr).

Bai 1.16. Nha trudng can xép thdi khoa biéu cho 16p 10 Toan 4 mén hoc Toan, Ly,
Hoa va Van vao hai ngay thi 3 va 4. Cac gido vién day cac mon nay dua ra yéu cau
nhu sau:

(a) Néu git Toan vao thir 3 thi moén Hod phai vao thu 4.
(b) Mon Toan hodc mén Ly can xép vao thu 3.
(c) Néu mon Ly vao ngay thi 3 thi mon Van phai vao thu 4.
(d) Moén Vian khong thé day vao ngay th 4.
Ho6i thai khod biéu dugce xép nhu thé nao?

Bai 1.17. Ta c6 co sd tri thitc m6 t& mdi quan hé ctia cac thanh phan trong mot tam
gidc nhu sau:

(a) Néu biét 3 canh ctia 1 tam giac ta c6 thé biét ntia chu vi ctia tam giac d6

(b) Néu biét 2 canh va nita chu vi cia mdt tam giac thi ta c6 thé biét dugc canh
con lai ctia tam giac do

(c) Néu biét dugc dién tich va mot canh ctia mot tam giac thi ta c6 thé biét dugc

chiéu cao tuong ing véi canh d6

(d) Néu biét 2 canh va mot goc kep gitra 2 canh d6 ctia mét tam gidc thi ta c6 thé
biét dugc canh con lai ctia tam gidc do.

(e) Néu biét 2 canh va mot goc kep gitra 2 canh d6 cia mot tam giac thi ta 6 thé
biét dugc dién tich ctia tam giac do

(f) Néu biét ba canh va nita chu vi ctia mot tam giac thi ta biét duge dién tich ctia
tam giac do

(8) Néu biét dién tich va duong cao cua moét tam gidc thi ta biét duogc canh tuong
ung vdi duong cao cua tam giac do

Gia st biét dugc 2 canh va va géc kep gitt hai canh d6. Hay chitng minh rang ta c6
thé suy ra dugc dudng cao tuong ing vdi canh con lai.

13



§2. TAP HOP - TAP SO THUC

@ LY THUYET

Dinh nghia 1.12. Tap hop la mot khai niém co ban (nguyén thuy) ctuia toan hoc va
khong duoc dinh nghia.

Ta thuong ki hiéu tap hgp 1a cac chix cai in hoa. Phan tir x thudc tap A ki hiéu la
x € A, néu x khong thudc A thi ki hiéu x ¢ A.

Tap hop khong chita bat ki phan tit nao dugc goi 1a tap réng. Ky hiéu @.

Ta thuong cho mét tap hop bfing hai cach:
e Liétké phan ti. Vidu A = {1,2,3,4}.
* Chi ra tinh chat dic trung.

Dinh nghia 1.13. (Tap con) Tap A dugc goi la tap con cta tap B va ki hiéu A C B
néu moi phan tir cda tap A déu la phan ti ctia tap B. Néi cach khac

ACB&Vxe A= x¢€B.

Véi moitap hgp Ataco @ C Ava A C A.

Pinh nghia 1.14. (Tap hop bang nhau) Hai tap hop A va B dugc goi la bang nhau
va ki hiéu A = B néu méi phan tif cia A cling 1a mot phan tf ciia B va méi phan
tr cia B cling 1a phan ttr ciia A. N6i cach khac

A=B& (ACB)AN(BCA)

Hai tap hop khong bang nhau (khac nhau) duge ki hiéu A # B.

Dinh nghia 1.15. Hop cta hai tap hop A va B ki hiéu A U B la mét tap hgp bao
gOm tat cd cac phan tir ctia thudc A hodc thude B. Noéi cac khéac

AUB={x:x€ AVx € B}.
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Dinh nghia 1.16. Giao cta hai tap hop A va B, ki hiéu A N B la tap hop bao gom
tat cd cac phan tir thudc ca A va B. N6i cac khac

ANB={x:x€ AANx € B}

j.

AmB

Dinh nghia 1.17. Hiéu ctia hai tdp hgp A va B, ki hiéu la A \ B la tap hop bao gom
tat ca cac phan tir thudc A nhung khong thude B. N6i cack khac

A\B={x:x€ AAx ¢ B}.

(R

Pinh nghia 1.18. Cho A la tap con ctia tap E. Phan bui ctia A trong E, ki hiéu Cr A
1a tap hop tat ca cac phan it ciia E ma khong 1a phan tir ciia A. Néi cach khac, néu
A C E thi

CEA=E\A={x:x € EAx ¢ A}

15



Dinh nghia 1.19. Cho X 1a mét tap hop &2 1a mét bd phén cua tap cac tap con cua
X. Ta néi rang & 1a mot phan hoach ctia X khi va chi khi:

e VAe Zthi A +#Q;
e VAec #NBe ¥, A#+#B=AUB=0Q;
e Vxe X,dJA e &£, x € A.

Tap cac s6 tunhién N = {0,1,2,3,--- }.
Tinh chdt1.7.  * Tong hai s6 tu nhién la s tu nhién.

e Tich ctia hai s6 tu nhién 1a s6 tu nhién.
* Moi tap con ctia s6 tu nhién déu ¢ phan tir nho6 nhét.

* Gita hai s6 tuy nhién lién tiép khong c6 sb tu nhién nao.

Tap s tu nhién khong bi chan trén, bi chan dudi.

* Moi tap con bi chdn trén déu c6 phén tir 16n nhat.
La tap cac sO tu nhién va cac s6 d6i cuia né.
zZ=A{--,-2,-1,01,2---}.
Tinh chdt 1.8. Ngoai cac tinh chat c6 nhu tap cac sb tu nhién, tap sb nguyén cé
thém cac tinh chat sau:

* Hiéu hai s6 nguyén 1a mot s6 nguyén.

* Moi tap con bi chin dudi déu c6 phan tir nho nhét.
Dinh nghia 1.20. Tap hop Q = {% \m,n € Z,n # 0} dugc goi la tap cac s6 hitu ty.
Tinh chdt1.9. ¢ Tong hiéu, tich thuong ctia hai s6 hitu ty la mot s6 hitu ty.

¢ (o6 tinh tru mat, gitra hai s6 hitu ty c6 mot s6 hitu ty.
DPinh nghia 1.21. Hop ctia cac s6 vo ty va cac sb hiru ty 1a tap sd thyc. Ki hiéu 1a R.
Tinh chit 1.10. * Tong hiéu tich thuong cta hai s6 thue 1a s6 thue.

e Gitrta hai sb thuc c6 mot sb thue.

* Mot tap khac rdng hitu han ctia s6 thuc ¢ phan tir nh6 nhat va phan tir 16n
nhét.

16



Tinh chdt 1.11. (Nguyén ly Archimede) Cho d 1a s6 thuc duong. Khi d6 véi moi sb

thuc x ton tai sd tu nhién n sao cho dn > x.

DPinh nghia 1.22. Cho tap A khéc réng la con ctia tap s6 thuc. Khi d6
e Néu A bi chin trén thi ton tai chin trén nhd nhat.
e Néu A bi chin dudi thi ton tai chan dudi 16n nhét.

Pinh nghia 1.23. Cdc tdp con ctaa R.

Tén goi va ki hiéu Tap hop B{éu dién tr?n truc so
(phén khong bi gach chéo)
Tap s6 thuc (o ; +0) | 0
. a b
Doan [a; 0] {xeR|a<x<b) wf P
2 a b
Khodng (a ; b) (xeR|a<x<b) S P+
2 2 a b
Nura khoéng [a ; b) (xeR|a<x<b) £ ¥
o 2 b
Nira khoéng (a ; &] (xeR|a<x<b) f T
2 2 a
Nira khodng (-5 a]  [{x e R|x<a) ¥
Nira khoéng [a ; +) (xeR|x>a) ) f.'
’ ("
A
Khoang (- ; a) (xeR|x<a) i
a
Khoéang (a ; +«) (xeR|x>a) u_A_uu,(

BAI TAP CO LOI GIAI
Vidul7. Cho A = {0,1,2,3,4,5},B = {3,4,5,6,7}.C = {x € N,3 < |x —2| <
5}.
(a) Liét ké cac phan ti ctia C.
(b) Tim AN B va AU B.
(¢) Tim (AUC)\ BvaB\ (ANC).
Vidul8. A= {x e N|x3}vaB={x€N|x6}vaC = {x € N|x:3}
(@) Chung minh B C A,B C C.
(b) Ching minh B = ANC.
Vidu 1.9. Cho 2 tap khac rong: A = (m — 1;5] va B = (=3;2m + 3);m # R. Tim

m dé
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Q) ANB £ @. (c) B C A.

(b) A C B. (d) (ANB) C (—2;4).

@ BAI TAP
Bai 1.18. Chiing minh cac dang thic sau:
@ ANO=0
(b) AUD = A.
Bai 1.19. Cho A, B, C la cac tap hop. Ching minh
(@ AN(BNC)=(ANnB)NC.
(b) AU(BUC) =(AUB)UC.
(c) (AnB)C AC (AUB).
(d AUB=A< BCA.
Bai 1.20. Cho céc tap hgp A, B, C. Ching minh
(@ AN(BUC)=(ANB)U(ANC).
(b) AUBNC)=(AUB)N(AUC).
Bai 1.21. Cho A, B, C, X 1a cac tap hop, trong d6 A, B C X. Chung minh
(@) Cx(ANB) = Cx(A)UCx(B).
(b) Cx(AUB) = Cx(A)NCx(B).
Bai 1.22. Cho céc tap hop A, B, C. Chiing minh rang:
(@ AUB=ANC&BCACC.
(b) AU(BN(AUC))=AU(BNC).
Bai 1.23. Cho cac tap A, B,C, A’, B/, C’ 1a tap con ctia X thoa:
e AUBUC=X;

e ANB=A'NB,ANC=A'nC',BNnC=BnNnC.
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e ACA,BCcB,CccC.
Chung minh X = Xy=Y,z=17.

Bai 1.24. Cho A, Bla cac tap con ctia X, ta ki hiéu d6i ximg AAB = (AN (X \B))U
(BN (X\ A)). Chitng minh rang:

(@) AAND = A.
b) AAA = .
() AAX =X\ A.

Bai 1.25. Cho tap sb tu nhién IN va s6 nguyén k > 2. Dat A; = {x € N|x = ¢(
mod k)} v6it =0,1, -,k — 1. Chung minh cac tap A; la mot phan hoach cia IN.

Bai 1.26. Cho tap hop E, &2 la mét phan hoach cta E, & 1la mét bd phan caa Z.
bat F = {x € E|3A € &/, x € A}. Ching minh &/ 1a mét phan hoach cta F.

Bai 1.27. Cho E la moét tap hop, n € IN*, A,, Ay, - - -, A, 1a tap con cta E sao cho
QCACAC--CA=E

bét By = A1\ Ay, By = An \ Ay—1. Chiing minh By, By, - - - , B, 1a m6t phén hoach

cua E.

Bai 1.28. Lop 10A c6 40 hoc sinh, trong d6 c6 15 ban duoc xép hoc luc gioi, 20 ban

duoc xép hanh kiém tdt, 10 ban vira hoc luc gi6i vira hanh kiém t6t.

(a) Hoi 16p 10A c6 bao nhiéu ban dugc khen thudng, biét dé duge khen thudng

thi ban d6 hodc phai c6 hoc lyc gidi hodc phai c6 hanh kiém tbt.

(b) Lép 10 A c6 bao nhiéu ban chua c6 hoc lyc gidi va chua ¢6 hanh kiém tt?
Bai 1.29. Ldp 10A c6 9 hoc sinh gidéi mon Toan, 10 hoc sinh giéi moén Van va 8 hoc
sinh gidi moén tiéng Anh. Biét trong d6 cé 3 hoc sinh gidi ca hai moén Vin va Toéan, 3
hoc sinh gi6i ca hai mén Van va tiéng Anh, 4 hoc sinh gi6i ca hai mén Toan va tiéng
Anbh, ¢6 4 hoc sinh gidi dung hai mén. Hoéi ¢6 bao nhiéu hoc sinh cua 16p:

(a) Gioica 3 mon.

(b) Gioi dung 1 moén.

Bai 1.30. Trong 56 200 hoc sinh ctia mot truong hoc c6 50% hoc sinh biét choi bong
chuyén, 65% hoc sinh biét choi bong ban, con 15% hoc sinh khong biét choi moén
nao trong ca hai mon nay ca. Hoi ¢6 bao nhiéu hoc sinh biét chai ca hai mén béng
chuyén va béng ban?
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Bai 1.31. Cho A la tap con ctia tap cac s6 hitu ty duong thda:
e lecA
e Néux € Athix+1¢€ A.
. NéuxEAthi% € A.

Chung minh A 1a tap cac s6 hitu ty duong.

Bai 1.32. Cho tap hgp X, F 1a mot ho cac tap con c6 r phan ti ctia X sao cho giao
ctia r + 1 tap bat ki thudc F khac réng. Chitng minh giao tat ca cac tap trong F khac
rong.

Bai 1.33. Mot tap hop c6 it nhat 3 s6 nguyén duong phan biét dugc goi 1a tap déu
néu bd di mot phan i bat ki thi cac s6 con lai ¢ thé chia thanh hai tap hgp ma tong
cac s6 trong hai tap hgp d6 bang nhau. Tim s6 phan t&t nhé nhét ciia mot tap déu.

Bai 1.34. Gid stt tap cdc s6 tu nhién dugc phan hoach thanh hai tap A va B. Chuing
minh rang véi moi s6 ty nhién n ton tai a, b sao cho a,b,a +b € Ahodca,b,a+b €
B.

Bai 1.35. Cho cac sb thuc x, y,z khac 0 thoa xy, yz, xz 1a cac s6 hitu .

(@) Chung minh x% + y2 + 2% 1a s6 hitu .

(b) Gia stt x°> 4 y* + 2% cling 1a s6 hitu ti. Ching minh x, v, z 1a cac s6 hitu ti.
Bai 1.36. Tim tat ca cac bo s6 hitu ti duong (x,y,z) sao cho x + l,y + %,Z + % la
cac s6 nguyén. g

Bai 1.37. Tim céc tap con A khac rong ctia tap {2,3,4,5,6, ...} sao cho véimoin € A
thi ca n® +4 va [/n] + 1 ciing thuoc A.

Bai 1.38. Tap hop M chita 4 s6 nguyén phan biét dugc goi 1a tap lién két néu voi
moi x € M thi it nhat mot trong hai s6 x — 1,x + 1 thudc M. Goi U, 1a sd tap con
lién két cua tap {1,2,..,n}.

(a) Tinh Uj.
(b) Xdac dinh gid tri nh6 nhét cta 1 sao cho U, > 2019.

Bai 1.39. Tam s6 tu nhién lién tiép duoc chia vao hai tap, méi tdp goém bdn sb.
Chting minh rang néu téng binh phuong ctia cac s6 trong méi tap bang nhau thi
tong cac s trong mdi tap nay ciing bang nhau.
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Bai 1.40. Tim tat ca cac cap (X,Y) 1a cac tap con cua tap cac ) nguyén thoa man
dong thoi cac diéu kién sau:

(1) Méi tap X, Y c6 3 phan t.

) 3€ Xva5cy.

(3) Tap X NY c6 ding mot phan .

(4) Néu a,b 1a hai phan ti phan biét cta X thia +b € Y.

Bai 1.41. Cho hai tap A, B thod man CrA = (2,+00),CrB = (—0c0,1) U [3,400).
Hay xac dinh cac tap AN B, AUB, A\ B, B\ A va phan bt ctia cac tap trén.

1
BAi142. Cho A = [5,+00),B = {x € R: [2x—1| < 1}. Tim ANB,AUB, A\

B, B\ A va phan bt ctia cac tap trén.
Bai 1.43. Cho tap A = [-2,7], B = (m, +o0). Tuy theo gia tri cua m hay tim A N B.
Bai 1.44. Cho A = (2m —1,2m +3),B = (—1,1]. Tim m dé

(@) A C B. (©) ANB=0.
(b) B C A. (d) AN B c6 dung 16 nguyén.

Bai 1.45. Cho hai tap khac rong A = (m — 3;4), B = (—4,2m). Hay xac dinh m dé:
(@ ANB=0 (©) BC A
(b) ACB (d) (ANB) C (~2,3).

Bai 1.46. Cho hai tap khac rong A = (m —1,4], B = (—2,2m + 2). Xac dinh m dé:
(@ ANB=0Q. (c) BC A.
(b) A C B. d) ANBC (~1,3).

Bai 1.47. Cho A = [~3;3, B = [m;3m + 1).
(@) Khim =1. Tim AU B, A\B.

(b) Timm € Zdé ANB = {0}.

Bai 1.48. Cho A = (2;+o0), (—o0; m).
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(a) Tim m dé A N B khac rong.
(b) Timm dé AUB = R.
(c) Timm dé A C B.
Bai 1.49. Cho A = [2m — 1;+00), B = [m; +0).
(a) Tim m dé A C B.
(b) Tim m dé B C A.

Bai 1.50. Cho hai tdp hop A = (—o0;2m —7) va B = (13m + 1;+00). S6 nguyén m
nhd nhat thbaman ANB =2 la

Bai 1.51. Cho s6 thuc a # 0. Tim can va dd dé cta a dé giao ctia hai tap hop
A= (—oco;a)vaB= (3” _ 4,‘+oo> khac tap @
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§3. ANH XA

@ PINH NGHIA VA VI DU

Dinh nghia 1.24. Cho hai tap hgp A va B khac réng. Mot quy tac cho tuong ting
mdi phan tir x € A v6i mot va chi mot phan tir y € B dugc goi 1a mot anh xa tir A
vao B.

Dinh nghia 1.25. Anh xa f A — B dugc goi la don danh néu véi moi X,y € Ama
fx) =fly) =x=y.

N6i cach khac, anh xa f 1a don anh khi va chi khi v6i moi y € B thi tap hop £~ (y)
c6 khoéng qua mot phan t.

Dinh nghia 1.26. Anhxa f : A — B la toan anh khi va chi khi moi y € B thi ton tai
x € Asaocho f(x) =y.

N6i cach khac, f 1a toan anh khi va chi khi v6i moi y € B thi f~1(y) khac rong.
Dinh nghia 1.27. M6t anh xa f : A — B la song anh néu vira don anh vira toan
anh.

N6i cach khéc, f 1a mot song anh khi va chi khi v6i moi y € B thi tap f~1(y) c6
dung mot phan tu.

Vi du 1.10. Trong cac qui tac sau quy tac nao la anh xa. Anh xa nao la don anh,
toan anh, song anh?

(a) Quitac f: A — Athda f(x) = x, tic la cho tuong iting méi phan t véi chinh
no.

(b) f:Z — Rthda f(x) = —1néux <0, f(x) = 1néux > 0va f(x) = 0néu
x=0.

(c) Cho . V&i méi diém M thudc mat phéng cho tuong ting véi M’ sao cho
——
MM = 7.

(d) Cho tap X, A 1a tap con khac rong cta X. Xét f : X — {0,1} thoa f(x) = 1
néux € A, f(x) =0néux ¢ A.

(e) Cho f: R — R thda x — y théa y* = x.

(f) Cho f : R?> — R thoa f(a,b) = ab.
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Pinh nghia 1.28. Cho tap A s6 nguyén duong nva X = {0,1,2,--- ,n}. Néu ton
tai mot song anh tir A vao X thi khi d6 ta néi A c¢6 hiru han phan tir va s6 phan t
cta A lan.Kihiéu |A| = n.

Néu A khong khac réng va khong c6 hiru han phan tit, ta néi A 1a tap vo han.
Tinh chdt 1.12. Cho A, B 1a cac tap hiru han.

e Néu ton tai mot don anh tir A vao B thi |A| < |B|.

e Néu ton tai mot toan anh tir A vao B thi |A| < |B].

» Néu ton tai mot song anh tir A vao B thi |A| = |B|.
Dinh nghia 1.29. Néu A 1a tap vo han. Néu ton tai mot song anh tir A vao IN thi ta
noi tap A la tap vo han dém duoc. Nguoc lai thi goi la vo han khong dém duoc.
Vidu 1.11. Xay dung mot song anh tu tap A = {1,2,--- ,n} vao tap cac day nhi
phan c6 d¢ dai n. Tir d6 suy ra sb tap con ctia tip c6 n phan tir.

ANH XA HOP - ANH XA NGUQC

Dinh nghia 1.30. Cho song anh tit f : A — B. Ta xady dung mot anh xa tit B vao A
nhu sau: v6i méi phan tir b € B cho tuong tng v6i phan tira € A théaa = f(b),
anh xa dé duoc goi la anh xa nguoc cua f, ki hiéu la f -1
Ta co

flLiB=Af )=y fly) =x
Vi du1.12. Anh xa nguoc ctia anh xa dong nhéat la 4nh xa dong nhét.
Vidu1.13. Cho A = {1,2,3},B = {a,b,c} Xétsong anh tt A — Bla f(1) =
b,f(2) =a,f(3) = c.Khidé anh xanguge f 't B — Ala f'(a) =2,f 1(b) =
1, f Yc) =3.
Pinh nghia1.31. Cho f: A — B,g: B — Ckhidéanhxago f: A — C thda

go fla)=g(f(a))

duoc goi la anh xa hop.

Vidu114. Chof:R = R, f(x) =2x+1,¢: R = R,g(x) = 2. Khidé go f(x) =
(2x+1)*va fog(x) = 2x% + 1.

Vidu1.15. f: A — Blasong anh thi f o f~! = Id 4nh xa ddng nhat.
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{C} BAI TAP
Bai 1.52. Trong cac quy tac sau, quy tac nao la dnh xa?

(a) Xét quy tac f tur tap cac sb6 nguyén Z vao X = {—1,0,1} sao cho véi méi
—1khi x <0
xe€Zthi: f(x) =<0khi x=0
1khi x>0

(b) Xét quy tac cho tuong ting mbi s6 thuc duong x véi sd thuc y sao cho y? = x.

(c) Cho tuong ting cac diém M thudc mat phang véi cac diém M’ thude mat
phéng sao cho MM’ = 7 cho trudc.

(d) Trong mat phang cho tuong tng diém M vé6i diém M’ sao cho MM’ =r > 0
cho trudc.

(e) Trong mat phang cho dudng thang d. Quy tac cho tuong ing M thuoc d ting
voi M, M khong thudc d ung véi M’ sao cho MM’ Ld.

(f) Quy tac cho twong ting méi s6 hiru ty ing véi 1, mbi sb vo ty ting véi 0.
Bai 1.53. Trong cac anh xa & bai trén, anh xa nao la don anh, song anh, toan anh?
Bai 1.54. Trong cac dnh xa sau, anh xa nao la don anh, toan anh, song anh?

(a) Anhxa f: R — R théa f(x) = x°.

(b) Anhxa f: Z — N théa f(x) = |x|.

(c) Cho tuong ting méi s6 thuc véi phan nguyén ctia né.

Bai 1.55. Choénhxa f: R — R: f(x) = x* + 3x + 1.

(@) f coladon anh?

(b) f co la toan anh khong?

X

Bai 1.56. Cho f : (0;1) — (0; 4+o0) thda f(x) =

(2) Tim f(f(x)).
(b) Chung minh f la song anh.

1—x

(c) Tim anh xa nguoc cua f.
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. . 1 khi x€ D
Bai 1.57. Cho A, B, C, D la cac tap con cua X. Pat xp (x) = . Chung
0 khi x¢ D
minh rang:
(a) Quy tac trén 1a anh xa tir X vao {0,1}.
(b) xa-xa=xaxxa=1—xa
(€) XanB = XA-XB,XAUB = XA + XB — XA-XB
(D xaZ2xpeBCAxa=0A=0

Bai 1.58. Cho f : X — Y. A, B la cdc tap con ctua X; C, D la cac tdp con cua Y. Dat
f(A) = {f(x)|x € A} latap anh cta A; f1(C) = {x € X|f(x) € X} latao anh ctia
C.

(a) Chung minhnéu A C B thi f(A) C f(B).
(b) Néu C C D thi f'(C) C f~1(D).
(© f(AUB) = f(A)Uf(B).
(d) f(ANB) C f(A)Nf(B).Va f(ANB) = f(A)N f(b) khi f 1a don anh.
(@ fH(cnD)=f1C)nf(D)vaf(CuD)=fHC)Uf (D).
() AC fHf(A)).
Bai1.59. Choh: A — B,g:B—Cvaf:C— D.
(a) Chimng minh rang néu f o ¢ 1a don énh thi ¢ don anh.
(b) Néu h o g la toan anh thi k cting 1a toan anh.

(c) Néu h, g 1a don anh(toan anh, song anh) thi & o g ciing 1a don anh (toan anh,
song anh).

(d) Néu h 1a song anh thi 1~ 1 ciing 1a song anh.
(e) Néuho g va fohlasong anh thi f,h, ¢ ciing la song anh.

1 khix €Q

Bai 1.60. Cho anh xaf : R — {0,1}, f (x) =
f {0,1}, f (x) {Okhing

(a) Tim tap anh cua f.
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(b) Tim £ (1), £ (0)

(c) f colasong anh khong? Vi sao?
Bai 1.61. Cho A va B la hai tdp hgp sao cho c6 mét don anh tir A vao B. Chung
minh rang c6 mot toan anh tit B vao A.

Bai 1.62. Cho A va B 1a hai tap hop sao cho c6 mét toan anh tir A vao B. Chung
minh r?ang ¢6 mot don anh tu B vao A.

Bai 1.63. Tim moét song anh tu tap tap cac sO tu nhién chan dén tap cac sO tu nhién
lé.

Bai 1.64. Tim mot don anh tir tap céc s tu nhién dén tap cac ) nguyeén.

Bai 1.65. Tim mot song anh it tap cac s6 ty nhién dén tap cac s6 nguyén.

Bai 1.66. Tim mot song anh tir tap N x IN dén IN*.

Bai 1.67. Goi tap X la tap gom cac khoang c6 dang (a,b) thoa 0 < a < b < 1. Xét

nhxa X = (0,1), f ((a,b)) = "+

(a) f c6 phai don dnh khong? Vi sao?

(b) f c6 phai toan anh khong? Vi sao?
Bai 1.68. Cho X la tap khéac rong, P(X) 1a tap tit ca cac tap con cta X. C6 ton tai
hay khong mét song anh di tir X dén P(X)?
Bai 1.69. Tim mot song anh tir tap (0;1) dén tap cac s6 thuc.

Bai 1.70. Cho m 14 sb6 nguyén duong va tap X = {—m,—m+1,...,—1,0,1, ..., m}.
Anhxa f: X — X thda f(f(n)) = —nvéimoin € X.
Chiing minh m 1a s6 chan.
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OCHUONGO

@ HAM SO

GOEOED

§1. DAI CUONG HAM SO

@ HAM SO VA GIA TRI CUA HAM SO

Pinh nghia 2.1. Cho moét tap hop khac réng D C R. Ham s6 f xac dinh trén D la
mot quy tac cho tuong ting médi s6 x € D véi mot va chi mét s6, ki hiéu 1a f(x);. sb
f(x) d6 dugc goi 1a gia tri ctia ham s6 f tai x.

Tap D duoc goi la tap xac dinh (hay mién xac dinh), x goi la bién s6 hay d6i s6
ctiaham sé f.

Dinh nghia 2.2. Choham b f : D +— R, thi:
* D dugc goi tap xac dinh ctia ham sé.
* x dugc goi bién s6 hay ddi sb.
* f(x)la gia tri cia ham s6 tai x.
e f(D)={f(x)|x € D} duoc goi la tap gia tri ctua f.
e Voimdiy € f(D) thi f 1y = {x € D|f(x) = y} dugc goi la tao anh ctia y.

Luu y 2.1. Néu khi cho hdm s6 chi néu biéu thic y = f(x) thi ma khong néi tap
xac dinh thi ta quy udc, tdp xac dinh ctia ham s6 1a tap tat ca cac gia tri caa x dé
f(x) c6 nghia.

¢ Biéu thic dudi mau thi khac 0.

* Biéu thuc trong can bac hai thi khong am.
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Vi DU

Vi du 2.1. Tim tap xac dinh ctia cdc ham s sau:

(@) f(x)-* (0 f(x)= 1

2 -3x+2 24"
1
(b) f(x) = Vax—3. @D )= ==

Vi du 2.2. Tim tap xac dinh ctia cac ham so sau:

3x—1
@V=rw

) V7 —2|x|

T X2 14x 13
© !
Qy=-——+—

N
Vi du 2.3. Tim m dé

< 2 2
(@) Hamsoy = % xac dinh trén (-1,0)

VX
Vx—m+1

(b) Hams6y = 6 tap xac dinh la [0, +o0)

@ SU BIEN THIEN CUA HAM SO
Pinh nghia 2.3. Cho ham s6 y = f(x) xac dinh trén D.
e Ham s6 f goi la dong bién (hay tang) trén D néu:

Vx1,x € D,x1 < xp = f(xl) < f(xz)

* Ham s6 f goi la nghich bién (hay giam) trén D néu:

Vxy,x2 € D, xq < x2 = f(x1) > f(x2)

e Ham s6 f duogc goi la ham hang trén D néu:
Vx1,x2 € D : f(x1) = f(x2)
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* Néu f dong bién (hodc nghich biét) trén (a;b) ta néi f don diéu trén (a; b).
Tinh chit 2.1. Cho ham sby = f(x) xac dinh trén D.
e Ham s6 f dong bién trén D khi va chi khi:

f(x1) = f(x2)

X1 — X2

vxl,XZED,Xl 753(2, >0

* Ham s6 f nghich bién trén D khi va chi khi:

f(x1) = f(x2)

vxl/ X € D/ X1 ;é X2,

Tinh chdt 2.2. Néu ham f don diéu trén (a;b) thi c6 nhiéu nhat mot gia tri x, €
(a;b) sao cho f(x,) = 0, hay phuong trinh f(x) = 0 c6 nhiéu nhat mot nghiém trén
(a;b).
Vi du 2.4. Chiing minh cac ham s6 sau dong bién trén RR.

(@ f(x) =2x—1.

b) f(x) =x>+3x+1.
Vi du 2.5. Chiing minh cac ham s6 sau nghich bién trén R.

(@ f(x) = —4x+3.

(b) f(x) = —3x> —4x.
£ 1 £
Vidu 2.6. Ching minh ham so f(x) = i —f > nghich bien trén cac khoang (—oo;2)
va (2; +00).

Vi du 2.7. Xét sy bién thién ctia cac ham s6 sau trén cac khoang dugc chi ra:
(@) f(x) =+vx—1trén (1;+00).

(b) f(x) = x> —4x + 1 trén (—o0;2).
@ TINH CHAN LE VA PO THI CUA HAM SO

DPinh nghia 2.4. Cho ham s6 f(x) c6 tap xac dinh la D.

e Ham s6 f dugc goi la ham s6 chan néu v6i moi x € D tacé —x € D va

f(=x) = f(x).

30



e Ham s6 f dugc goila ham s61é néu véimoix € Dtacdé —x € D va f(—x) =
—f(x).
Dinh nghia 2.5. Cho ham s6 f xac dinh trén D. Tap hop G = {(xo,¥0) : %o €
D Ayo = f(xo)} dugc goi la do thi cia ham s6 f

Tinh chdt 2.3. Db thi ham s6 chan, ham s 18.
(a) Do thi ham s6 chan déi xing qua truc tung.
(b) D6 thi ham s6 1é ddi xiing qua gbc toa do.
Dinh li 2.1. Trong mat phang toa d6 Oxy, cho d6 thi (G) ctia ham s6 y = f(x) va
p, ¢ 1a hai s6 duong tuy y. Khi d6:
* Tinh tién (G) 1én trén g don vi ta dugc do thi ham sby = f(x) +g.
e Tinh tién (G) xuéng dudi g don vi ta duge d6 thi ham sé y = f(x) — 4.
e Tinh tién (G) sang trai p don vi ta dugc do thi cia ham s6 y = f(x + p).
e Tinh tién (G) sang phai p don vi ta dugc do thi hamsé y = f(x — p).
Vi du 2.8. Xét tinh chan, 1é ctia cdc ham s sau:
(@) f(x)=[2x+1|+|2x—1]|
() f(x) =V2+x—-v2—x
(© f(x)
d) f(x) =[x =1 =[x +1].

=+ | x|

Vi du 2.9. Xét tinh chan, 1é ctia cdc ham sb sau

("‘)y:zx_31 () y =5x* —2x+3
x_

e =1+ [x 41
b) y=Vx+1-v1-x (d)y_|2x—1|+|2x+1]

Vi du 2.10. Choham sb y = x° 4 x.

(a) Chiing minh ham s6 1a ham s6 1é. Nhan xét d6 thi ctia ham sb.

(b) Néu tinh tién qua trai dd thi ham sb 2 don vi, ta dugc do thi ham s6 nao?
Vidu211. Chohamséy = —x* + x> + 1.

(a) Chitng minh ham sb 1a ham s6 chan. Nhan xét d6 thi ciia ham sb.

(b) Néu tinh tién lén trén d6 thi ham s6 2 don vi, ta dugc dd thi ham sb nao?
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@ HAM TUAN HOAN

Dinh nghia 2.6. Cho ham f xac dinh trén R. Ta néi f 1a ham tudn hoan néu ton tai
T > 0sao cho
f(x+T)=f(x),Vx e R

(a) T dugc goi la chu ki cia ham s6 f.
(b) Chu ki nho nhat (néu c6) dugc goi la chu ki co sd cua f.

Vi du 2.12. Chiing minh rang ham s6 f : R — [0;1) xac dinh f(x) = x — [x] ]a mot
ham tuan hoan.

Tinh chdt 2.4. Cho ham f xac dinh trén R tuan hoan véi chu ki T.
(@) Chung minh rf?mg f cling tuan hoan véi chu ki kT véi k 1a s6 nguyén khac 0.

(b) Néu f tuan hoan véi chu ki Ty, T, thi f cling tuan hoan véi chu ki T = mT; +
nT, véi m, n nguyén duong.

A X N . NP N N T N ~ ? N , N A

(c) Neu f, g tuan hoan véi chu ki lan luot 1a Ty, T va Tl la htru ti thi cac ham so
2

f+8 f—g f.gcing tuan hoan v6i chu ki T = mT; = nT, v6i m, n 1a cac so

nguyén duong.
Vi du 2.13. Chiing minh rang f(x) = x* khong la ham tuan hoan.
Vi du 2.14. Cho f xac dinh trén R va
fr+4)+ f(x —4) = f(x)

v6i moi x thudc R.Chiing minh rang f 1a ham tuan hoan.
Vidu 2.15. Cho f : R — R thoa

f(x) =f(x=3)f(x+3),Vx e R
Chting minh rang f 1a ham tuan hoan.

{F} BAI TAP

Bai 2.1. Tim tap xac dinh cua cac ham s0 sau:

(@) v = 2x +1
Y= 2 —ax13
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0) y= i

X2 —-3x+2

© v = V7 —2x
Y
Y s A

Bai 2.2. Cho ham sb
Vx — 3khix > 3
y=flx)= {xiZkhix <3
(@) Tim (1), f(=3), f(3), f(=2).
(b) Tim tap xac dinh ctia ham sb.

Bai 2.3. Tim tap xac dinh cuia cac ham so sau:

x+3 x—1
@y=5—>3% "3
o V2 +x
®)y= 6_x_3x+1'
1
(c)y:\/Z—x+x2_1.
x2—4 5++3x+12
(d) y=

2x—6 1-vhox

Bai 2.4. Cho ham sb

Lx>0
f(X)_ x—|—1’
— Y Vx+1
1 ,—1<x<0

(a) Tim tap xac dinh ctia ham s6 da cho.

(b) Tinh £(0), f(—1), f(2), f(=3).

Bai 2.5. Tim tap xac dinh cua cac ham s0 sau:

x+1 3x—1
@) y_3x—3+ x

_ v1+x
(b) y=+v4—-3x— 31
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(©)y=v2—4x+ 1_9.

@ y= x?—4 +5—|-\/3x—|—10
ST rx—6 1-vi-x

Bai 2.6. Tim tap xac dinh cua cac ham s0 sau:

(@ y=v4—-2x+ 3x 1

x2

x24+2x -3’
(b) 1+ Vx+2
Tl k2
2x +1 x?—1
C = + .
©y 1—+v4x+3 5—x
|2x — 3| + |2x + 3|
d) y= .
@y V1—x—+1+x
. 1—+v6—
Bai 2.7. Tim tap xac dinh cua ham séy:ﬂ.
x2 —4x+3
. iy o s s /B—bx—2x+11
Bai 2.8. Tim tap xac dinh cia ham so y = 21 3x 12

Bai 2.9. Tim tap xac dinh cua cac ham so sau:

@ y= Y- Vx+1
VY= e 14
1
(b) y:\/x2—2x+5—;.
x2 -2

DI v

(d)y=\/;cfi-

Bai 2.10. Tim tap xac dinh ctia cac ham so sau

(@) y= \/x—|—4—|—2\/x—|—3.
V2x —3

®) V= v
© y— x+\/x+4—2\/2—x.

—x244x -3
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@)yz,ﬁ%;+w0x—1

Bai 2.11. Tim tap xac dinh ctia cdc ham s6 sau:

1 1
(ei)y—ﬁJr — T @

1 1
b) y= + .
®) v = e \/(x+1)2<x+2)
Bai 2.12. Biét tap xac dinh ctia ham s6 y = f(x) 1a D = [—4,0]. Hay tim tap xac

dinh ctia cac ham so sau:

@ y=flx+1).

(b) y = f(x?).
(© y=f(=x%)
(d) y = f(4x).

_ plAl
@ y=f(7)

1
6y y——f(;)
Bai 2.13. Tim m d€ cadc ham sb sau xac dinh trén tap da chi ra:
2x +1 . -

(@ y= x2—6x—|—m—2trenD_R

(b) y=+vx—m++v2x —m—1trén D = (0, o).

Vo mas F M ten D — (0, 4oo).
(© vy 2x 3m—|—4+x+m_1trenD (0, 4+00)
() y= 2" ran (0, +oo).

x—m+1
Bai 2.14. Tim m dé cadc ham s6 sau xac dinh trén tip da chira

1

(@) y = m—i— —x+2m+6trén D = (—1,0)
(b) y:\/2x+m+l+x_1mtrénD: (1,+00)

(c)y= \/—x2 + (m+1)x —mtrén [2,6)
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d) y=+vVx—m++v2m+1—xtrén [-1,1]

Bai 2.15. Tuy theo gia tri ctia m tim tap xac dinh ctia cac ham sb sau:

(@) v 2x+3
y= xvVm? — 2
) v = vVx+3

x2 —2mx +m? -1’

Bai 2.16. Khao sat su bién thién ctia cac ham sb sau trén cac khoang da cho
(@ y=3x—1trén R.
(b) y=-5x+7trén R.

() y = x> —2x —1trén (—c0,1).

d) y= 2 3 trén (3, 40).

(e) y = v2x — 1 trén tap xac dinh.
Bai 2.17. Khao sat su bién thién ctia cac ham sb sau

(a) y = 2020x — 2019 trén R

(b) y= trén (2048; +00).

1
x — 2048
(©) y=x>+xtrén R.

d) y=+vx—4—+Vx+1trén (0, +o0)

(e) y= \/x+4+2\/x+3tréntép xac dinh
) y = Til trén (1, +oc0)
Bai 2.18. Khao sat su bién thién ctia cdc ham s6 sau:

X N
(@ y= 211 trén R.

(b) y =V x2—4x+1trén (2;+0).
x2—x—1

po doéng bién trén (—oo,1) va nghich

Bai 2.19. Chung minh ham sb y =
bién trén (1, +c0).

Bai 2.20. Khao sat su bién thién ctia cac ham s6 sau
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(@ y= x3 + x trén R. dinh

(b) y=+vx—4—+x+1trén (0, +00)

x A
)y = \/x +4+42v/x + 3 trén tap xkd) v = 21 trén (1, +o0)

Bai 2.21. Khdo sat su bién thién ctia cdc ham sb sau:

3

X N
(a) y= T_‘rl trén R.

®) y= v —x+1trén (%,—i—oo).
2

x-—x—1

Bai 2.22. Chung minh ham sb y = ——1

dong bién trén (—oo,1) va nghich
bién trén (1, +o0).

Bai 2.23. Dinh m dé ham s6 y = mx? + 2 nghich bién trén (0, +c0).

Bai 2.24. Dinh m dé ham s6 y = x* — mx + 1 dong bién trén (1,2).

Bai 2.25. Véi gia tri nao ctia m thi ham sé y = —x? + (m — 1)x + 2 nghich bién trén
(1,2).

Bai 2.26. Cho ham s6 y = ax + b|x — 1| + c|x — 2| ludn tang. Chirng minh a > 0.
Bai 2.27. Xét tinh chan, 1é ctia cdc ham sb sau:

(@) y=x*—x2+1

(b) y:x3—3x—4

x* 4+ x?
1—x2

d)y=vVr+1+vV1—x

(©y=

(€) y=x"|x]

|x|
x2—4

(®) y=Vx(x*+1)
(h) Va2+1—+1—22

®y=

Bai 2.28. Xét tinh chan, 1é ctia cac ham so sau:

37



CV1-2x— 1+ 2x

(a)y 2 — x4
VB—x+V3+x
® vy ="

Bai 2.29. Cho ham s6y = x> — 2x — 1, ¢6 dd thi G.
(a) Néu tinh tién G qua phai hai don vi thi dugc do thi ham s6 nao?

(b) Néu tinh tién qua trdi mot don vi va tinh tién 1én 3 don vi thi dugc do thi ham

sO nao?

\/3—x—\/3—|—x.

Bai 2.30. (*) Chohamsby = P

(a) Tim tap xac dinh ctia ham s6.
(b) Xét tinh chan 18 ctia ham s6. Tir d6 nhan xét vé do thi ctia ham sb.

Bai 2.31. (*) Choham s6 y = x* (1)va y = x* — 4x + 4(2). Tim phép tinh tién dé do
thi ham s6 (1) thanh do6 thi ham s6 (2).

Bai 2.32. Xét tinh chan, 1é ctia cdc ham sb sau:
(a) y:x4—x2+1
(b) y:x3—3x—4

©y= Y
A

dy=vVrx+1+vV1—x

(e) y = 2°|x|

|x]

(& v =vVx(x*+1)
h) Va24+1—+/1-— 22
Bai 2.33. Xét tinh chan, 1é ctia cdc ham sb sau:

V1-2x—/1+2x

(a)y 2 — x4
V3 —x++3+x
Ov=""%2
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Bai 2.34. Xét tinh chan, 1é ctia cac ham s6 sau

(@ y= Va2 —5x+6+/x2+5x+6

|x — 2| + [x + 2]
b) y=
Y H
=1 = |x+1]
(C)y_|x—1y+yx+1\
x2|x —2
@ y= 2 ‘2
(x—2)
x+2017,x < —1
(&) y=142017,-1<x<1
x —2017,x > 1
2017,x > 0
6 y=4¢0—x=0
—2017,x < 0

Bai 2.35. Cho 4, b, ¢ 1a cac tham sb.

(a) Tim diéu kién ctia 4, b sao cho ham s6 y = ax + b la ham s 1é.

(b) Tim diéu kién ctia a, b, c sao cho ham s6 y = ax? + bx 4 ¢ 1a ham s6 chan.
Bai 2.36. Tim m dé:

(a) Ham sdy = (m +2)x° + mx? + (m* — 4)x +m — 6 1a ham sb chan.

(b) Ham s6 y = 3(|m| — 1)x* +mx® — (m — 1)x* + x 1a ham sb 1&.

Bai 2.37. Cho hai ham s6 y = f(x) vay = g¢(x) xdc dinh trén R. Dat S(x) =
f(x) +g(x), P(x) = f(x).g(x). Chitng minh rang:

(a) Néu f, ¢ 1a hai ham s6 chan thi S, P cling 1a hai ham s6 chén.
(b) Néu f, g 1a hai ham s6 1é thi S 1a ham s6 1é con P 1a ham s6 chan.
(c) Néu f 1a ham s6 chan con g 1a ham s6 1é thi P 1a ham s6 1é.

Bai 2.38. Tim ham s6 vira 1a ham sb chan, vira 1a ham so 1é.
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Bai 2.39. Cho f(x) la mot ham s6 xéac dinh trén R. Ching minh rang f luén biéu
dién dugc mot cach duy nhat dudi dang tong cia mot ham s6 chan va mot ham sb
lé.

Bai 2.40. Chohamsb6y = V3 _;2__\1/3 + )
(a) Tim tap xac dinh ctia ham s6.

(b) Xét tinh chan 18 ctia ham s6. Tir d6 nhan xét vé do thi ctia ham sb.

V1—2x++1+2x
4x )

Bai 2.41. Chohamsby =
(a) Tim tap xac dinh ctia ham s6.
(b) Xét tinh chan Ié ctia ham sb.

V2x +6 —+/6—2x
x2 —4[x| +3

Bai 2.42. Chohams6y =

(a) Tim tap xac dinh ctia ham sb.
(b) Xét tinh chan 1é ctia ham s6.

Bai 2.43. Giai cac bai toan sau:

v —4 —3x
|5x +7| —4

x| (% — x)
x4 —2x2 -3

(a) Tim tap xac dinh ctia ham s6 y =

(b) Xét tinh chén, 1é cia hamséy = f(x) =
Bai244. Chof:D—R,g: D — R.

(a) Chiing minh rang néu f, ¢ ting thi f + ¢ ting.

(b) Néu f, g tang va khong am thi f.g cling tang.

(c) Gidsu f(D) € D thi g o f cling tdng.
Bai 2.45. Trong cac ham s6 sau, ham nao 1a ham tuan hoan?

(@) f(x) = |x|.

(b) f(x) =ax+0.

(©) f(x) =ax*+bx+c.
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1

(d) fx) = .

Bai 2.46. Cho ham sé f(x) = (—1)x.
(a) Ching minh f 1a ham tuan hoan.

(b) Tim chu ki cosd cua f.

Bai 2.47. Chiing minh rdng néu f 1a ham sb c6 do thi nhan cac duong thiang x =
a,x = b (a # b) thi f 1a ham tuan hoan.

Bai 2.48. Cho f xac dinh trén R thoa cac diéu kién sau:
* f(x+3) < f(x)+3
* flx+2) > f(x)+2

V6i moi x € R.
Chiing minh rang ham sb g(x) = f(x) — x 1a ham tuan hoan.

Bai 2.49. Cho f xac dinh trén R thoa
fx+1)+ f(x—1) = V2f(x),Vx €R

Chiing minh f 1a ham tuan hoan.

Bai 2.50. Cho p la sé nguyénté va f : N +— IN, f(n) = n mod p. Ching minh
rang f 1a ham tuan hoan, tim chu ki co s& cda f.

Bai 2.51. Cho f xéc dinh trén R 1a ham tuan hoan sao cho f(N) chita v6 sb phan
tr. Chirng minh rang chu ki ctia f 1a mot s6 vo ti.

Bai 2.52. (IMO 1968) Cho f : RT + R thda diéu kién: vdi a > 0 c6 dinh ta c6

f(x+a)= —+\/f x))%,Vx € R"

Chiing minh f 1a mot ham tuan hoan.
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§2. HAM SO BAC HAI

@ LY THUYET

Pinh nghia 2.7. Ham s6 bac hai la ham s6 dugc cho bdi biéu thirc c6 dang
y=f(x)=ax*+bx+c

trong d6 a, b, c 1a nhitng hang s6 va a # 0.

Tinh chdt 2.5. (Su bién thién ctia ham sb va do thi)

(a) Tap xac dinh ctia ham s6 1a R. (c) D0 thi ham s6 1a parabol thoa:
(b) Tinh déng l?ién nghich bién, phu i b —A
thudc vao dau ctia a nhu sau: * Dinh [ 20 4a

* K}A“ a>0 han;)so n:?mh 1;1en e Nhén duong thang x = —%
trén (—co, _ﬂ)' ong bien lam truc dé6i xing.

b
trén (_ﬂ’ +00) va c6 GTNN
N A b
bang—g khi x = 5
e Khi 2 < 0 ham sb6 dong
)
2a”’

nghich bién trén (—%,4—00)

bién trén khoang (—oco, —

< A
va ¢6 GTLN bing — = khi
b
2a’

a>0 a<0

f(@) \A / f@) / 4“\
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VE VA KHAO SAT PO THI HAM SO BAC HAI
Vi du 2.16. Cho ham séy = x> — 4x + 3.
(a) Khao sat va vé do thi ham sb.
(b) Tim giao diém ctia do thi ham s va truc hoanh.

Vidu2.17. Chohamsby = f(x) = x* + ax + b c6 d6 thi ham s6 ¢6 truc déi xing
la x = —2 va di qua diém (0;1).

(@) Tima,b.

(b) Ve db thi ham sé f(x) va |f(x)].

@ TIM PARABOL THOA DE BAI
Vi du 2.18. Xac dinh Parabol (P) biét

. 3
(@) (P):y = ax*+bx +2diqua A(1,0) va c6 truc d6i xing x = >

(b) (P):y = ax? —4x +cdiqua A(1,-2),B(2,3).
(©) (P):y = ax? —4x +ccé dinh I(—2, —1).

@ TUONG GIAO DO THI - BIEN LUAN NGHIEM

Vidu 2.19. Cho ham s6 y = 2x* — 3x + 1 ¢6 dd thi (P) va duong thang d : y =
3x 4+ m. Tim m dé:

(a) d cat P tai hai diém phan biét A, B.
(b) dva P c6 mot diém chung. Tim toa do diém chung do.
Vi du 2.20. Cho hams6 y = x* — 5x + 6.
(a) Khao sat su bién thién va vé dd thi (P) ctia ham s6 da cho.

(b) Dya vao d6 thi ham sb hay chi ra cac khodng ma trén d6 ham s6 chi nhan cac
gia tri am (duong).

(c) Dua vao d6 thi ham sb hay giai va bién luan ) nghiém cta phuong trinh

@ BAI TAP

1
§x2—2x+2—m:0.
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Bai 2.53. Khaosatsubién thienvavédd (b) (P) : = ax* —4x + ¢ di qua

thi cac ham s6 sau: A(1,-2),B(2,3).
(@) y= _71x2 + 2x. () (P) : y = ax* —4x + ¢ c6 dinh
I(—2,—1).
(b) y = —2x* +4x — 5.
2 Bai 2.58. Xac dinh parabol (P) biét:

() y:xz—x—kl.
(@) (P):y = ax* — 4x + c c6 hoanh do

Bai 2.54. Khao sat su bién thién va vé do dinh 1a —3 va di qua A(-2,3).

thi cac ham s6 sau:
(b) (P) : y = ax* + bx + ¢ di qua 3

_1 2 o« A2
(@) y=—=x"+2x. diém A(0, —1),B(1,-1),C(~1,1).
(b) y= —2x% 4 4x — 5. Bai 2.59. Xac dinh parabol (P) biét:
2
(C)yzi_x+1_ (@ (P) : y = ax*> +bx +c di qua
4 A(0,5) va dinh 1(3, —4).
Bai 2.55. Cho ham s6y = x* — 4x + 3(1)
vay=3x—3. (b) (P) : y = ax* +bx + c di qua
. ) A(0,1) va tiép xtic duong thang

(b) Tim gia tri Ion nhat va nho nhat g5 60 x4 dinh Parabol (P) biét
cta ham so trén [—2; 3].
@@ (P) : y = ax* +bx +c di

(c) Tim toa d¢ giao diém ctia do thi qua A(0,1) va tiép xtc hai duong

ham s6 (1) va (2). thingy =x —1vay = —2x + 1.

Bai 2.56. Cho parabol (P) : y = ax* +
bx + c. Tim a,b,c biét (P) c6 dinh
S(—1;4) va di qua diém A(1;2). Khao
satva vé (P).

b) (P) : y = ax® + bx + ¢ dat cuc
ti€u bang 2 va cat do thi ham sb
y = —2x + 6 tai hai diém c6 tung

) do tuong ting bang 2 va 10.

Bai 2.57. Xac dinh Parabol (P) biet

) @ (P) : y = ax* +bx+c qua
@ (P) : y = ax"+bx+2di qga M(—-2,3),N(2,3) va tiép xtic vdi
A(1,0) va c6 truc doi xung x = 5 duong théng y = 1 tai dinh.

Bai 2.61. Mot vat dugc ném xién vdi van toc ban dau, c6 duong bay theo phuong
trinh:
y = —0.05x% + 0.6x
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Trong do x 1a khoang cach ngang (m), y la do cao (m). Tinh:
e Do cao 16n nhéat vat dat duoc.
* Tam bay xa nhét.

Bai 2.62. Mit cat ciy cau la parabol, rong 20m, cao 5m. Dinh vom & gitta. Tim
phuong trinh parabol.

Bai 2.63. Loi nhuan (triéu dong): L(x) = —2x* + 40x — 100. Hbi nén san xuat bao
nhiéu san pham?
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OCHUONGO

PHUONG TRINH-BAT PHUONG
TRINH

GOEOED

§1. BAT PHUONG TRINH BAC NHAT HAI AN

@ TOM TAT LI THUYET

Dinh nghia 3.1. Bat phuong trinh bac nhéat hai 4n x,y la bat phuong trinh c6 mot
trong cac dang

ax+by+c<0ax+by+c>0ax+by+c<0,ax+by+c>0

trong d6 a, b, ¢ 1a nhitng s6 cho trudc; a, b khong dong thoi bang 0 va x, y 1a cac an.

Dinh nghia 3.2. Nghiém ctia bat phuong trinh bac nhét hai 4n
Xét bat phuong trinh ax + by + ¢ < 0. Mbi cdp s6 (xo; yo) thod man axg + byg +c¢ < 0
dugc goi 1a mot nghiém ctia bat phuong trinh da cho.

Trong mat phang toa d6 Oxy, tap hop cac diém (xo;yo) sao cho axg + byg +c¢ < 0
duge goi 1a mién nghiém ctia bat phuong trinh ax + by + ¢ < 0.

Biéu dién mién nghiém ctia bat phuong trinh bac nhat hai 4n

Ta c6 thé biéu dién mién nghiém ctia bat phuong trinh bac nhat hai 4n ax + by + ¢ <
0 nhu sau:

Budc 1: Trén mat phang Oxy, vé dudng thang A : ax + by + ¢ = 0.

Budc 2: Liy mot diém (xg; o) khong thuoc A. Tinh axg + byg + c.

Budc 3: Két luan

* Néu axg + by + ¢ < 0 thi mién nghiém ctia bat phuong trinh da cho 1a ntra
mét phang (khong ké b A) chira diém (x; yo).

e Néu axg + byp + ¢ > 0 thi mién nghiém ctia bat phuong trinh da cho 1a ntra
mét phang (khong ké bo A ) khong chira diém (xo; o).
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Nhdn xét: Dbi voi cac bat phuong trinh bac nhat hai &n dang ax + by + ¢ < 0 (hodc
ax + by + ¢ > 0) thi mién nghiém 1a mién nghiém ctia bat phuong trinh
ax + by + ¢ < 0 (hodc ax + by + ¢ > 0) ké ca bo.

Vi du 3.1. Tim b4t phuong trinh bac nhat hai 4n trong cac bat phuong trinh sau

day:
(@ x—=5y+2<0; (c) 3x—2>0;
(b) 9x* + 8y —7 > 0; (d) 4y +11 <0.

Vi du 3.2. Cp s6 nao sau day la nghiém ctia bat phuong trinh 20x + 50y — 700 < 0
?

(@) (5;6) (b) (9;11).

Vi du 3.3. Biéu dién mién nghiém ctia cac bat phuong trinh sau:
(@ x—2y—1>0
b) x+y—1<0

Vi du 3.4. Biéu dién mién nghiém cta cac bat phuong trinh sau:
(@ 2x+y—-2<0
(b) x—y—22>0.

Vi du 3.5. Biéu dién mién nghiém cta hai bat phuong trinh sau trén cing mot mat
phang toa d6 Oxy :

@y=>2
(b) x < 4.
€ BAI TAP REN LUYEN
Bai 3.1. Cho bat phuong trinh bac nhat hai &n x — 2y + 6 > 0.
(a) (0;0) c6 phai la mot nghiém cta bat phuong trinh da cho khong?
(b) Chi raba cap sb6 (x;y) la nghiém ctia bat phuong trinh da cho.

(c) Biéu dién mién nghiém ctia bat phurong trinh da cho trén mat phang Oxy.
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Bai 3.2. Biéu dién mién nghiém ctia cdc bat phuong trinh sau trén mat phang toa
do Oxy:

@ —x+y+2>0;
(b) y+2>0;
(c) —x+2<0.

Bai 3.3. Biéu dién mién nghiém ctia cac bat phuong trinh sau trén mat phang toa
do Oxy:

(@ —x+24+2(y—2)<2(1—x)
(b) 3(x—1)+4(y—2) <5x-3

Bai 3.4. Mot gian hang trung bay ban va ghé rong 60 m?. Dién tich dé ké mot chiéc
ghé 14 0,5 m?, mét chiéc ban 1a 1,2 m?. Goi x 1a s6 chiéc ghé, yla s6 chiéc ban dugc
ké.

(a) Viét bat phuong trinh bac nhat hai 4n x,y cho phan mat san dé ké ban va ghé,
biét dién tich mat san danh cho luu thong t6i thiéu 1a 12 m?.

(b) Chi ra ba nghiém ctia bAt phuong trinh trén.

Bai 3.5. Ban Ctic muén pha hai loai nudc cam. D€ pha mot lit nude cam loai I can
30 g bot cam, con mot lit nudec cam loai I can 20 g bot cam. Goi x va y lan lugt la
s6 lit nutdc cam loai I va II pha ché dugc. Biét rang Ctic chi c6 thé dung khong qua
100 g bot cam. Hay lap cac bat phuong trinh mé ta s6 lit nu6c cam loai I va Il ma
ban Cuc c6 thé pha ché dugc va biéu dién mién nghiém ctia cac bat phuong trinh
d6 trén cting mot mat phang toa do Oxy.

Bai 3.6. Trong 1lang (100 g ) thit bo chira khoang 26 g protein, 1 lang ca ro phi chira
khoang 20 g protein. Trung binh trong mot ngay, mot ngudi phu nit can tbi thiéu
46 g protein. (Nguon: https:/fvinmec.com va https://thanhnien.vn) Goi x, y 1an lugt 1a sd
lang thit bo va s6 lang ca r6 phi ma mot ngudi phu nit nén &n trong mot ngay. Viét
bat phuong trinh bac nhét hai 4n x, y dé biéu dién lugng protein can thiét cho mot
ngudi phu nit trong mot ngay va chi ra ba nghiém ctia bat phuong trinh do.

Bai 3.7. Mién khong gach chéo (khong kébo d) trong moi hinh dudi day la mién
nghiém ctia bat phuong trinh nao?
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§2. HE BAT PHUONG TRINH
BAC NHAT VA UNG DUNG

@ BIEU DIEN NGHIEM CUA HE BAT PHUONG TRINH
BAC NHAT
Dinh nghia 3.3. Hé bat phuong trinh bac nhat hai 4n 1a hé gém hai hay nhiéu bat
phuong trinh bac nhat hai &n x,y. M&i nghiém chung cta tat cd cac bat phuong
trinh d6 dugc goi 1a mot nghiém ctia hé bat phuong trinh da cho. Trén mat phang
toa do Oxy, tap hgp cac diém (xg; o) c6 toa do 1a nghiém cta hé bat phuong trinh
bac nhat hai 4n duoc goi la mién nghiém cta hé bat phuong trinh do.
Luu y 3.1. Débiéu dién mién nghiém ctia hé bat phuong trinh bac nhét hai an trén
mat phfang toa do Oxy, ta thuc hién nhu sau:

(a) Trén ciing mit phang toa do, biéu dién mién nghiém ctia mdi bat phuong
trinh caa hé.

(b) Phan giao ctia cic mién nghiém la mién nghiém ctia hé bat phuong trinh.

Vi du 3.6. Biéu dién mién nghiém ctia cac hé bat phuong trinh sau:

x+y—3<0 2x—y—3<0
(a) (©)

—2x+y+32>0 2x—y+2<0.

.

3x+y <6 x+y <8

x+y <4 2x +3y <18
(b) (d)

x>0 x>0

y=>0 y>0.
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TIM GIA TRI LON NHAT NHO NHAT CUA F(x;y) =
ax + by TREN MIEN DA GIAC
Luu y 3.2. Hé bat phuong trinh gitip ta m6 ta dugc nhiéu bai toan thuc té dé tim
ra cach giai quyét t6i vu. Chung thudng dugc dua vé bai todn tim gia tri lon nhat
(GTLN) hoéc gia tri nhd nhat (GTNN) ctia biéu thirc F = ax + by trén mot mién da
giac. Nguoi ta chiing minh dugc F dat gia tri 16n nhat hodc nho nhat tai mot trong
cac dinh cta da giac.

2x+y >4

Vi du 3.7. Tim gid trj 16n nhat va nho nhat ctia A = 3x — 4y biétx, y théa ¢ o, 1 5y < 20

2x -3y <4

\
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Vi du 3.8. Bac Nam du dinh tréng ngo va dau xanh trén mot manh dat c6 dién tich
8 ha. Néu trong 1 ha ng6 thi cAn 20 ngay cong va thu dugc 40 triéu dong. Néu trong
1 ha dau xanh thi can 30 ngay cong va thu dugc 50 triéu dong. Bac Nam can trong
bao nhiéu hecta cho méi loai cdy dé thu dugc nhiéu tién nhat? Biét rf?mg, bac Nam
chi ¢6 thé st dung khong qué 180 ngay cong cho viéc trong ngd va dau xanh.
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Vi du 3.9. M6t nguoi ban nudc gidi khat dang c6 24 g bot cam, 91 nuée va 210 g
duong dé pha ché hai loai nudc cam A va B. DPé pha ché 1/ nudc cam loai A can
30 g duong, 1/ nudc va 1 g bot cam; dé pha ché 1/ nudc cam loai B can 10 g duong,
1/ nudc va 4 g bot cam. Méi lit nude cam loai A ban dugc 60 nghin dong, méi lit
nudc cam loai B ban dugc 80 nghin dong. Ngudi d6 nén pha ché bao nhiéu lit nuée
cam mdi loai d€ c6 doanh thu cao nhat?
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€ BAITAPREN LUYEN

x>0
) y=0
Bai 3.8. Cho hé bat phuong trinh sau (I) :
x—y+1>0
3x +2y <12

(a) Xac dinh mién nghiém ctia hé (I).

(b) Tim gi4 tri 16n nhét, gia tri nhé nhat ctia f(x,y) = 3x + 4y trén mién nghiém
cua hé (I)

Bai 3.9. C6 1 xudng san xuat 2 loai sdn phdm, méi can san pham loai I can 2 can
nguyén liéu va 30 gio san xuat, mirc lgi nhuan dem lai la 40.000 dong. Méi can san
pham loai II can 4 can nguyeén liéu va 15 gio san xuat, muc loi nhuan dem lai la
30.000 dong. Xudng c6 200 can nguyen liéu va 120 gids lam viéc. Hoi giam dbc cua
xudng nén cho san xut mdi loai sdn pham bao nhiéu can dé cé muc loi nhuan cao
nhat?

Bai 3.10. Mot cong ty kinh doanh thuong mai chuan bi cho moét dot khuyén mai
nham thu hit khach hang bang céch tién hanh quang cdo san pham ctia cong ty
trén hé thong phat thanh va truyén hinh. Chi phi cho 1 phut quang cdo trén séng
phat thanh 1a 800.000 déng, trén song truyén hinh 1a 4.000 .000 déng. Dai phat
thanh chi nhan phat cac chuong trinh quang céo dai it nhat 1a 5 phiit. Do nhu cau
quang céo trén truyén hinh I6n nén dai truyén hinh chi nhan phét cac chuong trinh
dai t6i da 1a 4 phut. Theo cac phan tich, ciing thdi lugng mot phit quang cao, trén
truyén hinh sé c6 hiéu qua gép 6 1an trén song phat thanh. Cong ty du dinh chi ti
da 16.000 .000 dong cho quang cdo. Cong ty can dat thoi lugng quang cdo trén song
phat thanh va truyén hinh nhu thé nao dé hiéu qua nhat?

Bai 3.11. Mot xudng san xuét hai loai sdn phdm, mdi kg san phdm loai I can 2 kg
nguyén liéu va 30 gid, dem lai mic lgi nhuan 40000 dong. Méi kg san pham loai 11
can 4 kg nguyén liéu va 15 gio, dem lai mitc 1gi nhuan 30000 dong. Xudng c6 200 kg
nguyén liéu va 120 gio lam viéc. Nén san xuat mdi loai sin pham bao nhiéu dé c6
mutc loi nhuén cao nhat?
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Bai 3.12. Mot cong ty can thué xe van chuyén 140 ngudi va 9 tAn hang héa. Noi
cho thué xe chi ¢6 10 xe hiéu MITSUBISHI va 9 xe hiéu FORD. Mét chiéc xe hiéu
MITSUBISHI c¢6 thé chd 20 ngudi va 0,6 tin hang. Mot chiéc xe hiéu FORD c6 thé
chd 10 ngudi va 1,5 tan hang. Tién thué mot xe hiéu MITSUBISHI 1a 4 triéu dong,
mot xe hiéu FORD la 3 triéu dong. Hoi phai thué bao nhiéu xe méi loai dé chi phi
thip nhat?

Bai 3.13. Nhan dip tét Trung Thu, Xi nghiép san xuat bonh mub6n san xuat hai loai
banh: Pau xanh, Banh déo nhan dau xanh. Dé san xut hai loai banh nay, Xi nghiép
can: Puong, Dau, Bot, Tring, Mut, ... Gia st s6 duong cé thé chuan bi duoc la
300 kg, dau l1a 200 kg, cac nguyén liéu khac bao nhiéu cting c6. San xuat mot cai
banh dau xanh can 0, 06 kg duong, 0,08 kg dau va cho lai 2 ngan df)ng. San xuat
mdt cai banh déo can 0,07 kg duong, 0,04 kg dau va cho laii 1,8 ngan déng. Can
lap ké hoach dé san xuat méi loai banh bao nhiéu céi dé khong bi dong vé duong,
dau va tong s6 1ai thu dugc 1a 16n nhat (néu san xuét bao nhiéu ciing ban hét)?

Bai 3.14. Ngudi ta du dinh dung hai loai nguyén liéu dé chiét xuat it nhat 140 kg
chat A va 9 kg chat B. Tir mbi tan nguyén liéu loai I gia 4 triéu dong, c6 thé chiét
xuat duge 20 kg chat A va 0,6 kg chat B. Tir mbi tan nguyén liéu loai II gia 3 triéu
dong, c6 thé chiét xut dugc 10 kg chat A va 1,5 kg chat B. Hoi phéi dung bao
nhiéu tan nguyén liéu mdi loai d€ chi phi mua nguyén liéu la it nhat? Biét rang co
s cung cap nguyén liéu chi c6 thé cung cAp khong qua 10 tin nguyén liéu loai I va
khong qué 9 tan nguyeén liéu loai II.

Bai 3.15. Nhu cau canxi t6i thiéu cho mot nguoi dang do tudi trudng thanh trong
mot ngay la 1300mg. Trong 1 lang ddu nanh c6 165mg canxi, 1 lang thit c6 15mg
canxi. (Nguon: https:/ /hongngochospital.vn) Goi x, y 1an lugt 1a s6 lang dau nanh
va sb lang thit ma mot nguoi dang do tudi trudng thanh &n trong mot ngay.

(a) Viét bat phuong trinh bac nhat hai 4n x, y d€ biéu dién lugng canxi can thiét
trong mot ngay ctia mot ngudi trong do tudi trudng thanh.

(b) Chira mot nghiém (xo;yo) vdi xo, yo € Z ctia bat phuong trinh dé.

Bai 3.16. Bac Ngoc thuc hién ché do an kiéng vi yéu cau t6i thiéu hang ngay qua
thuc u6ng 1a 300 ca-lo, 36 don vi vitamin A va 90 don vi vitamin C. Mot cbe do
ubng an kiéng thir nhat cung cAp 60 ca-lo, 12 don vi vitamin A va 10 don vi vitamin
C. Mot coe do udng an kiéng thit hai cung cp 60 ca-lo, 6 don vi vitamin A va 30

don vi vitamin C.
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(a) Viét hé bat phuong trinh m6 ta s6 lugng coe cho dd udng thi nhét va tha
hai ma bac Ngoc nén uéng mdi ngay dé dap tng nhu cau can thiét ddi véi s6
ca-lo va s6 don vi vitamin hap thu.

(b) Chi ra hai phuong 4n ma bac Ngoc c6 thé chon lya sb lugng cdc cho d6 udng
thit nhat va thit hai nham dap ting nhu ciu can thiét déi véi sb ca-lo va sd

don vi vitamin hép thu.
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§3. HE PHUONG TRINH BAC NHAT 3 AN
@ Li THUYET VA VI DU
Dinh nghia 3.4. - Hé ba phuoong trinh bac nhit ba 4n la hé c6 dang;
mx+by+cz=d;
ax + by +cz = dp

azx + b3y + c3z = ds

\
trong d6 x,y,z la ba an, a;, b;, ¢;,d; 1a cac s6 thuc cho trude goi 1a cac hé sb. g day
cac hé s6 a;, by, c;(i = 1,2,3) khong dong thoi bang 0 . Mdi bo ba s6 (xo; yo; zo) thoa
man dong thdi ca ba phuong trinh ctia hé goi la mot nghiém ctia hé phuong trinh.

2x—y+z=1 2x—y+z=1
Vi du 3.10. Cho cac hé phuong trinh: (1) 3y—z=2(2) 2y+z=-1
2z =3 2y —z = —4.

(a) Hé phuong trinh (1) c6 gi dac biét? Giai hé phuong trinh nay.

(b) Bién d6i hé phuong trinh (2) vé dang nhu hé phuong trinh (1). Gidi hé phuong
trinh (2).

Vi du 3.11. Bién déi hé phuong trinh sau vé hé phuong trinh bac nhat ba an dang
tam giac roi giai hé vira im dugc.

3x—y+z=3
X—y+z=2
y+2z=1

Luu y 3.3. D€ giai hé phuong trinh bac nhat ba 4n, ta c6 thé st dung cac phép bién
déi tuong duong dé dua né vé hé phuong trinh bac nhat ba 4n dang tam gidc, tur
d6 tim nghiém cua hé.

Céch giai nhu trén goi 1a giai hé phuong trinh bac nhat ba dn bé“mg phuong phap
Gauss.
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Vi du 3.12. Giai hé phuong trinh sau bang phuong phap Gauss:

x—2y+3z=9
2x+3y—z=4
x+5y—4z =2
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Vi du 3.13. Gia vé vao xem mdt budi biéu dién xiéc gdm ba loai: 40000 dong danh
cho tré em (dudi 6 tudi), 60000 dong danh cho hoc sinh va 80000 dong danh cho
ngudi 16n. Tai budi biéu dién, 900 vé da dugc ban ra va tong sb tién thu dugce 1a
50600000 dong. Nguoi ta da ban dugc bao nhiéu vé tré em, bao nhiéu vé hoc sinh
va bao nhiéu vé ngudi 16n cho budi biéu dién d6? Biét rang sd vé ngudi 16n bang

mot nira sO vé tré em va hoc sinh cdng lai.
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Vi du 3.14. Ba van dong vién Son, Thang va Anh tham gia thi diu noi dung ba
mon phéi hop: chay, bai va dap xe, trong d6 téc do trung binh ctia ho trén méi
chang dua duogc cho 6 bang dudi day.

Toc do trung binh (km/h)

Véan dong vién

Chay | Boi Dap xe

Son 125 | 3,6 48
Thang 12 3,75 45
Anh 125 | 4 45

Biét tong thoi gian thi ddu ba mén phdi hgp cta Son la 1 gio 1 phut 30 gidy, cta
Théang 1a 1 gio 3 phut 40 gidy va cta Anhla1 gir 1 phut 55 giay. Tinh cy li ciia mdi
chang dua.

Vi du 3.15. Ba té bao A, B, C sau mot s6 1an nguyén phan tao ra 88 té bao con. Biét
sb té bao B tao ra ghp ddi s6 té bao A tao ra. S6 lan nguyén phan cua té bao B it
hon s6 lan nguyén phan cta té bao C 1a hai lan. Tinh s6 lan nguyén phéan ctia méi
té bao, biét rang mot té bao sau mot 1an nguyén phan sé tao ra hai té bao mdi giéng
té bao ban dau.
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Vi du 3.16. Dé nghién citu tac dung ctia ba loai vitamin két hogp véi nhau, mot nha
sinh vat hoc mubén méi con thé trong phong thi nghiém c6 ché do an uéng hang
ngay chira chinh xac 15mg thiamine (B1), 40mg riboflavin (B2) va 10mg niacin (B3).
C6 ba loai thitc an v6i ham lugng vitamin duoc cho boi bang dudi day:

Ham lugng vitamin (miligam) trong 100 g thic an
Loai vitamin
Loail| Loaill Loai IIT
3 2 2
Thiamine (B1)
Riboflavin (B2) 7 5 7
Niacin (B3) 2 2 1

Mbi con thé can phai dugc cung cép bao nhiéu gam thic dan mdi loai trong mot
ngay?
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Vi du 3.17. Mot 6ng chu trang trai ¢6 24 ha dat canh tac du dinh st dung dé tréng
khoai tay, bap cai va su hao véi chi phi dau tu cho méi hecta lan lugt 1a 28 triéu
doéng, 24 triéu dong va 32 triéu dong. Qua tham do thi truong, ong da tinh toan
duge dién tich dat trong khoai tiy can gip ba dién tich dat trong bap cai. Biét rang
ong c6 téng nguodn von sit dung dé trong ba loai cay trén la 688 triéu dong. Tinh
dién tich dat can str dung dé trong méi loai cay.
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Vi du 3.18. Gia st P;, P», P; 1an lugt la gia ban (goi tatla gid) moi kilogam thit lon,
thit bo va thit ga trén thi truong. Qua khéo sat, nguoi ta thdy rang lugng cung
(lugng san pham duoc dua vao thi truong dé ban) clia tirng san pham nay phu
thudc vao gia cua n6 theo cong thic nhu sau:

San pham Thit lon Thit bo Thit ga

Luong cung | Qs, = —238 +2P; | Qs, = —247 + P, | Qs, = —445 + 3P;

Qua khao sat, ngudi ta thdy lugng cau (lugng san phdm ma ngudi tiéu dung c6 nhu
cau mua) ctia tirng san phdm khong chi phu thudc vao gia ctia sdn phdm d6 ma con

phu thudc vao gia hai san pham con lai theo céac cong thuc sau:

San pham Thit lon Thit bo Thit ga

Luqngcéu QD1:22—P1—|—P2—P3 QD2:283—|—P1—P2—P3 QD3:25—P1+P2—I:

Ta néi thi truoong can bang néu lugng cung méi san pham bang lugng cau ctia san
pham do, tic 1a: Qs, = Qp,, Qs, = Qp, va Qs, = Qp,. Gid cia mdi sdn pham trén
bang bao nhiéu thi thi trudng can bang?

BAI TAP REN LUYEN

Bai 3.17. Trong cac hé phuong trinh sau, hé nao la hé phuong trinh bac nhéat ba 4n?
Mbi bo ba s6 (—1;2;1),(—1,5;0,25; —1,25) c6 1a nghiém ctia hé phuong trinh bac
nhét ba 4n d6 khong?

3x —2y+z= -6 5x -2y +3z=4
@ 4 —2x4y+3z=7 (®) § 3x+2yz—z=2
dx —y+7z=1 x—3y+2z=-1
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2x —4y — 3z = —
x —4y —3z 1
(© 3x+8y—4z =

2x +3y — 2z =

== N O1

Bai 3.18. Giai cac hé phuong trinh sau bang phuong phap Gauss:

p

2x+3y =4 X—y+5z=-2

(a) x—3y=2 (©) 2x+y+4z=2
2x+y—z=3 x+2y—z=4
x+y+z=2

(b) x+3y+2z=28

3x—y+z=4;

Bai 3.19. St dung mdy tinh cam tay, tim nghiém cta cac hé phuong trinh sau:

x—>5z=2 x+2y—z=1
@ { 3x4y—4z=3 ©  2x+y—22=2
—x+2y+z=-1 dx -7y —4z =4
\
2x—y+z=3

(b) x+2y—z=1

3x+y—2z=2
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Bai 3.20. Tim phuong trinh ctia parabol (P) : y = ax* + bx + c(a # 0), biét:

(a) Parabol (P) c6 truc d6i xting x = 1 va di qua hai diém A(1; —4), B(2; —3);
1 .
(b) Parabol (P) c6 dinh I (2; i) va di qua diém M(—1;3).

Bai 3.21. Mot dai li ban ba loai gas A, B,C vdi gid ban méi binh gas 1an luot la
520000 dong, 480000 dong, 420000 dong. Sau mot thang, dai 1i da ban duge 1299
binh gas cac loai vdi tong doanh thu dat 633960000 df)ng. Biét réng trong thang do,
dai li ban duoc s6 binh gas loai B bé“mg mot na t6ng s6 binh gas loai A va C. Tinh
s6 binh gas méi loai ma dai li ban dugc trong thang do.

Bai 3.22. Mot dai li ban ba mau may diéu hoa A, B va C, véi gid ban moi chiéc theo
timg mau lan lugt 1a 8 triéu dong, 10 triéu dong va 12 triéu dong. Thang trudc, dai
li ban duoc 100 chiéc gém ca ba mau va thu duoc sb tién 1a 980 triéu déng. Tinh sb
lugng may diéu hoa méi mau dai li ban dugce trong thang trudc, biét rang sb tién
thu duogc ti ban may diéu hoa mau A va mau C la b.:Smg nhau.

Bai 3.23. Nhan dip ki niém ngay thanh lap Doan Thanh nién Cong san Ho Chi
Minh, mot trudng Trung hoc phd thong da té chic cho hoc sinh tham gia céc trd
choi. Ban t6 chitc da chon 100 ban va chia thanh ba nhém A, B, C dé tham gia trd
choi thit nhat. Sau khi trd choi két thuc, ban t6 chitc chuyén % s6 ban & nhém A

1 P .
sang nhom B; 5 s0 ban & nhém B sang nhoém C; so ban chuyén tir nhom C sang

nhém A va B déu bang % s6 ban ¢ nhom C ban dau. Tuy nhién, ngudi ta nhan thay
s6 ban & m6i nhém 1a khong déi qua hai tro choi. Ban t6 chirc da chia mbi nhém
bao nhiéu ban? M6t ctra hang giai khét chi phuc vu ba loai sinh td: xoai, bo va mang
cau. Dé pha méi li (cdc) sinh t6 nay déu can dung dén sita dic, stra tuoi va stta chua
véi cong thire cho § bang sau.

Sinh t6 (li) | Stta dac (ml) | Stta tuci (m!) | Sita chua (ml)
Xoai 20 100 30
Bo 10 120 20
Mang cau 20 100 20
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Ngay hom qua ctra hang da dung hét 2! sira dic; 12, 8! sita tuoi va 2,9! sita chua.
Ctra hang da ban dugc bao nhiéu li sinh t6 mdi loai trong ngay hom qua?

Bai 3.24. Ba té bao A, B, C sau mdt s6 1an nguyén phan tao ra 168 té bao con. Biét
s6 té bao A tao ra gap bdn 1an s6 té bao B tao ra va s6 1an nguyén phan cta té bao
C nhiéu hon s6 lan nguyén phan ctia té bao B la bén 1an. Tinh s6 lan nguyén phan
ctia mdi té bao.

Bai 3.25. Ba Ha c6 1 ti dong dé dau tu vao cd phiéu, trai phiéu va gui tiét kiem
ngan hang. CS phiéu sinh 1gi nhuan 12% nam, trong khi trai phiéu va gui tiét kiém
ngan hang cho 1ai suat 1an lugt 1a 8%/ ndm va 4%/ nam. Ba Ha da quy dinh rang
s6 tién gri tiét kiém ngan hang phai bang tong ctia 20% sb tién dau tu vao ¢ phiéu
va 10% sb tién dau tu vao trai phiéu. Ba Ha nén phan b6 nguén vén ctia minh nhu
thé nao dé nhan duoc 100 triéu déng tién 1ai tir cac khoan dau tu do trong nam dau
tién?

Bai 3.26. Trén thi trudng c6 ba loai sdn phdm A, B, C véi gid moi tan san pham
tuong ung la x,y, z (don vi: triéu déng, x>0,y >0,z > 0). Luong cung va luong
cau ctia mdi san phdm dugc cho trong bang dudi day:

Sén pham Luong cung Luogng cau
A Qs,=4x—-y—z—-5|Qp,=2x+y+z+9
B Qs = —x+4y—z—-5| Qpy,=x—-2y+z+3

C Qsc=—x—y+4z—-1| Qp.=x+y—2z—-1

Tim gid ban ctia mdi san phdm dé thi trudong can bang.

Bai 3.27. Tim phuong trinh ctia parabol (P) : y = ax® + bx + c(a # 0), biét: a)
Parabol (P) cat truc hoanh tai hai diém phan biét c6 hoanh d¢ lan luogt 1a x =
—2;x = 1 va di qua diém M(—1;3); b) Parabol (P) ct truc tung tai diém c6 tung
do y = —2 va ham sb dat gia tri nhé nhat bang -4 tai x = 2.

Bai 3.28. Mot vién lam ngoc va hai vién hoang ngoc tri gid gép 31an mot vién ngoc
bich. Con bay vién lam ngoc va mét vién hoang ngoc tri gia gap 8 lan mot vién ngoc
bich. Biét gia tién ctia bo ba vién ngoc nay la 270 triéu dong. Tinh gia tién méi vién

ngoc.

66



Bai 3.29. Bén ngu dan gép von mua chung mot chiéc thuyén. S tién ngudi dau
tién déng gép bang mot nira tong sb tién cia nhiing ngudi con lai. Nguoi thi hai
s s N 1 ~ A e X 2 ~ e N . . . s 3
dong gop bang 3 tong so tién cua nhirng ngudi con lai. Nguoi thi ba dong gop

S A A o - a1 N . ) A
bang 1 tong so tien cua nhiing ngudi con lai. Nguoi thit tu dong gop 130 triéu
dong. Chiéc thuyén nay dugc mua gia bao nhiéu?

Bai 3.30. Mot quy dau tu dy kién danh khoan tién 1,2 ti dong dé dau tu vao cd
phiéu. Dé thdy dugc muc do rai ro, cac cd phiéu duge phan thanh ba loai: rai ro
cao, rti ro trung binh va rti ro thap. Ban Gidm ddc ctia quy udc tinh cac cd phiéu
ri ro cao, ri ro trung binh va rdi ro thdp sé c6 1gi nhuan hang nam 1an luot 1a
15%, 10% va 6%. Néu dat ra muc tiéu dau tu c6 lgi nhuan trung binh 1a 9% / ndm
trén tong s6 von dau tu, thi quy nén dau tu bao nhiéu tién vao moi loai ¢ phiéu?
Biét rang, dé an toan, khodn dau tu vao cac c6 phiéu rai ro thap sé gap doi tong cac
khoan dau tu vao cac cd phiéu thudc hai loai con lai.
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§4. DAU CUA TAM THUC BAC HAI

@ LY THUYET VA Vi DU
Dinh nghia 3.5. Tam thitc bac hai (d6i v&i bién x) 1a biéu thitc ¢6 dang ax? +bx +c,
trong dé a, b, c la cac s6 cho trude véia # 0.
Pinh 1i 3.1. Cho tam thitc bac hai f(x) = ax® + bx +c,a # 0. Khi d6

(a) Néu A < 0 thi f(x) cing dau v6i hé s6 a vi moi x € R.
) . s b
(b) Néu A = 0 thi f(x) cung dau v6i hé s6 a voi moi x # ~op
(c) Néu A > 0 thi f(x) c6 hai nghiém x; < xp. Khi d6 f(x) trdi diu vdi hé s6 a
v6i moi x nam trong khoang (x1,x2) va f(x) cing dau véi hé s a véi moi x

nam ngoai doan [x1, x].

Tit dinh 1i vé diu ctia tam thic bac hai ta ¢

§
a>0
Vx e Rax’> +bx+c>0&
A<O
\
(
a<0
Vx e R,ax’> +bx+c <0<
A<O

Vi du 3.19. Xét dau cac tam thic sau:
(a) f(x) = —2x2+5x—3
(b) f(x) =2x>+3x+12
Vi du 3.20. Xac dinh m sao cho v6i moi x € R ta co:
(@) (m—1)x*>+2(m—2)x+m+3>0
b) (m+1)x*+2(m+1Dx+m—-2<0
Vi du 3.21. Tim m dé bat phuong trinh
(m—2)x> +2(m—2)x+m+4<0

vO nghiém.
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Vi du 3.22. Tim m dé bat phuong trinh
(B3—m)x®> —2(m+3)x+m+2<0
c6 nghiém.
Vi du 3.23. Cho tam thitc bac hai f(x) = x* + 2mx + m. Tim m dé
(@) f(x) > 0vdoimoix e (0,+00)
(b) f(x) >0véimoix € (—1,+00)

(c) f(x) >0véimoix € (—oo,—1] U [0, +00).

BAI TAP REN LUYEN

Bai 3.31. Ung dung dinh ly vé ddu ctia tam thtic bac hai giai cac bat phuong trinh

sau:
(@) x> —4x+3>0 © 4x% 4+ 3x —1
X2 +5x+7 —
(2—x%) (x> —2x+1)
(b) ~2x% +5x 320 @ 2 iaxra 0

Bai 3.32. Chiing minh cac phuong trinh sau ludn c6 nghiém v6i moi gia tri cta
m e R

(a) 4x* +4(m +2)x +3m+2=0
(b) mx®>+ (5m+6)x +m—1=0
(© Bm—1)x*+3(m+1)x+1=0
Bai 3.33. Chiing minh rang cac bat phuong trinh sau vé nghiém
(@ (m+1)x*+3(m+1)x+1=0
(b) (2m* —7m+10)x*+2(m —3)x+1=0

Bai 3.34. Dinh m sao cho cac bat phuong trinh sau ding vdi moi x € R (tic c6 tap
nghiém la RR)
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@) mx> —4(m+1)x+m—5>0 @ _4<2ij+m;_—14<6
(b) (m—2)x>+2(m—2)x+2>0
@ (

m?+4m—5)x2—2(m—1)x+2< () [3(m + 6)x* — 3(m + 3)x + 2m —

0 3 >3
—_ 2 J—

(d) (m 4)9; +(m+1)x+2m—-1<0 0 ‘x2—3x+2| .
© x° —6x +40 <0 2+mx+1 =

mx? +2(m+3)x+m—4

x2+mx—1 3x2 — 4x
f)y ————— <1 j > 2
® 2x2—2x+3< G) ‘x2+2mx+3m‘_

Bai 3.35. Dinh m dé cac bat phuong trinh sau vo nghiém
@@ (m—2)x*+(m—2)x+m<0
(b) (m+3)x> +2(m—1)x+4m < 0
() 3—m)x®> —2(2m —5)x —2m+5>0
(d) m(m+8)x* —2(m+8)x +8m-+1>0
Bai 3.36. Dinh m dé cac bat phuong trinh sau ¢ nghiém:
(@) (m—5)x*>—dmx+m—2<0
(b) (m—2)x* +2(m—2)x+2<0
(© mx*>4+2(m+1)x+m—2>0
(d) (m+2)x* +2(m+2)x+m+4>0
Bai 3.37. Tim m dé bat phuong trinh sau thod véi diéu kién cho trude
(a) x2—|—2(m—|—1)x—m—|—3 >0,Vx <0
b) x> +2(m+1)x —m+3<0,Vx>0
(©) x* +2mx +m > 0,Vx € (—oo, —1] U [0, +0)
(d) (2—m)x*+2(m—4)x —m+2<0,Yx <0
(e) x> —2(m—2)x+m —2<0,Vx € [0,1]

(f) (m—2)x*> —2(m —2)x+m—2<0,Vx € [0,1]
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(g (x—m+1)2x —m+3) <0,Vx € (1,2)
(h) (x —3+4m)(x+2m—1) > 0,Vx € [3,+)
Bai 3.38. Tim m dé bt phuong trinh f(x) = mx* —2(m —1)x —m —5<0
(@) Coénghiém.
(b) C6 duy nhat mot nghiém.
(c) C6nghiém 1a mot doan trén truc s6 c6 do dai bang 2.

Bai 3.39. Tim m dé dé ham s sau c6 tap xac dinh la R

(@ y=f(x)= \/m(m—4)x2+4mx+3

1
x2 —2mx +5m—4

(© y=f(X)=\/3xz_4x—2

x2 4+ mx +m

B B X2 4+mx+4
d) y=f(x)= \/mx2+2\@x+m_2

(b) yzf(X)Z\/l—

Bai 3.40. Tim m sap cho ham sby = f(x) = \/(m +1)x%2 — 2mx + 3m — 3 xac dinh
voi moi x > 1.

1 1
Bai 3.41. Tim m sao cho f(x) = x* + 2 + 3m(x + ;) > 0,Vx #0.

. i ) —x—=10<0 1 o6 nahia
Bai 3.42. Cho hé bat phuong trinh . Tim m dé hé c6 nghiém
mx+2m—1<0

la mét doan trén truc so c¢6 d6 dai bang 3.

. . X2 —2x —4m <0
Bai 3.43. Dinh m dé hé
X —4x+m<0

(a) Conghiém.
(b) C6 nghiém duy nhét.

(m—1Dx>+(m—-1)x+m—1>0

Bai 3.44. Dinh m dé hé
mx® —2x+2m+1<0.
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(a) Co6nghiém.

(b) Vo nghiém.

(c) C6nghiém duy nhat.
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§5. BAT PHUONG TRINH
BAC NHAT VA BAC HAI

@ LY THUYET VA Vi DU

Dinh 1i 3.2. Nhi thic bac nhét f(x) = ax + b(a # 0) cing dau véi hé s6 a khi x 16n
hon nghiém va trai dau véi hé sb a khi x nho hon nghiém.

N6i cac khéc, két qua ctia dinh Ii trén dugc tom tat trong bang sau

X —0o0 X0 —+ oo

f(x) =ax+b traidduvsia 0 cungdauvdia

Pinh nghia 3.6. Tam thtic bac hai (d6i véi bién x) 1a biéu thitc c6 dang ax* + bx +c,
trong d6 a, b, ¢ 1a cac sb cho trude véi a # 0.

Pinh 1i 3.3. Cho tam thitc bac hai f(x) = ax® +bx +c,a # 0. Khi d6

(a) Néu A < 0 thi f(x) cting diu véi hé s6 a véi moi x € R.

) ) s b

(b) Neu A = 0 thi f(x) cung dau v6i hé s6 a véi moi x # ~5

(c) Néu A > 0 thi f(x) c6 hai nghiém x; < xp. Khi d6 f(x) trai dau véi hé s6 a
v6i moi x nam trong khoang (x1,x2) va f(x) cing dau véi hé sb a véi moi x
nam ngoai doan [x1, x].
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Vi du 3.24. Gidi cac bat phuong trinh sau:

@ %<x+1)_2(x+3) <2Zx+1. © 2x2—4X+% <2(X+1)2—%x.
1 ;@ (x—1)+(2x—3)%*> (2x+1)* +
(b) _5(4x+1)_2(x+3)>2x+41‘ _3)2

74



Vi du 3.25. Gidi cac bat phuong trinh sau: Ung dung dinh ly vé dau ctia tam thiic
bac hai giai cac bat phuong trinh sau:

(@) x> —4x+3>0 (c) 4x2 +3x —1 > 3x% +2x — 30

(b) —2x*+5x—3>0 (d) 2—x*—2x>—x>+3x+4
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BAI TAP REN LUYEN

Bai 3.45. Giai cac bat phuong trinh sau
(@) 2(4x+1) —4(5 —2x) > 2(4x — 1) — 1;

(b) (x* —4x)x — x> >3 —3x —4x%;
x x+1 > x—3 5

©5-73 275 *y
) 2x(x2+1; —x 4 +x(x*—x+1) > g(x2+1).
Bai 3.46. Gidi cac bat phuong trinh x.
(@) —x>+x+1>0; (d) —x>+2x+4<0;
(b) 2x* —4x —3 > 0;
(c) x> —3>2x; (e) —3x>*—6x—8<0.

Bai 3.47. Chung minh cdc phuong trinh sau luén c¢6 nghiém v6i moi gid tri cta
m € R

(@) 4x* +4(m+2)x+3m+2=0
(b) mx*+ (5m+6)x +m—1=0
(© Bm—1)x*>+3(m+1)x+1=0
Bai 3.48. Chiing minh rang cac bat phuong trinh sau vo nghiém
(@ (m+1)x*+3(m+1)x+1=0

(b) (2m? —7m+10)x*> +2(m —3)x +1 =0
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§6. BAT PHUONG TRINH

TICH-CHUA AN O MAU
‘ii? LY THUYET VA Vi DU
Vi du 3.26. Gii bat phuong trinh sau

(2x+1)(x—2)(4—3x)(5+3x) <0

Vi du 3.27. Gidi bat phuong trinh sau
(2x +1)B(x —2)%(4 —3x)}(5+3%)° <0
Vi du 3.28. Giai bat phuong trinh sau

(3x +2)(2x —1)(3 — 2x)*

>
G+i1pax—4) =0
Vi du 3.29. Giai bat phuong trinh
2, 1 1,

x x—1 x3—-17—
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BAI TAP REN LUYEN

Bai 3.49. Giai cac bat phuong trinh sau:

(x2 —4)(x+2)

(@) x2 —8x+ 12 >0
x—3
T2 <
() x2—12x—|—35_0

Bai 3.50. Gidi cac bat phuong trinh sau

(@) 2x —5 1
x2—6x—7 x—3
x2—5x+6 _x+1

b 2 <
x*+5x+6 X

(© (¥ —x+1)(—4x*+9x—-5) <0

(2x2 +1)(25 — 9x?)

<0
4 —3x —x?

(d)

2 1 2x—1

— >
(©) x2—x+1 x4+17 x3+1

Bai 3.51. Giai cac hé bat phuong trinh sau:

@ 3x2 —10x+3>0
a
2 —6x—16<0

) 3x2+8x—3<0
17x — 7 —6x% >0

x> +4x+3>0
2¢2—x—10<0
2x2 —5x+3>0

()

2 _ox_7
d) —4<X 277

x2+1  —
(e) {

(x=2)(6—x)>0
(—V3x +2)(x +1)(4x —5) >0
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§7. GIAI PHUONG TRINH BANG
PHUONG PHAP LUY THUA
Muc dich ctia phuong phap ldy thira 1a lam mat diu can thic dé dua vé phuong
trinh dang da thic bac cao, giai phuong trinh do ta sé c6 dugc nghiém cta phuong
trinh ban dau. Trong qua trinh bién déi chu y cac bién ddi dang "suy ra", ta phai
thur lai nghiém. Sau day ta xét cac vi du sau:
Vi du 3.30. Giai phuong trinh:

(@ vV—x24+4x—-3=2x—-5
(b) Vx+1+vx—2=1+3x
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Vi du 3.31. Giai phuong trinh \/7 —x2+xVx+5=13—-2x—x2%
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Vi du 3.32. Gidi phuong trinh vx +1—-1=1/x —Vx +8.
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Vi du 3.33. Giai phuong trinh \/x(x -1)+ \/x(x +2) =2Vx2
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3
Vi du 3.34. Giéiphuofngtrinh\/x+2\/x—1+\/x—Z\/x— :x—;— )
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Vi du 3.35. Giai phuong trinh v/x +3 + v/3x +1 = 2y/x + v2x + 2.
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Vi du 3.36. Giai phuong trinh v/x +5+ v/x + 6 = v2x + 11.

@ BAI TAP REN LUYEN

Bai 3.52. Giai cac phuong trinh sau; (©) \/x(x—l—l) + \/x(x+2) — 22
a) Vx¥2+3x+4-3x=1
@ d) V222 +8x+6+Vx2—1 = 2x+
b) 1+Vx—1=v6—x 2
(€ V—2?+4x—-3=2x-5 Bai 3.55. Giai cdc phuong trinh sau
(d) x—VvV4—x2=0

(@ Vx+1+V3x+1=+vx—-1
Bai 3.53. Giai cac phuong trinh sau:

(b) v2x =54+ V3x+7 = /5x+2

(@) V2x+3+vV2x+2=1

b VBx—1—Vx—1=+2x—4

o @ vVx2—-3x+4+1—x—V3—x =

x_3:0. 0

Bai 3.56. Giai cac phuong trinh sau:

(¢) x* —2x +4(x —3)

) \/x_l_z,/ix_2+\/x+2+4,/—ﬁox_ ) Va2 +3x+4+1+x—V31x =
0

3=0
Bai 3.54. Giai cac phuong trinh sau: () Vx2—=3x+3+1—-x—V2—x =
»2 0
a —V3x—2=1—-x
@ V3x—2 2
(d) v4x>—-10x+7 + 2 — 2x -—
®) Vi+vVit+tl—y2+x=1 V3 —2x =0
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§8. GIAI PHUONG TRINH BANG
PHUONG PHAP DAT AN PHU
Luu y 3.4. Muc dich cta phuong phap dit 4n phu la dua phuong trinh da cho vé
phuong trinh hodc hé phuong trinh don gian hon va cac phuong trinh da biét cach
giai trudc do.

Vi du 3.37. Giai phuong trinh v/x2 —x+3 —y/—x2 + x+2 = 1.
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Vi du 3.38. Giai phuong trinh 2x*> — 6x +7 = 5v/x2 — 3x + 5.

x—3
x+1

Vi du 3.39. Giai phuong trinh (x — 1)% +2(x + 1) =12.
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Trén day la cac phuong trinh ma ta thay o dugc biéu thuc f(x) 1ap di 1ap lai, trong
mot s6 truong hop khac f(x) khong xuat hién mot cach tuong minh, ma phai thong
qua mot s6 bién d6i thi méi xuat hién. Ta xem céc vi du sau:

4
Vi du 3.40. Giai phuong trinh x* + 3x1/x — P 10x + 4.
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Vi du 3.41. Giai phuong trinh v/1 4 x +2v/1 — x = 3y/1 — x2
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Trong mot s6 triedng hop phic tap hon, ta dat 4&n phu mot biéu thic, va tinh cac
biéu thitc con lai theo an phu. Ta xem vi du sau:
Vi du 3.42. Gidi phuong trinh V11 — x + vx +2 +2v/22 + 9x — x2 = 17.
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Sau day la cach dat &n phu dé€ dua phuong trinh thanh mot phuong trinh hai an,
tir d6 gidi 4n nay theo an kia dé thiét 1ap mot phuong trinh don gidn hon phuong
trinh da cho.

Vi du 3.43. Giai phuong trinh x? + 16x — 16 = (2x + 1)v/3x2 + 4.
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Vi du 3.44. Giéi phuong trinh v/x2 + 1+ 2y/x2 4 2x + 3 = 3v/x2 + 4x + 5.
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Vi du 3.45. Gidi phuong trinh v1+x —2v1 —x —3y/1—x2 = x — 3.
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Vi du 3.46. Giai phuog trinh x* + 5x — 3 = 2(2x +3)v/x — 1.
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Ngoai ra con c6 cach dat an phu dua vé hé phuong trinh, ta xét vi du sau:
Vi du 3.47. Giai phuong trinh: V7+x—V2—x=1

@ BAI TAP REN LUYEN

Bai 3.57. Giai cac phuong trinh sau

(@) V2x2 —4x+8+2x2 —4x+3=5

(b) (x+5)(2—x) =322 +3x

© (x+4)(x+1)—3Vx2+5x+2=6

(d) 4x2+10x+9 =5v2x2 + 5x + 3
Bai 3.58. Giai cac phuong trinh sau:

) 1+§mzﬁ+m

(b) V2x+3+Vx+1=3x+2v2x2+5x+3—-16
() V3x—24+Vx—1=4x—9+2/3x2 —5x+2
(d) V2x+3+Vx+1=3x+2v2x2+5x+3—16.

Bai 3.59. Giai cac phuong trinh sau

(@) V3x2—2x+15+3x2—2x+8=7
4x — 1 11—-2x 15

+ — =
Vidx -3 V/5—-x 2

3—x 3+x
C + =2
© V13 —6x 13+ 6x

(b)

Bai 3.60. Giai cac phuong trinh sau:
(@) 2x>+5x—1=7/x83—-1
(b) 2(x* +2) =5vx3+1

© V5x24+14x+9—V/x2—x+20=5Vx+1

d) (P —6x+11)vVa2 —x+1=2(x* —dx+7)Vx -2

Bai 3.61. Giai cac phuong trinh sau:
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3x —1 X
2 = 1
@ \/T 3x—1+

®) (x+5)(2—x) =3vVx2+43x
@ 2(1—x)vVa2+2x —1=x>—-2x—1
(d) (x+4)(x+1)—-3Vx2+5x+6+4=0

x+2

=8
x—1

(e) (x—1)(x+2)+2(x—1)

5[ 2x V1 1
&)¢x+1+ 2T

96



§9. PHUONG PHAP NHAN LUONG LIEN HOP

Phuong phap nhéan lugng lién hop duoc su dung khi phuong trinh c6 do phtc tap
cao, léch bac nhiéu & cac biéu thitc chira cdn va nghiém ctia phuong trinh thuong
dé doén va c6 it nghiém.

No6i dung phuong phép la ta phai doan dugc nghiém, thém boét (tdch) va nhom céc
s6 hang phti hop va nhan chia véi biéu thitc lién hgp dé xuét hién nhan ti. Ta xét
cac vi du sau.

Vi du 3.48. Giai phuong trinh:

V32 —5x+1—Vx2—2=1/3(x2—x—1)— /22 —3x+4

Vi du 3.49. Giai phuong trinh

Va2l —1+x=+x3-1

Vi du 3.50. Giai phuong trinh v/x — 2 +v/4 — x = 2x> — 5x — 1.
Vi du 3.51. Giai phuong trinh x* + x — 1 = (x +2)v/x2 — 2x + 2.
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@ BAI TAP REN LUYEN
Bai 3.62. Giai cac phuong trinh sau:
a) V2x —3— \/x = 2x —
b) Vx+1+1=4x>+3x

) V10x+1++3x —5=+v9x +4+2x -2

(d) 22 = x+21
(3—V9+2x)2

) 9(x +1)% = (3x+7)(1 — V3x +4)?

Bai 3.63. Giai cac phuong trinh sau:

) V3x+1—vV6—x+3x>—14x —8 =10
b) V2x3 +3x2+6x+16 — VA —x =23
Q) Va2 41245=3x+/x2+5
d) 2—4x—2+/22—4x+7+5xr—6=0
e) 3Vl +V/x24+8-2=1+/x2+15
Bai 3.64. Giai cac phuong trinh sau:
\/——x+ V21x =174+ x> —x =0

(b) x(x+1)(x—=3)+3=V4—x+V1+x

¢) V3x+14+2V19x+8=2x>+x+5

(d) V3—x+V2+x=x>+x*—dx — 4+ |x|+|x 1]

Bai 3.65. Giai cac phuong trinh sau

a) Vx+24+V3—x=x3+x*—4x—1
(b) 3x> —8x +3 =3vx+1
() 22> —x—2=+5x+6

) V+14+v2x+3=x>—x—1
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Bai 3.66. Giai cac phuong trinh sau
(@) x> —3x+4=2yx—1
(b) V2x2+8—-2v2x—34+x—4=0

() x> —9x+24 =2v/x—3+2V/9 —2x

Bai 3.67. Giai cac phuong trinh sau:
@ xX>—x+1—vV2x—-1=0
(b) > —x+2-2Vx=0
(€ 2x+1=2Vx+v2x—1
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OCHUONGO

@ TO HOP - XAC SUAT

GOEOED

§1. QUY TAC CONG - QUY TAC NHAN

@ LY THUYET - VI DU

Dinh nghia 4.1. Dé thyc hién mot cong viée c¢6 thé st mot trong k phuong an
Ay, Ay, ..., Ar. Néu phuong an A; c6 a; cach thuc hién, A, c6 a; cach thuc hién... Ay
6 ay cach thuc hién. Khi d6 s6 cach thuc hién cong viéc la: aq +az + ... + ay.

Ta c6 thé dinh nghia theo cach sau: TAp A; c6 a; phan tit, Ay ¢6 a, phan t, ...,
Ay 6 ag ph?m ta, AinA; = @Vi,j = 1,2,..,ki # j. Khi do sb phén tar cua tap
A1UAzU...UAkléal—|—(12—|—...—|—(1k.

Dinh nghia 4.2. (Quy tac bu trir) Cho hai tap hgp A va B. Khi d6
|AUB| = |A| + [B| — |[ANB|

Khi A C X thi |A] = |X| — |A|

Dinh nghia 4.3. Quy tic nhan. Dé thuc hién mot cong viéc, ta can thuc hién lan
luot qua cac giai doan Aj, Ay, ..., Ag. Néu A; ¢6 a; cach thuc hién, A, ¢6 ay cach
thuc hién, ..., Ax 6 ax cach thyc hién. Khi d6 sb cach thuc hién cong viéc 1a a; x
a X ... X d.

Ta c6 thé dinh nghia theo cach sau: Cho tip A c6 a; phan tl, A; c6 a, phan tt,
w., Ay €6 ax phan tir. Khi d6 sb phan tir ctia tich Decarters Ay x Ay X ... X Ay =
{(x1,x2, .xp)|x; € AiVi=1,2,...,k} laay X ap X az X ... X a.

Vidu4.1. Chotap A = {0,1,2,3,4,5,6}. Tir tap A c6 thé lap dugc bao nhiéu sb tu
nhién

(a) C6 5 chit s6 khac nhau.
(b) Khong 16n hon 4000,

(c) Cé bao nhiéu s6 1é ¢6 cac chit s6 khac nhau.
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(d) C6 bao nhiéu sb c6 4 chir s6, ma cac chit s6 khong nhét thiét phai khac nhau.
(e) C6bao nhiéu s c6 5 chit s6 khong ¢6 s6 1 hodc khong ¢ s6 2.

Vi du 4.2. C6 thé tao ra dugc bao nhiéu hinh vudng tir bang cac diém da cho nhu
hinh sau (8 x 8). Biét rang:

(a) Canh hinh vudéng song song vdi canh hinh vuéng 16n.

(b) Bat ki.

Vi du 4.3. Cho 1 c6 phan tich thanh thtra s6 nguyén t6 nhu sau

a1 02 X

n=py PPk
Tinh s6 udc nguyén duong cta 7.
Vi du 4.4. C6 bao nhiéu sb ty nhién khong 16n hon 1000
(a) C6 it nhat mot chix s6 1. (272)

(b) Khong chia hét cho 2 hodc 3 hodc 5.

BAI TAP

Bai 4.1. Do6i tinh nguyén vién ctia truong PTNK gom 6 ban 16p 10, 3 ban 16p 11 va
5 ban 16p 12. Can chon ra 3 ban lam ban chi huy trong d6 ¢6 1 ddi trudng, mot doi
pho va 1ty vién. Hoi c6 bao nhiéu cach chon thoa:

(a) Chon tuyy.

(b) Ban t6 trudng 16p 11.
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Bai 4.2. Thay day toan c6 mot s bai tap gom: 6 bai toan kho, 5 bai toan trung binh
va 7 bai toan dé va 4 bai siéu dé. Thay mudn lap mot dé thi gom 1 cau héi kho, 1
cau hoi trung binh, 1 cau hoi dé va 1 cau siéu dé. Hoi ¢ bao nhiéu cach chon bai.

Bai 4.3.
(a) C6 bao nhiéu day nhi phan c6 d6 dai n.
(b) C6 bao nhiéu tap con ctia tap c6 n phan tur.
Bai 4.4. C6 bao nhiéu s6 nguyén duong c6 5 chit so:
(a) C6 céc chit sb chan 1 xen ké.
(b) C6 chit s6 1 va 2 nhung khéng ding canh nhau.
(c) C6 cac chit sé khac nhau va c6 chir s6 1.
(d) C6 4 chir s6 khong c6 chit s6 1 hodc khong c6 chir s6 0.
(e) S6 chén c6 5 chit s6 khac nhau va chit s6 3 va 0 khong dong thoi c6 mat.
(f) C6 5 chit s6 ¢6 chit s6 1 hodc c6 chix s6 2.

Bai 4.5. Cho A ={1,2,3,4,5,6,7} va B = {a,b,c}. Cé bao nhiéu anh xa f tir A vao
B.

Bai 4.6. Cébao nhiéu cap s6 (a,b) maboi chung nho nhét ctia a, b1a 2017°2018°2019*

Bai 4.7. Ldp 10 Toan c6 6 ban nit va 6 ban nam dugc xép ngdi trén hai day ghé d6i
dién nhau, méi day c6 6 ghé. C6 bao nhiéu cach xép thoa:

(a) Xép bat ki.
(b) Mbi ban nam ngoi déi dién v6i mot ban nir.

Bai 4.8. C6 5ban vao rap xem phim, trong rap chi con mét day ghé gom 8 ghé. Hoi
c6 bao nhiéu cach dé cac ban ngdi, biét rang mdi ngudi déu duge ngdi vi tri bat ki.

Bai 4.9. Cho tap A = {1,2,3,4,5,6}. C6 bao nhiéu s6 ma cac chix s6 thudc A thda:
(a) S6 chan c6 5 chit s6 khac nhau.

(b) S6 ¢6 3 chit s6 khac nhau va chia hét cho 9. (S6 chia hét cho 9 khi va chi khi
tong cac s6 chia hét cho 9)

(c) S6 c6 4 chit s6 khac nhau va chia hét cho 25.
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(d) S6 c6 5 chit s6 c6 dang abcba (a, b, c d6i mot khac nhau).

(e) S6 co 6 chit sb c6 dangl12abab va chia hét cho 5.
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§2. CHINH HOP - HOAN VI - TO HOP

@ CHINH HOP - HOAN VI

Dinh nghia 4.4. Mbi cach sép xép k phén tr (phan biét) vao n vi tri phan biét (n >
k) dugc goi 1a mot chinh hgp chap k cta n.

Dinh 1i 4.1. S6 chinh hgp chép k cta n la

Ak — (n!)
" (n—k)!
DPinh nghia 4.5. Khi k = 7, thi mdi chinh hgp chap n cta n duge goi 1a mot hoan
vi, hay moi cach sap xép n phan tit vao n vi tri dugc goi 1a mot hoan vi ctia n phan
tur.

Dinh 1i 4.2. S6 hoén vi ctia n phan tir 1a P, = n!.

® @& O @ O o
® O © ©c e @
@ e O ©c e o

Hoan vi clia 3 phan tr

Dinh nghia 4.6. Cho tap A = {1,2,---,n}. Mdi song anh tir A vao A dugc goi la

mot hoan vi.

Vi du 4.5. C6 8 ban nam va 2 ban nit dugc xép thanh mot hang dai. Héi c6 bao
nhiéu cach xép thoda:

(a) Xép bat ki.
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(b) 8 ban nam ké nhau,2 ban nir ké nhau.
(c) Cac ban nam gitra hai ban ntr.

Vi du 4.6. C68ban nam va 4 ban nit. C6 bao nhiéu cach sap xép cac ban nay thanh
mot hang sao cho khong c6 hai ban nit nao ding ké nhau.

Vidu4.7. Chotap A = {0,1,2,3,4,5}. Tir A c6 thé 1ap dugc bao nhiéu sb
(a) La sb chan c6 4 chit s6 khac nhau.

(b) La s61é c6 5 chit s6 khac nhau va chia hét cho 3.

TO HOP

Dinh nghia 4.7. Cho tap hop A c6 n phan tir. Mot tap hop con ¢6 k phan tit ctia A
duoc goi la mot t6 hop chap k ctia n phan t.

Tinh chdt 4.1. S6 t6 hop c6 chap k cta n 1a:

ok — AX _ !
TR T kK
Cac t6 hop chap 3 ctia A
A e o o
e o o o e o o
e o o
© o o

Vi du 4.8. Ddi van nghé ctia truong gom 4 ban hoc sinh 16p 10, 5 hoc sinh 16p 11, 4
hoc sinh 16p 12.

(a) C6 bao nhiéu cach chon ra hai ban hat song ca?
(b) C6 bao nhiéu cach chon ra 3 ban hat tam ca ma méi khdi c6 mot hoc sinh?

(c) C6 bao nhiéu cach chon ra mot ddi muia gom 5 ban trong d6 c6 it nhéat 2 hoc
sinh 16p 11.

Vidu4.9. Chotap A ={1,2,3,4,5},B=1{a,b,c,de, },C={x,y,z}.
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(a) C6bao nhiéu song anh tir A vao B.
(b) C6 bao nhiéu anh xa tir A vao C? C6 bao nhiéu don anh tir C vao A.
(c) C6bao nhiéu don anh tir C va A sao cho f(x) + f(y) + f(z) 1a s6 chan.
@ BAI TAP
Bai 4.10. Chotap A = {0,1,2,3,4,5,6,a,b,c,d}
(a) C6bao nhiéu hoan vi cua A.
(b) C6 bao nhiéu hoan vi cia A ma cac chir s6 ding ké nhau.
Bai 4.11. Cho tap A ={0,1,2,3,4,5,6}
(a) C6bao nhiéu hoan vi cia A ma hai chit s6 16 khong ding ké nhau.
(b) Tir A c6 thé lap dugc bao nhiéu s6 c6 4 chir s6 ma chit s6 ding sau l6n hon
chit s6 ding lién trudc.
Bai 4.12. Xép m ban nam va n ban nt thanh 1 hang, v6i m, n € IN. Hoi c6 bao nhiéu
cach xép néu:
(a) Khéng c6 ban nam nao diung canh nhau (m <n+1);
(b) n ban nir ding lién ké nhau;
(c) M6t ban nam A va mét ban nir B dirng canh nhau.

Bai4.13. Tinh:1-1'+2-2!4+3-3!'4+---+n-nl,n € N.

1 2 n
Bai 4.14. Tinh: e T ineN.
a e T S TR o s T e ST

Bai 4.15. Cho n,r € N v6ir < n. Ching minh r?ang:

(a) Al =nA’"L;

n—1/
(b) Ay = (n—r+1) A,
n

—1 e
() A}, = n—rA; ,VOir < m;

(d) Ay = AL +rATY

() Al =rl+r (A;*1 + AT 4+ A;*l) .
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Bai 4.16. Mot nhom c6 15 héc sinh, trong d6 ¢6 5 ban nit. Hoi c6 bao nhiéu cach
chon 9 hoc sinh sao cho cé dung 3 hoc sinh nir:

(a) déthanh lap mot hoi df)ng.
(b) dé thanh lap mot hoi dong véi 9 vi tri khac nhau.

Bai 4.17. C6 10 cai ghé duoc xép thanh mo6t hang. 7 hoc sinh duogc xép vao 7 cai ghé
sao cho khong c6 2 hoc sinh nao ngdi chung mot cai ghé. Hoi c6 bao nhiéu cach xép

sao cho khong c6 2 cai ghe trong nao liéen nhau.

Bai 4.18. C6 8 cai hop dugc xép thanh hang. Hoi c6 bao nhiéu cach dat 5 vién bi
khac nhau vao cac hop néu méi hop chira nhiéu nhat 1 vién bi va khong c6 hai hop
khong chita bi nao ditng canh nhau?

Bai 4.19. Xép mot nhém cé 20 hoc sinh, trong d6 c6 3 ban nir 1a: A, B, C va 4 ban
nam: X,Y,Z,T thanh 2 hang, mobi hang 10 hoc sinh. Héi ¢6 bao nhiéu cach xép sao
cho 3 ban nir luén § hang trudc, con 4 ban nam ¢ hang phia sau.

Bai 4.20. Hoi ¢6 bao nhiéu cach xép 7 ban nam va 2 ban ntra thanh mét hang sao
cho cac ban gdi cach nhau boi diung 3 ban nam?

Bai 4.21. Tim s6 (m + n)-nhi phan la mot day chit s6 vdi m s6 0 va 1 s6 1 sao cho
khong c6 2 s6 1 nao ding ké nhau, khin < m + 1.

Bai 4.22. Lop A c6 10 ban nit va 15 ban nam va 16p B ¢6 4 nit va 10 nam. Mot hoi
dong gdm 7 thanh vién duge chon tir 2 16p d6. Hdi ¢6 bao nhiéu cach chon cac
thanh vién sao cho c6 ding 4 ban cta 16p B va c6 ding 5 ban nam.

Bai 4.23. Trong mbi trudong hgp sau, tim sb tuyén duong ngan nhat tr O dén P
trong so do dugc cho dudi day:
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(a) Tuyén duong phai di qua A.
(b) Tuyén duong phai qua doan AB.
(c) Tuyén duong phai di qua A va C.

Bai 4.24. Tim s6 cach chon mot nhom gém 2k ngudi ti n cap doi, véi k,n € N va
2k < n, trong mdi truong hgp sau day:

(@) C6k cap doi trong nhom do.
(b) Khong c6 cap doi nao trong nhom do.
(c) C6 it nhat mot cap doi duge chon trong nhém.
(d) Co6 dung 2 cap doéi duogc chon trong nhém do.
Bai 4.25. Cho m¢t da gidc c6 10 dinh.
(a) C6 bao nhiéu duong chéo.
(b) C6 bao nhiéu tam gidc ¢ 3 dinh la 3 dinh thudc da giac.
(c) C6bao nhiéu tam gidc c6 dung 1 canh trung vdi canh cta da gidc.
(d) C6 bao nhiéu tam giac khong c6 canh nao trung véi canh cta da giac.

(e) Biét rang khong c6 3 dudong chéo nao dong quy. Tim s6 giao diém ctia cac
duong chéo.

Bai 4.26. Cho da giac déu c6 100 canh. Hdi c6 bao nhiéu hinh chit nhat tao ra tir cac
dinh ctia da giac trén.
Bai 4.27. Cho A la tap hop céc s6 nguyén duong tir 1 dén 100. Hdi c6 bao nhiéu tap
con ¢6 3 phan t ctia A thda:

(a) Tong céc sb chia hét cho 3

(b) Téng céc s6 chia hét cho 4.
Bai 4.28. Chung két cudc thi tiéng hat hoc duong c6 3 ban vao chung két, méi ban
hat 2 bai khac nhau. Héi c6 bao nhiéu cach sap xép chuong trinh sao cho khong c6
ai hat lién tiép.
Bai 4.29. C6 bao nhiéu cach chon ra 3 s6 tir tap A = {1,2,---,100} sao cho mot s6
la trung binh cong ctia hai s6 con lai.
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§3. NHI THUC NEWTON

Pinh 1i4.3. Véin € N* ta co

n
(a+0") =Y Cra"*b* = Cla" + Cha" "o+ ... + Cha" 0" + ..+ CJb".
k=0

Vi du 4.10. Khai trién cac nhi thitc sau:

@) (x+2y)°

3
b Y4
(b) (2x y)
(©) (\/§+\3;E)10

Vi du 4.11. Tim s6 hang trong khai trién
2
3 o 10
(@) (3x° — xz) chua x

®) (G- )"

Vi du 4.12. Tim hé s6 ctia s6 hang chita ¥y trong khai trién (x* — xy

@ TAM GIAC PASCAL

Mudn khai trién (a + b)" ta c6 thé duing nhi thicc Newton nhu trén, ngoai ra ta con

chuia x*

)15

c6 thé str dung bang sb sau day (dugc goi 1a tam gidc Pascal)

1 4 6 4 1
S NP 'l iV s
6 15 20 15 6

Céc sb trong hang thit n ctia tam giac Pascal 1a day gom n + 1 s6

BAI TAP

0 1 -1
c0,cl, .. crt cn
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Bai 4.30. Tim hé sb cda «° trong khai
trién

P(x) = (14+x)° +(14+x)04+ ..+ (1+x)!

Bai 4.31. Tim hé sb ctia x'® trong khai

trién (x? — 2x)1°.

Bai 4.32. Tim hé s6 cta x'%%® trong khai

" 1

trién (x? + ;)2018.

Bai 4.33. Tim hé s6 ctia s6 hang chira

x° trong khai trién x(2 — 3x)° + x*(1 +

3X)1O

Bai 4.34. Trong khai trién (2x +

3)?(2x% 4+ 1)'° hay tim s6 hang chita x'2.

Bai 4.35. Tim 7 biét hé s6 ctia x" 2 trong
. 1

khai trién (x — 1)" la 31.

Bai 4.36. Tim hé s6 ctia x® trong khai

trién [1 4+ x2(1 — x))%.

Bai 4.37. Xac dinh hé s6 cta x® trong

khai trién (1 4 2x + 3x%)1°

Bai 4.38. Tim hé sb ctia x'© trong khai
trién [1 — x*(1 — x2)]%.
Bai 4.39. Tim hé sb cua x!! trong khai
trién (1 4+ x* 4 x°)°
Bai 4.40. Tim s6 hang khéng chua x
trong khai trién
1
2 L8
@ (xy xy)
1 )16

%
1 4/ 3\17
W+¢?)

(b) (2x +

(© (

4 X

Bai 4.41. Tim hé s6 cta sb6 hang trong
kl}ai trién
(5 + Vad)" chia x5

A n+1 _
biet Cila

iy =7(n+3)
Bai 4.42. Trong khai trién (x¢/x +
x By, Hay tim hé s6 ctia s6 hang khong
phu thudc vao x. Biét C! + CI' ! +
Ccr=2 =179

Bai 4.43. Trong khai trién (27 4 x3)"
biét C3 = 5C} va s6 hang thit 4 bang 20n.
Tinh n, x.

Bai 4.44. Tim x biét rang trong khai
trién ctia nhi thic (2% + 227%)" ¢6 tong
s6 hang thi 2 va thit 5 bang 135, con
tong hé s6 cta 3 s6 hang cubi bang 122.
Bai 4.45. Biét tong cac hé sb trong khai
trién (x> + %)" bang 1024. Tim hé s6 cta
s6 hang thu 7.

Bai 4.46. Cho biét tong tat ca cac hé sb
trong khai trién (x* +1)" bang 1024. Tim

hé sb ctia s6 hang chia x'2.

Bai 4.47. Tim s6 hang c6 hé s6 hiru ty
2 ]. 3 Z
trong khai trién (— + v/5)% 1 biét
g ( 7 )

Cp+2C ' +Ci2=Cyb

Bai 4.48. Tim s6 hang chia x,y vdi s6
mt htu t trong khai trién (W +
\/@)12

Bai 4.49. Gia st n 1a sb nguyén duong
va (14 x)" = ag+ ajx + apx®> + ... +
a,x". Biét ton tai sd nguyén 1 < k <

n—1thoa 2= = %k a;—zl.Héytinh

2 9
n.
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Bai 4.50. Sau khi rut gon trong khai
1)10 thi biéu
x

R 1 20 3
trién (x — ;) + (x° —
thitc con lai may s6 hang.

Bai 4.51. Biét khai trién (1 — 2x)'®

(€) S3=Cly+C3+Co +... +CR

(d) Sa=Chy— C3o+ Cog+ ... — C3)

(e) S5 = 2"CY 42" Ict 4+ 2n 22 4

= .+l
ap+a1x + ...+ ﬂ]gxlg. Tinh
) S¢ = Cp—Ch+Ch—Ch+ ..+
S = |a0|—|—]a1]—|—...+|a18|. (_1)ncg
S —3C! 303 —1pn—1

Bai 4.52. Cho khai trién nhi thiic (g) S7=3C,+3°C, +...+3"'Cl

1,2 (h) Ss = C3, — Chy +C3, — Chy + .+
(3 + 3X) = 110+111x+a2x2—|—._.—|—a10x10_ C8 2n 2n 2n 2n

2n

(a) Hay tim s6 hang a; 16n nhat.
(b) Tinhag+ a1 + ... + a,
(c) Tinhay+ap +ag + ...
(d) Tinh ay +as +as + ...

Bai 4.53. Gia st P(x) (1+2x)"
ag + a1x + ... + a,x" thoa man

ag + + = 4096.

5 2 ft ot

2
an}.

2
Hay tim max{ag, a1, ...,
Bai 4.54. Cho P(x) =
a1x + ... + a,x" thod man

ao+ + 2+ +——212

an}.

Tim max{ag, a1, ...,

Bai toan tinh tong va chung minh dang

thitc bang nhi thitc Newton

Bai 4.55. Cho n la s6 nguyén duong.

Hay tinh
(@) S1 = CY+2C3 +2°C2 + ... +2°C2
(b) S =C?

—2C +2°C2 +... — 2°C3

(14+2x)" = ap+

Bai 4.56. Tinh céc tong sau
(@) Clo+ Clo+ Clo + Cio + Cig
(b) C8, + Cly +C +C +ClY 4 ¢l

() Cig—CR+Cis—Ci+...—C3 +
C3o
Bai 4.57. Chiing minh v6i moi s

nguyén duong m,n,0 < p < min{m,n}.
Ta luon co

ch4chicl+ch*Ci .. +ClICT 4+ ...+ CO.C
Bai 4.58. Gid thiét cic diéu kién c6
nghia. Ching minh rf“ing

(@) (C))*+ (Cp)* + ..+ (C))? =

(b) CY, +C3,+C5, + ...+ C3"
CZn 4o+ CZn 1 2211—1

n
(G

=G+

(c) 1-CL+C?
(—1)*Ch_4

(d) (C(Z)n)z - (C%n)z + (C%n)z
(Con)* = (-1)"Cy,

(e) 3”[c° + ;
1l

—C 4 (—1)kCk =

1

32C2 + ..

Cy + +

7C”

3 Cnl =4
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Bai 4.59. Chung minh cac hé thicsau  Bai 4.64. Tim hé s6 ctia s6 hang chura x10

trong khai trién ctia (x* 4 2)"(3x> +1)".

(a) 1—-10C}, +10°C3, —10°C3, +...—
Biét

10>71Cn ! 4 10%" = 81"
b) CO, + 32C2, + 3*Ch 4+ .. + G -3C (F1)BC T L +37C, =

2n2n __ n2n—1/~2n
371Gy =2 (27 +1) Bai 4.65. Tim hé s hang thi 11 trong

(c) CO 4+ 2CL +2°C2 + ... + 2"C!' = Xkhai trién (24 x)". Biét
4'Ch —4"IC, + 4O —
(—=1)"Cy

Bai 4.60. Chiing minh Bai 4.66. Trong khai trién (1 —2x + x3)”

3"Cd -3 Ick 4322 3" 3Cd L 4 (—1)"C!

tim ag biét
(a) 12C} 4+ 22C2 + ... + n®C! = n(n + e
n—2 a1 a as 1

1>2 aO‘f‘E‘f—?—f—...—i-zTZ:( )15'

2

b) 2.1C2+3,2.C3+...+n(n—1)C" = )
(b) " " ( )G Bai 4.67. Xac dinh hé sb cta 1", x>

n(n—1)2"" e
trong khai trién cua
(c) (anJrl)z - (C%n+1)2 + (C%n+l)2 - 1 1 1 1
e (CI2 =0 (x4 35) (et 55) (et )2+ 5).
(d) 4"Cy — 4"7'Cy + 4"7Ch — . + Bai 4.68. Tim hé s6 chda x'8 trong khai
(—1)"Ci = Cy+2C, +2°Ch+ .+ trién (x 4+ 2)13(x* — 2x +4)" biét n 1a s6
2°C nguyén duong thoa

Bai 4.61. Tinh tong cac hé sb ctia cac s6 ) 20
Conr1+Coppr + o+ G =27 - 1.

hang trong khai trién
2 51 4.69. Ti . e
@) (Bx+ —=)" Bai 4.69. Tinh cac tong sau
x

o ey @@ So=Cp+Cp+..+C!
1—-2x+Vx

) ) o (0 S=Ci+Ci+Cyt..
Bai 4.62. Tim hé so ctia so hang chura x

. 1 < _ 1 3 5
trong khai trién (; + x7)”. Biét (€ S$3=C,+C,+C + ...

_ 0 1 22 nen
Clog+ g ot Clhyy =20 -1, (D) 54=C+2C, +2°C, + .. +2°Cy

) -1
Bai 4.63. Xac dinh hé s6 a, ctia x" trong ~ (©) S5 = 5'Cp+5"'Cp+ ...+ C;

khai trién (f) S¢ = CO+22C2 4 24Ct + .

2 n\2
(1+x42x" 4 ..+ nx")" Bai 4.70. Cho n la s nguyén duong

Tim 1 biét a,, = 6n chan. Hay tinh cac tong sau
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(@) So = C2+3CL +32C2 4 ... +3"C" Bai4.75. V6i sb nguyén duong n.
guy g

Chung minh
(b) Sy = CO+32C2 4 34CH + ...+ 3"C" &
(© S = 3.CL+33C3 +3°C5 + .. + (92)2+(C1) ot ( Cr )= L (crtt
€¢) o2 = 2.4y n noT e 1 2 n+1 (n41)2 2(n+1

3n_1CZ_1

. , Bai4.76. Cho s6 nguyén duong n.
Bai 4.71. Tinh céc tong sau:

Chung minh
cll EC%H—§C§n+...—|—(—1)kEC’2‘;1+...+(—1)Z”+1£
(b) S = 3'°Cs —3"°Clg +3"Cls — Bai4.77. Cho n 1a sé nguyén duong.
guy! &
-+ Cig Ching minh rang
Bai 4.72. Tinh tong Co0 cl cn 1
+ + ..+ =z,
1 2 n+1
(a) So = C)+2C2+3C3 +..+nC! Cirz Cuys Gz 2
(b) S =2C2, +4CE + ..+ 2nC3" Bai 4.78. Cho n la s6 nguyén duong.
Chung minh rang
© S = O+ ~C3, + 2Ch + . +
S Y o - o on(n+1)
1 can C! +2C1+3C2+...+ncw1 =2
2n+1 " "
Bai4.73. Cho 0 < k,n € Z. Ching Bai4.79. Chiang minh réng véi moi s6
minh rang nguyén duong n > 2 ta c6
(2n)! 2 2C8 3Cs (n—1)Cp

cockyclektt vy crter =

(= mOE T 1 T i T o
Bai4.74. Cho 0 < k,n € Z. Chung Bai 4.80. Chiing minh rang

minh rang
1 n 1 i 1 1010 ( 1 1
k ~ T~ T = '
CE + C’lﬂ + C’3+2 + ot G = G- C%ow C%019 C%S%g 2019 C2018 C§018
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§4. BIEN CO VA XAC SUAT CUA BIEN CO

@ LI THUYET VA Vi DU

Dinh nghia 4.8. Phép thit ngau nhién (goi tat 1a phép thir) 1a mot thi nghiém hay
mot hanh dong ma

* Két qua ctia n6 khong doéan trude dugce.

* Co thé xac dinh dugc tap hop tat ca cac két qua c6 thé xay ra ctia phép thu
do.

Phép thtr thuong dugce ki hiéu bdi chu T.
Tap hop tat cac cac két qua c6 thé xdy ra ctia phép thir dugc goi 1a khéng gian mau
ctia phép thir va ki hiéu béi chir Q).
Pinh nghia 4.9. Bién c6 A lién quan dén phép thir T 1a bién c6 ma viéc xay ra hay
khong xdy ra ctia A tuy thudc vao két qua cta T .
Méi két qua ctia bién 6 A lam cho T xay ra dugc goi la mot két qua thuan 1gi cho
A.
Tap hop tat ca cac két qua thuan loi cho A dugce ki hiéu 1a Q4. Khi d6 ngudi ta néi
bién c6 A dugc mo ta boi tap Q4.
N6i cach khac: mot bién c6 A lién quan dén phép thir T 1a mot tap con Q4 cla
khong gian mau Q) ctia phép thir do.

DPinh nghia 4.10. Gia st phép thi T ¢6 c6 khong gian mau Q) 1a mot tdp htru han
va két qua ctia T 1a dong kha niang. Néu A 1a mot bién cb lién quan dén phép tha T
va Q4 1a tap tit cA cdc mo ta A thi xac suat cia A 1a mot con s6 ky hiéu P(A) dugce
xac dinh bdi cong thic

on

Qf

P(A) =
Luu y: Tir dinh nghia trén ta c6
e 0<P(A) <1
e P(0=1),P(®)=0

Dinh nghia 4.11. Xét bién cd A lién quan dén phép thir T. Trong N lan thuc hién
phép thir T thi s6 1an xuét hién cta bién c6 A dugc goi la tan sd caa A.

Ty sb gitra tan s6 ctia A vdi N goi la tan suét cta A trong N 1an thuc hién phép thi
T, s6 nay dugc goi la xac suat thuc nghiém ctia A
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Vi du 4.13. Gieo mot con stic sac 1a mot thi nghiém ngau nhién. Khéng gian mau
120 ={1,2,3,4,5,6)

Vi du 4.14. Gieo hai dong xu dong chat 1a mot thi nghiém ngau nhién. Khong gian
maula O = {SN, NS, NN, SS}

Vi du 4.15. Gid st T 1a phép thir "Gieo mot con stic sac". Goi A 1a bién ¢b "Sd chdm
xuat hién 1a s6 chan". Khi d6 Q4 = {2,4,6}.

Vi DU

Vi du 4.16.

(a) Tinh xac suat s6 chAm xuat hién la s6 chan khi gieo mot con stic sac.

(b) Tinh xac suat c6 nhiéu nhat mot mat sép xuat hién khi gieo hai déng XU.
Vi du 4.17. Mot vé x8 s6 c6 4 chir s6. Khi quay s6 néu vé tring hoan toan voi két
qua thi vé d6 tring giai nhat. Néu vé tring ding 3 sb so v6i két qua (ké ca vi tri)
thi vé d6 tring giai nhi.

(a) Tinh xac suat mot vé sb tring gidi nhat.

(b) Tinh xac sudt mot vé sb tring giai nhi

Vi du 4.18. Néu ta gieo mot déng xu can ddi thi xac suat xuat hién mat ngtala 0,5.
Tuy nhién trong thuc té khong c6 mot dong xu nao can dbi va dong chat. Nha toan
hoc nguoi Phap 1a Buffon da thi nghiém viéc gieo dong xu nhiéu lan va dat két qua

nhu sau
S6 14n gieo Tén so xuﬁot hién Tén suit xu?’t hién
mait ngua mat ngua
4040 2048 0,5070
12 000 6019 0,5016
24 000 12 012 0,5005

@ BAI TAP REN LUYEN

Bai 4.81. Danh sach ctia 16p hoc duoc danh sb thit tu tir 1 dén 32. Ban Huy c6 s6
tha tu 20.

(a) Gido vién chon ngau nhién mot hoc sinh trong 16p tra bai. Tinh xac suat dé
Huy duoc chon (0,03125).
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(b) Gido vién chon ngau nhién 5 ban tra bai. Tinh xac suat dé 5 ban nay co s tha
tu nhé hon Huy (0,06).

Bai 4.82. Chon ngau nhién 13 1a bai tir 52 1a. Tinh xac suat dé chon duoc 514 chudn,
41a co, 3 1a r6 va 1 1a bich (0,005).

Bai 4.83. Gieo déng thoi 2 con stc sac. Tinh xac suat dé:
(a) Tong s6 chAm xuat hién trén hai con 12 9. (1/9)
(b) S6 chdm xuat hién trén 2 con hon kém nhau 2. (2/9)

Bai 4.84. Gieo dong thdi 3 con stic sac. Tinh xac suat dé téng s6 chAm xuat hién
trén 3 con la 10. (1/8)

Bai 4.85. Trong gio thé duc 116p c6 7 hoc sinh nam va 5 hoc sinh nit tp trung ngau
nhién thanh 1 hang doc. Tinh xac suat dé ngudi ding dau hang va cudi hang déu
1a hoc sinh nam. (7/22)

Bai 4.86. Mot hop 6 5 bi xanh, 7 bi d6 va 8 bi vang. Lay ngdu nhién 8 vién bi tir
hop. Tinh xac suat dé 8 vién bi c6 du 3 mau. (4529/4845)

Bai 4.87. C6 30 tam thé dugc danh sb tir 1 dén 30. Chon ngdu nhién ra 10 tam thé.
Tim xac suat dé c6 5 tdm thé mang s6 1é, 5 tim thé mang s6 chén trong d6 chi c6
ding mot tam thé chia hét cho 10. (99/667)

Bai 4.88. C6 30 tam thé dugc danh s6 thi ty tir 1 dén 30. Rut ngau nhién 3 thé. Tinh
xéac suat dé tong cac chir s6 trén 3 thé chia hét cho 3. (68/203)

Bai 4.89. Mot doan tau c6 4 toa d6 ¢ san ga. C6 4 hanh khéch tir san ga 1én tau, moi
nguoi doc lap vai nhau chon 1 toa.

(a) Tim xac suat méi toa c6 dungs 1 ngudi lén tau. (3/32)

(b) Tim xac suat dé 1 toa c6 1 ngudi, 1 toa c6 3 ngudi va 2 toa khong c6 nguoi.
(3/16)

Bai 4.90. Mot nguoi bo ngau nhién 3 14 thu vao 3 phong bi da ghi dia chi. Tinh xac
suat dé c6 it nhat mot 1a thu bé ding phong bi ctia né. (2/3)
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§5. CAC QUY TAC TINH XAC SUAT

@ QUY TAC CONG XAC SUAT

Dinh nghia 4.12. Cho hai bién c6 A va B. Bién c6 "A hodc B xay ra" ki hiéula A U B
duogc goi la hgp cua hai bién c6 A va B. Bién c6 hop con dugc goi la bién cb téng.
Khi dé Qau = Q4 UQp.

Mot cach téng quat: Cho k bién cd Ay, Ay, ..., Ax cung lién quan dén phép thu T. Bién
cb "c6 it nhat mot trong cac biéncbd A1, Ay, .., Ak xay ra", ky hiéula Aj UAy U...U A
duoc goi 1a hop ctia k bién cb do.

Vi du 4.19. Chon ngau nhién mot hoc sinh trong 16p. Goi A 1a bién c¢6 "Hoc sinh
nay biét choi béng da" va B 1a bién c6 "Hoc sinh nay biét chai bong ban". Khi dé
AU B labién c6 "hoc sinh nay biét choi béng da hodc bong ban"

Dinh nghia 4.13. Cho hai bién cd A, B ciing lién quan dén phép thtt T. Hai bién ¢
A, B dugc goi 1a xung khac néu bién c6 nay xay ra thi bién c6 kia khong xay ra. Noi
cach khac Q4 N Qp = @.

Vi du 4.20. Gieo mdt con stic sac. Goi A 1a bién c6 "mat xuat hién 1a mat chan", Bla
bién ¢ "mat xuat hién 1a mat 1é", C 1a bién ¢ "mat xuat hién 1a s6 nguyén t6". Khi
d6 A va B 1a hai bién ¢ xung khac nhung A va C, B va C khong phai 1a hai bién c

xung khéc.

Dinh 1i 4.4. Néu A va B 1a hai bién c6 xung khac thi
P(AUB) = P(A) + P(B).
Mot cac t6ng quat néu Ay, As, ..., A 1a cac bién c6 doi mot xung khéc thi
P(A1UAU...UAL) = P(A1) + P(A2) + ... + P(Ay).

DPinh nghia 4.14. Cho A la mot bién c6. Khi d6 bién c6 "A khong xay ra" ki hiéu A
duoc goi la bién c6 dbi ctia bién cb A

Luu y: Hai bién c6 déi ctia nhau la hai bién cd xung khac. Diéu ngugc lai néi chung
khong dung.

Pinh 1i 4.5. Cho bién c6 A. Xac suat ctia bién c6 déi A la

P(A) =1-P(A).
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Vi du 4.21. Mot cai hop ¢6 100 qua cau duoc danh s6 tir 1 dén 100. Rt ngau nhién
ra hai qua cau r6i nhan cac con sb & hai qua cAu nay lai. Tinh xac suat dé két qua
nhan duoc 1a mét sb chin.

Vi du 4.22. Mot hop dung 4 vién bi dd, 5 vién bi xanh va 7 vién bi vang. Lay ngau
nhién mot 1an 3 vién bi. Tinh xac suat 3 vién 4y chi ¢6 2 mau.

QUY TAC NHAN XAC SUAT

DPinh nghia 4.15. Cho hai bién c6 A va B. Bién c6 "A va B cting xay ra " ki hiéu AB
(hodc A N B) duoc goi la giao cua hai bién ¢6 A va B (bién cb nay con duoc goi la
bién cb tich).

Khi @6 QOAB = QN QOp.

Mot cach téng quat: Cho k bién cd Ay, Ay, ..., Ay cting lién quan dén phép thir T.
Bién cb "Tat ca Ay, Ay, ..., A" cung xay ra dugc goi la bién c6 tich. Ky hiéula A1 N
AryN...N A

Vi du 4.23. Chon ngiu nhién mot hoc sinh trong 16p. Goi A 1a bién ¢6 "hoc sinh
nay biét choi bong d4", B 1a bién ¢ "hoc sinh nay biét choi bong ban". Khi d6 bién
cd AB 1a bién cd "hoc sinh biét choi cd hai mén béng da va bong ban'".

Dinh nghia 4.16. Hai bién c6 A va B dugc goi 1a déc 1ap néu viéc xay ra hay khong
xdy ra ctia bién c6 nay khong lam anh hudng tdi xac suat xdy ra ctia bién cb kia.
Mot cach t6ng quat: Cho k bién c6 A1, Ay, ..., Ay; k bién co nay duoc goi la doc lap
v6i nhau néu viéc xdy ra hay khong xay ra ciia mdi bién cd khong lam anh hudng
tdi xac suat xdy ra ctia cac bién cb con lai

Vi du 4.24. Xét phép thir gieo mot con stic sac lién tiép 2 1an. Goi A 1a bién cb "mat
xuat hién 1a s6 chan", B 1a bién c6 "mat xuat hién 1a s6 18". Khi d6 A va B 1a hai bién

co doc lap.

Dinh 1i 4.6. Néu hai bién c6 A va B doc lap véi nhau thi
P(AB) = P(A)P(B).
Mot cach tong quat: Néu k bién cb Ay, Ay, ..., Ay doc 1ap véi nhau thi
P(A1A;...A;) = P(A1)P(A3)...P(Ay).

Luu y: Néu hai bién c6 A, B doc lap v6i nhau thi A va B, A va B, A va B cling doc
lap véi nhau.
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Vi du 4.25. Hai xa thu cung ban vao mot muc tiéu voi xac suat 1an luot 1a 0,7 va
0,5. Tinh xac suat

(a) Ca hai ngudi ban triing
(b) C6 it nhat mot ngudi ban tring
(c) Co6 dung mot nguoi ban trang

(d) Khéng ai ban tring

{C} BAI TAP REN LUYEN

Bai 4.91. Chon ngau nhién 1 hoc sinh trong 16p. Goi A 1a bién ¢6 "Ban d6 hoc gioi
Van', B 1a bién ¢b "Ban d6 hoc gioi Toan".

(a) A va B c6 phai la hai bién cd xung khac hay khong.
(b) Bién c6 AU Blagi?

Bai 4.92. Mot hop dung 2 bi xanh, 3 bi d6, 4 bi vang. Chon ngau nhién 2 vién bi.
Goi A la bién ¢b "chon dugc 2 bi xanh", B 1a bién ¢b "chon dugc 2 bi d6" va C 1a bién
b "chon dugc 2 bi vang".

(a) Cécbién cd A, B, C c6 déi mot xung khac hay khong?
(b) Bién cb "chon dugc 2 bi cing mau" 1a gi?

(c) Bién cb E "chon duoc 2 bi cung mau" va bién ¢ F "chon duoc 2 bi khic mau"
c6 quan hé gi?
Bai 4.93. Gieo 1 con stic sac lién tiép 2 1an. Goi A la bién c6 "lan gieo thit nhat dugc
s6 chan" va B 1a bién c6 "lan gieo thi 2 dugce sb 18"
(a) Haibién cb A, B c6 doc lap khong?
(b) Giao ctia hai bién c6 A, B 1a gi?
Bai 4.94. Hai xa tht ban méi ngudi mot vién dan vao bia. Goi A la bién cb "Nguoi

thit nhat ban triing bia" va B 1a bién c6 "Nguoi thit hai ban triing bia". Hay mo6 ta
bién cb: ANB,AUB,AUB, AUB.

Bai 4.95. Mot hop chira 6 vién bi trong d6 6 1 bi xanh, 2 bi vang va 3 bi d6. Ly
ngfiu nhién 2 vién bi. Va cho cédc bién ¢b A:"Hai vién bi cung mau", B:"Hai vién bi
khac mau", C:"Hai vién bi trong d6 c6 it nhét 1 vién bi vang".
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(a) Xac dinh cac biénc6 AUB,ANB,AUC,ANC.

(b) Xét bién cb D: "Trong hai vién bi ¢6 ding 1 vién bi vang". Chiing minh rang
A va D xung khéc.

Bai 4.96. Ba ngudi ban vao cai bia. Goi Ay 1a bién ¢6 "Nguoi thir k ban tring';
k=1,2,3. Hay biéu dién cac bién cb sau qua cac bién cd A, Aj, As.

(a) A:"C6 it nhat mot nguoi ban trang".
(b) B: "Ca 3 déu ban tring"
(c) C:"Chi mot nguoi ban trang".

Bai 4.97. Mot 16p c6 27 hoc sinh nit va 21 hoc sinh nam. Can chon ra 5 hoc sinh
dé lap mot doi van nghé. Tinh xac sudt dé chon dugc it nhdt mot hoc sinh ni.
(1691955/1712304)

Bai 4.98. Trong dgt thi hoc sinh gioi ctia thanh phd mon Toan c6 5 em dat giai trong
do c6 4 nam va 1 nir, moén Van c¢6 5 em dat gidi trong dé c6 1 nam va 4 nit, moén
Hoa c6 5 em dat giai trong d6 ¢6 2 nam va 3 nit, mon Ly ¢6 5 em dat giai trong do
c6 3 nam va 2 nir. Hoi c6 bao nhiéu cach chon médi mon 1 hoc sinh di du dai hoi thi
dua? Tinh xac suat dé c6 ca hoc sinh nam 14n hoc sinh nir di du dai hoi? (577/625)

Bai 4.99. Biét trong 10 vé x4 s6 c6 2 vé tring thudng. Khi d6 mot ngudi khéc rat
ngau nhién 5 vé. Tinh xac suat sao cho trong 5 vé c6 mot vé tring thudng. (7/9)
Bai 4.100. Mot 16p c6 40 hoc sinh gom 15 hoc sinh nam gidi toan va 8 hoc sinh nit
gi6i van. Tinh xéac suat dé chon dugc mot hoc sinh nam gidi toan hodc mot hoc sinh
nir gioi van (23/40).

Bai 4.101. Chon ngu nhién 8 14 bai. Tinh xac suat chon dugc it nhat 3 14 gia.

Bai 4.102. Gieo mdt con stic sac. Goi A 1a bién ¢ "mat xuat hién 1a s6 chdn", B la
bién c6 "mat xuat hién 1a boi ctia 3". Hay kiém ching cong thuc

P(AUB)=P(A)+P(B)—P(ANB).

Bai 4.103. Mot 16p hoc gém 40 hoc sinh trong do c6 15 hoc sinh gidi Toan, 10 hoc

sinh gioi Ly va 5 hoc sinh gioi Toan 1an Ly. Chon ngau nhién 1 hoc sinh. Tinh xac

suat hoc sinh dugc chon gidi Toan hoac Ly. (0,5)

Bai 4.104. Chon ngau nhién mot vé x6 s6 ¢6 5 chir sb. Tim xac suat ctia vé dy khong
) . 9 8

6 chir so 1 hoac khong ¢6 chir so 5. (Z(E)S — (1—0)5)
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Bai 4.105. Mot binh dung 2 bi xanh, 4 bi d6. Lan luot lay 1 bi lién tiép 3 1an va méi
1an tra lai bi vao binh.

(a) Tinh xac suat léy dugc 3 bi xanh. (1/27)
(b) Tinh xac suat 14y dugc 3 bi do. (8/27)
(c) Tinh xac sut léy dugc 3 bi khong ciing mau.(2/3)

Bai 4.106. Mot binh dung 5 bi xanh, 6 bi d6. Béc dong thoi 3 vién bi. Tinh xéac suat
c6 ding 2 bi dd, tinh xac suat béc duge 2 bi do.

Bai 4.107. Mot binh dung 5 bi xanh, 6 bi d. Bc 1an luot 3 vién bi. Tinh xac suét c6
dung 2 bi d9, tinh xac suat béc dugce 2 bi dé.

Bai 4.108. Mot cai hop dung 6 vién bi dé va 4 vién bi xanh. LAy lan luot 2 vién bi
ti hop. Tinh xac suat dé 1an thu 2 1ay dugce bi xanh. (4/10)

Bai 4.109. Cho hai bién cb xung khéc A, Bbiét P(A) = 0.3, P(B) = 0.5. Tinh P(A N

B),P(AUB),P(A),P(B).
Bai 4.110. Cho hai bién c6 bat ky A, B. Chitng minh P(A) = P(AB) + P(AB).

Bai 4.111. Chon ngau nhién 1 14 bai sau d6 tra lai, tiép tuc rit ngdu nhién 1 14 nira.
Tinh xéc suat dé duoc gia bich va gia co (1/2704)

Bai 4.112. Ban lién tiép vao mdt muc tiéu dén khi vién dan dau tién trung dich thi
ngtng lai. Tinh x4c suét sao cho phi ban dén vién dan thi 6. Biét xac sudt mdi vién
dan trung dich 1a 0.2 va cac lan ban doc lap v6i nhau. (0.065536)

Bai 4.113. Hai xa thd A va B ciing nhdm ban vao 1 con tho. Xac suat dé xa tha A
ban tring la ;, xac suét dé xa thd B ban tring la é Tinh xéac suat dé:

(a) Ca hai déu ban tring. (1/28)

(b) Chi mot trong hai ngudi ban tring. (19/56)

(c) It nhat mot trong hai nguoi ban trang. (3/8)

(d) Ca hai xa tht ban truot. (5/8)

Bai 4.114. M6t cong nhan phai theo déi hoat dong ctia hai may dét A va B. Xac suat

. 1
dé nguoi cong nhan can thiép mdy dét A trong vong 1h la 7 va may dét B trong

1 2. 3 . A
cung thai gian trén la 5 Tinh xac suat dé nguoi cong nhan khong phai can thiépj
may dét nao trong vong 1h.
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Bai 4.115. Xac sult dé nguodi xa thti ban tring bia 1a 0.2. Tinh xac suat dé trong 3
lan ban nguoi xa tha ban tring bia ding 1 1an.(0.384)

Bai 4.116. Hai ngudi ciing ban vao mot muc tiéu. Xac suat ban tring ctia ting
ngudi 12 0,8 va 0,9. Tim xac sut chi ¢6 1 ngudi ban tring muc tiéu.(0,26)

Bai 4.117. C65 hop banh, méi hop dung 8 banh gdm 5 banh mén va 3 banh ngot.
Lay ngiu nhién tir méi hop ra 2 banh. Tinh xac suat bién cd trong 5 1an lay ra d6 c6
4 1an 14y dugc 2 banh man va mét 1an lay dugc 2 banh ngot. (9375/1075648)

Bai 4.118. Gieo 1 cip 2 con stc sac 10 lan. Tim xac suat dé c6 it nhat mot 1an 2 con
=)

36
Bai 4.119. M6t may bay c6 5 dong co, trong d6 ¢6 3 dong co & canh phai va 2 dong

déu ra matsé 5. (1 — (

co & canh trai. Mbi dong co & canh phai c¢6 xac suat bi hong 1a 0.1, mbi dong co &
canh trai c6 xac suat bi hong 1a 0.05. Cac dong co hoat dong doc lap. Tim xac suat
dé may bay thuc hién chuyén bay an toan biét chuyén bay chi an toan néu méi canh
c6 it nhat mot dong co hoat dong. (0.9965)

Bai 4.120. Mot ngudi say rugu budc 8 bude. Moi budc anh ta tién 1én trén 1m hoac
lui vé sau 1m véi xac suat nhu nhau. Tim xac suat dé:

(a) Anh ta trd lai diém xuét phat. (70/256)

(b) Anh ta cach diém xuét phat hon 4m. (9/128)
Bai 4.121. Mot bai thi trac nghiém gdm 12 cau héi, mdi cau c¢6 5 phuong an tra 16i
nhung chi c6 1 phuong an dung. Méi cau tra 16i ding dugc 4d va moi cau tra 15i

sai bi trir di 1d. Mot hoc sinh 1am bai bang cach danh ngau nhién két qua. Tim xac
suét dé:

(a) Hoc sinh d6 dugc 134. (0,0532)
(b) Hoc sinh d6 bi diém am. (0,5583)

Bai 4.122. Mot van dong vién ban sting ban 3 vién dan. Xac suat dé tring ca 3 vién

vao vong 10d 1a 0.008, xac suat dé 1 vién tring vong 8 1a 0.15, xac suat dé 1 vién

trang vong dudi 8 1a 0.4. Tim xac suat dé van dong vién dat it nhat 284.(0,0935)

Bai 4.123. Goi X la tap hop cac sb c6 hai chir s6 dugc 1ap tir tap {0,1,2,3,4,5,6}.

Lay ngau nhién 2 phan t ctia X. Tinh xac suat dé hai s6 lay dugc déu chan. (1/3)

Bai 4.124. Goi Sla tap cac s6 ty nhién gom 2 chit s6 khac nhau duoclap tir {0,1,2,3,4,5,6}.
Chon ngau nhién 2 s6 tir S. Tinh xac suat dé tich hai s6 dugc chon 1a s6 chan. (5/6)
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Bai 4.125. Mot t6 ¢6 5 hoc sinh nit va 8 hoc sinh nam xép thanh mé6t hang doc. Tinh
xéac suat dé khong c6 2 hoc sinh nit nao ding canh nhau. (14/143)

Bai 4.126. Cho X = {0,1,2,4,5,7,8}. Ky hiéu G la tap cac sb c6 4 chir s c6 4 chix
s6 d6i mot khac nhau lay tir X ma chia hét cho 5. Lay ngau nhién mot tap trong G,
tinh xac suat dé€ s6 nay khong 16n hon 4000.(4/11)

Bai 4.127. Tur tap A = {1,2,3,4,5}. Viét ngau nhién 1én bang 2 s6 ty nhién, mdi s6
gom 3 chit s6 khac nhau 1ap tir A. Tinh xac suat dé trong hai s6 d6 c6 dung mot sb
c6 chir s6 5. (12/25)

Bai 4.128. Tircacsd 1,2,3,4,5,6 lap cac s6 ¢6 4 chir s6 khac nhau. Léy ngﬁu nhién
1 trong céc s6 dugc 1ap. Tinh xac suat s6 1ay dugc c6 2 chit s6 chén va c6 hai chit s6
1é. (3/5)
Bai 4.129. Mot 16p ¢6 30 hoc sinh. Chon ngau nhién 3 hoc sinh dé€ tham gia hoat
dong cua Poan truong. Xac suat chon dugc 2 nam va 1 ni 1a 29" Tinh sb hoc sinh
nir cua 16p.(14)
Bai 4.130. Goi S la tap hop cac sO tu nhién cé 5 chir s6 phén biét duogc lap tu
{0,1,2,3,4,5}. Chon mét s6 ngdu nhién tur S. Tinh xac suat dé s6 dugc chon c6
chita s6 5.(21/25)
Bai 4.131. Tir cac s6 1,2,3/4,5,6 lap cac s6 6 4 chix s6 khac nhau. Léy ngéu nhién
mot s6. Tinh xac suat sb dugce 14y ra c6 2 chix s6 chan va 2 chit s6 18. (3/5)
Bai 4.132. Chon ngéu nhién 5 hoc sinh trong mot 16p ¢6 15 hoc sinh nam va 10 hoc
sinh nir dé tham gia van nghé. Tinh xac suat dé 5 hoc sinh dugc chon c6 cad nam 1an
nl ma s6 hoc sinh ntt it hon s6 hoc sinh nam. (325/506)
Bai 4.133. Goi M 1a tap cac sb tu nhién c6 3 chir s6 d6i mot khac nhau dugc 1ap tir
cacsd60,1,2,3,4,5,6. Chon ngéu nhién mot s6 tu tap M, tinh xac suat dé s6 duoc chon
6 téng cac chir s6 1a mot s6 18. (8/15)

.. , , , R X1 .y £ , o1
Bai 4.134. Trong 16p hoc c6 6 bong den, modi bong cé xac suat chay la i Lép hoc
dé da sdng néu c6 it nhat 4 bong deén sang. Tinh xac suat dé 16p c6 du anh sang.
(1701/2048)
Bai 4.135. Gieo mot con stic sac lién tiép 6 1an. Tim xac suat dé cé it nhat mot 1an ra

. 5

méc 6 cham. (1 — (6)6)
Bai 4.136. Gieo 2 con stic sac 2018 lan. Tinh xac sudt c6 it nhat mot 1an ra hai con

§>2018)

déu c6 mat 6 cham. (1 — (36
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Bai 4.137. Gieo d6ng thoi 3 con stc sac. Ban la nguoi théng cudc néu xuat hién it
nhéat 2 con c6 mat 6 chAm. Tim xac suat dé trong 5 1an choi ban thang it nhat 3 1an.
(52032/27°)

Bai 4.138. C6 3 xa thu ban vao tAm bia. Xac suat trang dich lan luot 14 0.6, 0.7 va
0.8. Tinh xéc suat dé c6 it nhat mot ngudi ban tring bia. (0,976)

Bai 4.139. Huy va Truc thi ddu béng ban véi nhau, ai thang trude 3 séc thi thang
tran. Xac sudt Huy thang 1a 0.4 (khong c6 séc hoa). Tinh xac suat Huy thang tran.
(0,31744)

Bai 4.140. Mot nhém xa tht gom 10 ngudi trong d6 6 3 xa thi loai I, 7 xa tht loai
II. Xac suat ban tring dich trong moi 1an ban ctia xa tha loai I va loai II 1an luot la
0.9 va 0.8. Chon ngau nhién mot xa thu trong 10 ngudi va cho ban 1 vién dan. Hay
tinh xac suét dé vién dan tring dich. (0,83)

Bai 4.141. C6 3 16 hang, ngudi ta lay ngdu nhién tit méi 16 hang 1 san pham. Biét
xéac suat dé dugc 1 san pham tét tir mébi 16 hang 1a 0.5, 0.6 va 0.7. Tinh xac suat dé
trong 3 san pham l4y ra c6 it nhat 1 san phdm c6 chat lugng tot. (0.94)

Bai 4.142. Mot hop chira 11 vién bi danh s6 tir 1 dén 11. Chon 6 vién bi mot cach
ngiu nhién, rdi cong cac sb trén 6 bi nay lai. Tinh xac suét sb vira tinh 1a s6 1é.
(118/231)

Bai 4.143. A, A1 2014 Tir mot hop chira 16 thé duge danh sé thu tu tir 1 dén 16,
chon ngau nhién 4 thé. Tinh xac suat dé 4 thé dugc chon déu c6 s6 chan. (1/26)

Bai 4.144. DH 2016 Hoc sinh A thiét ké bang diéu khién dién t& m& ctira phong hoc
ctia 16p minh. Bang gom 10 ntt, méi nit dugc ghi mot s6 tir 0 dén 9 va khong c6 2
nat nao ghi ciing mot s6. Dé md ctra can nhan lién tiép 3 niit khac nhau sao cho 3
s6 trén 3 ntit d6 theo thit ty tao thanh mét day s tang va c6 téng bfang 10. Hoc sinh
B khong biét quy tic md clra trén da nhin ngau nhién 3 niit khac nhau trén bang
diéu khién. Tinh xac suit dé md dugc ctra phong hoc dé. (8/720)

Bai 4.145. DH 2015 Trong dot ing phé dich MERS-CoV, sd y té thanh phd chon
ngau nhién 3 doi phong Chéng dich co dong trong sb 5 doi cia trung tam y té
du phong thanh phd va 20 déi cta cac trung tdm y té co s& dé kiém tra cong tac
chuén bi. Tinh xac suat dé c6 it nhat hai ddi ctia cac trung tdm y té co s& duoc chon.
(209/230)

Bai 4.146. A2014 Tir mét hop chua 16 thé duge danh sO tir 1 dén 16, chon ngau
nhién 4 thé. Tinh xac suat dé 4 thé dugc chon déu dugc danh sb chan? (1/26)
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Bai 4.147. B2014 D€ kiém tra chat lugng san pham tir cong ty sita ngudi ta gti dén
bo phan kiém nghiém 5 hop sita cam, 4 hop strta dau va 3 hop sita nho. Bo phan
kiém nghiém ldy ngdu nhién 3 hop dé kiém nghiém. Tinh xac suat 3 hop c6 dui 3
loai stra. (3/11)

Bai 4.148. B2013 C6 hai chiéc hop chita bi . Hop thit nhét chira 4 vién bi dé va 3
vién bi trang ,hop thit hai chira 2 vién bi d6 va 4 vién bi trang . Ldy ngiu nhién tir
mdi hop ra 1 vién bi . Tinh xac suat dé€ lay dugc hai vién bi cting mau . (10/21)

Bai 4.149. A2013 Goi S la tap hop tat ca sb tu nhién gém ba chit s6 phén biét duoc
chon tir cac s6 1; 2; 3; 4; 5; 6; 7. Xac dinh s6 phan t ctia S. Chon ngau nhién mot s6
tir S, tinh xac xuat dé s6 dugc chon 1a s chan. (3/7)
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OCHUONGO

@ HE THUC LUGNG TRONG TAM
GIAC

GOEOED

§1. TI SO LUONG GIAC CUA MOT
GOCaVOI0® < a < 180°

@ LY THUYET

Dinh nghia 5.1. Dinh nghia ti s6 lugng giac ctia mot goc a c6 sd do tr 0° dén
180°. Trong mat phang toa do Oxy c6 nita dudng tron tim O ban kinh 1 nam phia
trén truc hoanh, xét tia Ot sao cho ZxOt = «, tia Ot cat nira duong tron tai diém
M (xm; Ym)- Khi d6

_ o Xm _ Ym _
Xy = COSQ, Yy, = Sing, — = tana, = = cotw
m xm
Tir dinh nghia nay ta c6 cac tinh chat sau:
Tinh chadt 5.1.
Ta c6 céc tinh chat sau:
e sina = sin(180° — «) e tana = — tan(180° — «)
® cosa = —cos(180° — w) ® cota = —cot(180° — w)
Tinh chit 5.2. V&i0° < a < 180° ta co:
e 0<sina<lva-1<a<l1 o 14tanla—
cos? i
e sina+cos’a =1
sin « cos « 1
e tanw — ——,cotow = — e 1+cot?a= —
CcoS « sin« sin” w

BAI TAP CO LOI GIAI

1
Vidu 5.1. Cho « thoa sina = 5,90O < & < 180°. Tinh cos &, tan &, cot a.
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Vidu 5.2. Cho tana = 2. Tinh:

sinx — 3 cosw

A=
(@) 2sinwa 4+ cosa
(b) B = sin® & + cos® a
- cos3 «

Vi du 5.3. Chiing minh céc dang thtc sau:

2 2

(@) cos’x —sin?x =1 —2sin’x = 2cos’x — 1

(b) sin* x + cos* x = 1 — 2sin? x cos? x
Vi du 5.4. Chiing minh céc biéu thuc

1 1 sinx +cosx —1

COos X

(a) + =1 (b)

1+tanx 1+ cotx sinx —cosx +1 - 1+ sinx

Vi du 5.5. Rut gon céac biéu thuc:

(@) A= 1+ cosa [1_ (1 —ccz)s,x)Z}

sin « sin“ &

1 1
(b)B:(1+cot(x+.) (1+Cot(x— - )
sin « sin «

@ BAI TAP REN LUYEN
Bai 5.1.
(a) Cho cosa = %1 Tinh sin a, cot a.
(b) Cho tana = 2. Tinh cos a, sin a.

Bai 5.2. Cho tana = 2. Tinh
3cosa + 2sinu
(@) . .
cosa —4sinw

3cos?a + 2sin’a
(b) =SS
CoSs* & — Sin” «

Bai 5.3. Cho tana + cota = 2. Tinh

(a) tan®a + cot® a.
(b) Tinh tan «.
(c) sina,cosa.

Bai 5.4. Chung minh cac biéu thic
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1

sinx sin*x

1 1
. () 1 —cot*x =

(@) 1+tanx + 1+ cotx

1+sin2x !
LAsinty 0 e (@) (1= cosx)(1+cot’x) = 3.

b
®) 1 —sin®x
Bai 5.5. Chung minh cac biéu thiic sau khong phu thudc vao x

(a) sin x + sin? x cos? x 4 cos” x

(b) cos* x(2cos? x — 3) + sin* x(2sin x — 3)

() Vsin? x + 4 cos? x + V/cost x + 4sin® x

(d) cos? x cot? x 4+ 5cos? x — cot? x + 4sin® x

Bai 5.6. Tinh tong:
S = sin?1° + sin?2° + ... + sin® 180°.

Bai 5.7. Cho AABC, chiing minh réng:

(@) cos(A+B—C) = —cos2C.

A+ B+3C
(b) sin % = cosC.
Bai 5.8. Rut gon cac biéu thirc:
1—sin®a

(@) A= T cos?a + tana - cota.

(b) sin? o + sin? & - tan% &
cos?x + cos? - cot? o’

Bai 5.9. Rut gon biéu thuc:
1 . o o
A= ,vaia € (0°;180°).
sina — vcot? & — cos? &
Bai 5.10. Rut gon biéu thuc:

(a) A= tana 4 tan 8
~ cota+cotB’

2, i
(b) B= w — cot? a - cot? B.
sin“ & - sin”
Bai 5.11. Ching minh rang:
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4 2

(a) sin*a + cos*a =1 — 2sin® w cos? a.

(b) sin® a + cos® &« = 1 — 3 sin” & cos? a.
Bai 5.12. Ching minh rang:

(@) (1+tana)(1+ cota)sina-cosa =14 2sina - cosa.

(b) (1+tana)cos®a + (1 + cota)sin®a = (sina + cosa)?.

.4 4
.. sinx cos*x 1 3 .
Bai 5.13. Cho p + i Ching minh:
@ sin® x N cosbx 1
ad B (a+b)3
.10 10
sinTx cosXx 1
(b) yo Y Z
a b (a+0b)

Bai 5.14. Cho 0° < & < 180°. Tim gia tri nh6 nhat va 16n nhat cda cac biéu thirc

sau:
(a) A=2sina+1.
(b) B=3cosa +4sina.

4

(c) C =sin*a + cos* a — sina cos .

(d) D =sin*a —5cosa + 1.
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§2. HE THUC LUQNG TRONG TAM GIAC

@ LY THUYET

Pinh 1i 5.1. (Binh ly cosin) Cho tam giac ABC, dat BC = a, AC = b, AB = ¢. Khi
do:

e 0> =b>+c*—2bccos LA
e v> =4%>+c*—2accos /B
e * =4%+1b*—2accos /C

Chung minh. Ta xét truong hop tam giac ABC c6 A nhon. Vé duong cao BK, K
thudc doan AC. Ta c6 BK = ABsin BAC, AK = ABcos BAC.

Suy ra BC> = BK? + CK?> = (ABsinA)? + (AC — ABcos A)*> = AB%sin® A +
AC? —2AC - ABcos A+ AB? cos* A = b + ¢* — 2bc cos A.

Trudng hop goc A tit va K thudc tia doi tia A ta cling lam tuong ty, khi d6 AK =
—ABsin BAC va CK = AC — ABsin BAC, ta ciing c6 diéu can chiing minh.

Pinh 1i 5.2. Cho tam giac ABC, goi R 1a ban kinh dudng tron ngoai tiép tam giac
ABC. Khi do

a b c
sinA sinB sinC
B
Chung minh. Vé duong kinh BD, ta ¢6 sinA = sinBDC = % = %, suy ra
a
=2R.
sin A

Cac dang thtic con lai ching minh tuong tu.
Pinh i 5.3. (Do dai dudng trung tuyén) Trong tam giac ABC, goi m,, my, m, lan
luot 1a do dai cadc duong trung tuyén xuat phat tir A, B, C. Khi d6

1 1
o m? = §<b2 +c?) — iaz.

1 1
o« mh = §<a2 +c2) — Zlbz'

1 1
o m2 = E(b2 +a?) — ECZ'

Chitng minh. Goi M la trung diém BC. Ap dung dinh Iy cosin cho tam gidgc ABM,

tacé AM? = AB>+BM? —2- AB-BM - cos ABM (1).
3 AB? 4+ BC? — AC? 1 R ; 2
Hon ntta cos ABM = 2AB - AC ,MB = EBC' the vao (1) ta c6 AM~ =
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1 1, AB?+BC?—AC? 1

2 - 2 — p— . — —
AB +4BC1 2AB 2B1C SAB - AC >
Hay m? = E(b2 +c?) — Z}az'

Dinh 1i 5.4. Cho tam giac ABC, goi S la dién tich tam giac, p la nita chu vi. Khi d6

(AB? + AC?) — EBCZ.

ta co:

1 1 1
S - Eﬂha - Ebhb — Echc
1, . 1 . 1
= EbcsmA = —acsinB = EabsmC
e
4R
:]’p

= \/p(p—a)(p-b)(p—0)

1 1
Chung minh. Taco S = Ehb -b,mah, =csinAnén S = Ebc sin A.
a abc

o a o1
Theo dinh ly sin ta c6 sin A = 2R,dodoS— 2bc R = 4R

Goi I 1a tam duong tron ndi tiép tam gidc, khi dé

1 1 1 1
S:SIAB+S[Ac+SIBC:fT-C-l—*i’-b—F*T'a:57"(a—|—b—|—C):i’p

2 2 2
Ta co
1 . 1 1
S= EbcsmA = Ebcx/l —cos? A = Ebc\/(l +cos A)(1 —cos A)
. P+ct—a®
TUCOSA—TtaCO
(1+COSA)_1+b2+c2—a2_(a+b+c)(b+c—a)
- 2bc o 2bc
v P —a _(atb-c)(a+c—b)
+cc—a a+b—c)la+c—
1—cosA=1- The = 2be
Mit khéc

a+b—c=a+b+c—2c=2(p—c)a+c—b=2(p—b),b+c—a=2(p—a)

Két hop lai ta c6

5=\/pr—a)(p-b)(p—0)
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BAI TAP CO LOI GIAI

€@ DANG TINH TOAN
Vi du 5.6. Cho tam giac ABC c6 AB =5,AC =8,/ZBAC = 120°.

(a) Tinh BC va do dai duong trung tuyén AM.

(b) Tinh dién tich tam giac ABC va ban kinh dudng tron ngoai tiép.
Vi du 5.7. Cho tam gidc ABC c¢6 LA = 60°, ZB = 45° va BC = 4.

(a) Tinh d6 dai canh AC, AB.

(b) Tinh ban kinh dudng tron ngoai tiép tam gidc ABC.

Vidu 5.8. Tam giac ABC ndi tiép duong tron dudng kinh BC = 2R, ZABC = 60°.
D la diém chinh gitta cung BC khong chira A.

(a) Tinh d6 dai AD.

(b) Tinh dién tich va ban kinh duong tron noi tiép cta tam giac ABD.
® CHUNG MINH PANG THUC
Vi du 5.9. Cho tam gidc ABC. Chiing minh rang

l+l—1 (C)l_|_l_|_l—1
hy he Ta Ty re

(@) —+

1
ha

®) S=(p—a)u=(p-bn=(p—c)d rra=(p-b)(p—c)
Vi du 5.10. Cho AABC. Chitng minh rang

(a) S =2R’sin A.sinB.sinC

(b) S = Rr(sin A +sinB+sinC)

© 5= r?(sin A + sin B + sin C)?
¢ a 2sin A.sin B.sin C

® CHUNG MINH BAT DANG THUC
Vi du 5.11. Cho tam gidc ABC. Chiing minh rang

(a)siné< 4
2 " b+c
A B cC 1
2 sinf n S <1
(b) sm2 si > sm2_8
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@ NHAN DIEN TAM GIAC

Vi du 5.12. Chiing minh rang tam gidc ABC vuong & A khi va chi khi 5m2 = m? +
2
me. (1)

Vi du 5.13. Cho tam gidc ABC thda man diéu kién: a = 2b cos C. Chiing minh rang
tam giac ABC can.

Vi du 5.14. Cho tam gidc ABC c6 a* = b* + ¢*. Ching minh rang tam gidc ABC
nhon.

Vidu 5.15. Cho AABC, dién tich bé“mg S, cac duong cao hg, hy, he. Chitng minh
rang AABC déu khi va chi khi:

1
S:E(a-hb—l—b-hc—i—c-ha).

@ BAI TAP REN LUYEN

Bai 5.15. Cho tam giac ABC c6 ZA = 60°, BC = 3. Tinh ban kinh duong tron ngoai
tiép tam gidc ABC.

Bai 5.16. Cho tam giac ABC c¢6 AB = 13, AC = 14,BC = 15. Tinh dién tich tam
giac ABC, sin A va d6 dai trung tuyén ké tir C ctia tam gidc ABC.

Bai 5.17. Cho tam gidc ABC ¢c6 AB=1,AC =2,/A = 120°.

(a) Tinh BC va dién tich tam giac ABC.

(b) Tinh do dai dudng cao AH va trung tuyén BK ctia tam giac ABC.
Bai 5.18. Cho tam gidc ABC ¢6 LA = 60°, AB =9, AC = 3.

(a) Tinh dién tich tam giac va ban kinh duong tron ngoai tiép.

(b) Goi M la diém d6i xing ctia B qua C .Tinh AM.

Bai 5.19. Cho tam giac ABC c6 AB = 6, AC = 10,BC = 14. Goi M la trung diém
BC, tinh d6 dai AM. Tinh dién tich tam gidc ABC va ban kinh duong tron noi tiép
tam giac ABC.

Bai 5.20. Gii tam gidc ABC. Biét

(@) c=20,b=16,a=12
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(b) a=8,c=5,B=60°
Bai 5.21. Cho tam giac ABC c6 A = 120°,b =2,c = 1.
(a) Tinh BC.
(b) Trén CA kéo dai lay diém D sao cho BD = 2. Tinh AD.
Bai 5.22. Cho tam gidc ABC c6 BC = 12,CA = 13, trung tuyén AM = 8.
(a) Tinh dién tich tam giac ABC.
(b) Tinh goc B.

.. .. . oA 5v/3
Bai 5.23. Cho tam giac ABC c6 A = 60,2 =10,r = \?)f

(@) Tinh R
(b) Tinh b, c.
Bai 5.24. Cho AABC c6 AB =4,AC =5,BC =6.
(a) Tinh cac goc A, B, C.
(b) Tinh do dai dudng trung tuyén, do dai dudng cao va dién tich tam giac
(c) Tinh ban kinh duong tron noi tiép, ngoai tiép tam gidc.

Bai 5.25. Cho tam giac ABC c6 Ala goctu, AB=4,AC=5,5 = 4+/6. Tinh BC va
ban kinh duong tron ndi va ngoai tiép tam gidc ABC.

Bai 5.26. Cho tam gidc ABC vudng tai A, AB =3, AC =4, AH la duong cao.
(a) Tinh BC,BH,CH, AH.
(b) Goi I 1a diém thudc AB sao cho AI=2BI, CI cat AH tai E. Tinh CE
(c) GoiM la trung diém AC. Tinh ban kinh dudng tron ngoai tiép tam giac BCM.

Bai 5.27. Cho hinh vuong ABCD canh a, goi N 1a trung diém CD, M la diém trén

AC sao cho AM = %

(@) Tinh cac canh tam gidc BNM.

(b) Tinh dién tich tam giac BNM.
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(c) Goil = BNN AC. Tinh CI.
(d) Tinh ban kinh dudng tron ngoai tiép tam giac BNM.
Bai 5.28. Cho AABC can tai A noi tiép duong tron (O, R), AB = x.
(a) Tinh cos A, cos B, cos C theo R, x
(b) Tinh r theo R, x
(c) Pinh x dé dién tich tam giac ABC 16n nhét.

Bai 5.29. Cho AABC. Ching minh rang

b2 2

(a) cotA = ZS_Q
212 2
(b) cot A+ cotB+ cotC = R(a —;bbc +c)

tanA a% + c2 — b?
tanB b2+ c2 — a2’

@
Bai 5.30. Cho AABC. Ching minh rf?mg

(@) S= %R(acosA+bcosB+ccosC)

(b) S = p(p—a)tan

2
Bai 5.31. Cho AABC c6 ZC) = % # 1. Ching minh cot A = %(CO’EB + cotC).
b
> V3
Bai 5.32. Cho AABC céa? + b* = 2¢2. Chung minh m, + my, +m, = T(a +b+c).

Bai 5.33. Cho AABC. Chitng minh rang diéu kién can va du dé hai trung tuyén ké
tir B va C vuong géc v6i nhau la b + ¢* = 54>

Bai 5.34. Cho tam giac ABC ¢6 b + ¢ = 2a. Chiing minh

(a) 2sin A =sin B +sinC

2 1 1
(b)}T h7b+h7
(c) 6Rr = bc

Bai 5.35. Cho tam gidc ABC, goi 14, 13,7 la ban kinh duong tron bang tiép goc
A, B,C. Chting minh rang
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(c) ra+ry,+r.=4R+r.
Bai 5.36. Cho tam gidc ABC c6 cac trung tuyén BM va CN cat nhau tai G. Biét
BM = %, CN = 3, ZBGC = 120°. Tinh d¢ dai cac canh ctia tam giac ABC.

Bai 5.37. Cho tam gidc ABC déu canh 6a. D thudc canh BC sao cho BD = 24. Trung
truc cia AD cat AB, AC tai E, F. Tinh d6 dai EF theo a.

Bai 5.38. Cho tam giac ABC c¢6 BC = 10. Goi (I) la duong tron tdm I thudc canh
BC va tiép xuc véi AB, AC.

(a) Biét IA = 3,2IB = 3IC. Tinh d6 dai cac canh AB, AC.

(b) Biét (I) c6 ban kinh bang 3 va 2IB = 3IC. Tinh ban kinh dudng tron ngoai

tiép tam gidc ABC va cac canh AB, AC.

Bai 5.39. Cho hinh thang can ABCD vdi day l6n AB ngoai tiép duuong tron ban
kinh r.

(a) bat ZBAD = a. Tinh d¢ dai cac canh day va duong chéo theo r, a.

(b) Goi R la ban kinh dudng tron ngoai tiép hinh thang. Biét g = %\/E Tinh goc
ZBAD.

Bai 5.40. Ching minh rang trong tam giac ABC ta c6:

A _ |p(p—a)
(a) COSE = T

®) tand =[PP =)
: plp—a)
Bai 5.41. Cho duong tron tdm O ban kinh R va mot diém A bén ngoai dudng tron
(O). Mot duong théng thay d6i qua A cat duong tron tai hai diém B va C. Dat
/BOA = &, /COA = B. Chiing minh rang tan % tan g khong déi.
Bai 5.42. Cho tam gidac ABC c6 dién tich la S.
B2 42— g2

(a) Chung minh cotA = 15
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(b) Goi M 1a trung diém BC. Bat ZAMB = ¢. Chung minh cotC — cotB =
2 cot .
(c) Goi G la trong tam ctia tam giac ABC. Bat Z/BGC = a. Chiing minh cota =
5bccos A — 2(b* + ¢?)
3bcsin A
Bai 5.43. Ching minh trong tam giac ABC c6

(@) b+ c* = 2a% < cot B+ cotC = 2 cot A.
(b) b* +c* = a* & tan BtanC = 2sin” A.

Bai 5.44. Cho tam gidc ABC c6 /B > /C va O,1,0; 1a tAm dudng tron ngoai tiép,
noi tiép va dudng tron bang tiép goc ZA. Ching minh

2(sinB —sinC)
2cos A—1

tan L1001 =

Bai 5.45. Cho tam giac ABC va D, E la cac diém trén canh BC sao cho: BD = DE =

EC = % bat /BAD = «, /DAE = B, ZEAC = A. Ching minh

(cota + cot B)(cot B + cot A) = 4(1 + cot? B)
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OCHUONGO

@ VECTO

GOEOED

§1. VECTO VA CAC PHEP TOAN

@ LY THUYET

Pinh nghia 6.1. Vecto la mot doan thang c6 huéng, nghia la trong hai diém miut
cta doan théng, da chi ro6 diém nao 1a diém dau, diém nao 1a diém cudi.

Néu vecto c6 diém dau 1a M va diém cubi la N ta ki hiéu vecto d6 la MN.

Vecto ¢6 diém dau va diém cubi trung nhau dugce goi 1a vecto-khéng.

Dinh nghia 6.2. Duong thang AB dugc goi la gia cta vecto 1@ Véi vecto-khong
AA thi moi duong thang qua A déu la gia ctia né.
* Hai vecto dugc goi la ciing phuong néu gid ctia ching song song hodc tring
nhau.
¢ Hai vecto cung phuong thi cung hudéng hoac nguoc hudng.
* Vecto khong thi cuing phuong cung hudng véi moi vecto.

Pinh nghia 6.3. Do dai cta vecto la khoang cach gitta diém dau va diém cudi. Do
dai ctia vecto zﬁ la d6 dai doan thang AB. Ki hiéu |1@ |. D6 dai vecto-khong bang
0.

Dinh nghia 6.4. Hai vecto dugc goi la bang nhau néu chiing cing hudng va cting
— .
do dai. Hai vecto @ va b bangnhaukihiéula @ = b.

. - Lz .
Dinh nghia 6.5. (Tong hai vecto) Cho hai vecto Tval. Lay mot diém A nao doé
N . - 0
roi xac dinh cac diém 1@ = 7, B? = b .Khi d6 vecto /ﬁ dugc goi 1a tong cta hai
%
vecto @ va b .Ki hiéu

%
AC=T+b
Tinh chdt 6.1. Phép cong c6 cac tinh chat sau:

) - =
(a) Tinh chitgiaohoan @ + b = b + @
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(b) Tinh chatkéthop (7 + b))+ C =7 + (b + ).
(c) Tinh chat ctia vecto khong;: T+ 0 =

Tinh chit 6.2.

() (Quy tic 3 diém) V6i 3 diém A, B, C ta c6 AB + BC = AC.

(b) (Quy tac hinh binh hanh) V&i hinh binh hanh ABCD, ta ¢6 z@ + zﬁ = R .

) — . . - =
Tinh chét 6.3. Cho @'. Vecto b duoc goi la vecto doi cua Tnéud + b =0

s

A - 2 —
Nhdn xét: Neu vecto b va }7 cung la vecto doi ctua Zthi b = b .Th
- = = = s = 17 17
-7,

at vay, vi
theo dinh nghia,tac6 b = b + 0 =b + a4 +b = 0 +

—

Tir d6 ta thady méi vecto @ c6 mot vecto d6i duy nhat, ki hiéu la

A. o 1y T NTA = s . N A
Nhdn xét: Vecto ddictia 0 1a 0. Néu @ # 0 thi— 7 ngugc hudng va cung do

dai véi @
Dinh nghia 6.6. (Hiéu hai vecto) Cho hai vecto 7 vab.Ta dinh nghia

)

%
a—-b =1

a —1—(—7

, —
Tinh chét 6.4. Cho cac vects @, b, ¢ . Khi dé ta c6

@ 7-0=7.
) T—7=0.
T =7

(c) T+

%
sd=C—-1b.
K

Q7T (b +T)=TF—1b -

Tinh chit 6.5. V4i3 diém A, B, C thi

BC = AC — AB

Pinh nghia 6.7. (Phép nhan ctia mdt vecto voi mot s6) Cho vec to 7 vasb thuc k.
Phép nhan cta 7 vash thuc k, ki hiéu k - I duoc xac dinh nhu sau:
5 . —
e Néuk =0hodc @ thik- 7 = 0.
¢ Céc truong hop khéc thi k - 7 1a mot vec to cung hudéng véi 7 néuk >0,
ngugc huéng véi @ néuk < 0,va k- @' | = |k|-|a|.
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Tinh chét 6.6. Cho cac vec to 7,?%1 cac s6 thuc k, m. Khi d6
@k (F+0)=k- T +k-D.

) k-7 +m-a =(k+m) a.

© k-(m-@) = (km)-@.

(d) k-7 = 0 khivachikhik=0Ohosc @ = 0.

CAC Vi DU

Vidu 6.1. Cho 3 diém A, B, C phan biét. Xét vi tri ctia cac diém A, B, C biét rang
(a) Vecto AB cung phuong vdi vecto AC.
(b) Vecto AB cung hudng voéi vecto AC.
(c) Vecto zﬁ bang vecto Eg .

Vi du 6.2. Cho hinh vuéng ABCD canh a. Dung va tinh d¢ dai ctia cdc vec to sau:

(a) ¥ = AB+ BC
(b) T = AB+ AD + DB

Vidu 6.3. Cho 4 diém A,B,C,D. Goi M, N lan lugt la trung diém AD va BC.

Chiing minh rang
AB+DC = AC + DB = 2MN

Vidu 6.4. Cho tam gidc ABC. Goi G la trong tam tam gidc, M la trung di€ém BC.
Goi D la diém dbi xing ctia G qua M.

(a) Ching minh GB + GC = GD

(b) Chitng minh GA + GB+ GC = 0.

(c) Cho diém O. Ching minh rang 0A + OB + 0C = 3.0C.

(d) Cho tam gidc A'B'C’ ¢6 trong tim G’. Chiing minh rang
T T —
AA"+ BB+ CC' = 3GG

Tit d6 suy ra diéu kién dé 2 tam gidc c6 cting trong tam.
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Vi du 6.5. Tam giac ABC la tam gidc gi néu thda man ‘z@ + Eé‘ = ‘z@ - R‘
Vi du 6.6. Cho ngti giac déu ABCDE tam O. Chiing minh rang

OA + 0B +0C + 0D + OF = 0

Vi du 6.7. Cho tam gidc ABC. M thudc canh BC thoa MB = 2MC.
(a) Chung minh m = —2]\7(%.
(b) Chuing minh m = %zﬁ + %R

Vi du 6.8. Cho tam gidc ABC déu. M la diém nam trong tam gidc ABC. Goi O la
tam duong tron ngoai tiép tam giac ABC. Goi D', E/, F’ 1an lugt la diém ddi xing
cia M qua BC, AC, AB. Ching minh O la trong tdm tam giac D'E'F’ va MD' +
e ey
ME + MF =3 MO.

- P — - . . Y
Vidu 6.9. Cho cacvecto a’, b .Chang minh rang

— —
@+ 0| <|d|+]| V]

Tim diéu kién dé dang thic xay ra.

Vi du 6.10. Cho ntta dudng tron tdm O ban kinh 1, trén nita dudng tron lay cac
diém A, B, C phan biét. Chiing minh rang

04 + OB +0C| > 1

{C} BAI TAP REN LUYEN
Bai 6.1. Cho 6 diém A, B,C, D, E, F. Ching minh

AD + BE + CF = AE + BF +CD = AF + BD + CE

Bai 6.2. Cho tit gidc ABCD. Chiing minh rang néu |1ﬁ + BT%] = |1ﬁ + DT%] thi
AC 1L BD.

Bai 6.3. Cho tam gidc ABC. Vé phia ngoai tam giac ABC, dung cac hinh binh hanh
ABIJ, BCPQ,CARS.

Chung minh réng 1?} + IB + ﬁ = ﬁ
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Bai 6.4. Cho 5 diém A, B, C, D va E. Chiing minh rang:

(a) AC+DE—DC—CE+CB = AB
(b) AB+ BC +CD = AE — DE

— . = —
Bai 6.5. Cho céc vecto @, b . Ching minh rang 7 —b|>|d|-|b

Bai 6.6. Cho tam giac ABC. M la diém ddi xing ctia B qua C.
(a) Chitng minh BM = 2BC.
(b) Chitng minh AM = 2BM — 2BA.

Bai 6.7. Cho tui gidc ABCD. Céc diém M, N theo thit tu thuoc canh AD, BC sao cho
MA NB «x

N 1
Bai 6.8. Cho tam giac ABC, O 1a diém bat ki. Goi D, E, F 1an luot la diém déi xing
cta O qua trung diém cac canh BC, AC, AB cuia tam gidc ABC. Tim vi tri diém O
dé hai tam ABC va DEF c6 cung trong tam.

Bai 6.9. Cho luc giac déu ABCDEF. M la diém nam trong luc gidc. Goi P, Q,R,S, T, U
lan luot 1a hinh chiéu vudng goc cua M trén cac canh AB, BC,CD, DE, EF, FA.
Chting minh rang hai tam giac PQT va QSU c6 ciing trong tam.

Bai 6.10. Cho ntta duong tam O ban kinh 1. Trén nita duong tron léy 2025 diém
phéan biét Ay, A, - - -, Azps. Chirng minh ré“mg

— s — —
|OA1 +OAy + -+ OApyps| > 1
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§2. SU BIEU DIEN VECTO

@ LY THUYET

Dinh 1i 6.1. Cho hai vecto @, I trong do 7 #* 0.Khids @ , v cung phuong khi
va chi khi ton tai s6 thuc k théa @ =k - b

Chung minh.

5 ) — —
(a) Chiéu thuan. Ro rang neu @ =k- b thitheo dinh nghia, hai vecto @, b
cung phuong.

(b) Chiéu dao. Néu @, b cung phuong.

!al

e Truong hgp 1. Néu 7, b cung hudng. Dat k = , ta chiing minh

ik
T =k b Thu’cvay
— - .
Dok > Onénk- v cung huéng b ma I cung huong nénk- b cung
hudnga
Valk- 0| =k-|7|=7
_>
o Trut A = 77 P < . ‘61 ’ . .
ruong hop 2. Neu 4, b ngugc hudng. Dat k = —‘ > ’, ching minh

%
tuong tu nhu trén ta cing c6 T =k-b.

Hé qua 6.1. Cho a b la hai vecto khong cting phuong va cac s6 thuc x, y.
Khi dé x - a+y T = Okhlvachlkhlx:yzo.

Hé qua 6.2. Cho 3 diém A, B, C phan biét.
Khi d6 A, B, C thang hang khi va chi khi ton tai k sao cho AB = k- AC.

Hé qua 6.3. Cho doan thang AB, M la diém nam gitta A va B, khi d6

MZ:_ML‘W m_LM Ab

Dinh li 6.2. Cho 2 vecto @, b khong cung phuong. Khi d6 véi moi " thi ton tai
duy nhét cap sb (x;y) sao cho

%
c :x-7—|—y- b

Ching minh.  * Lay diém O ta dung cac vecto AO=7;06=1,0C = C.
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e Tir C dung cac duong thang song song véi OB, OA cat OA, OB tai D va E.
Khi d6 OC = OD + O

—
* Ma @ va Cﬁ ciing phuong nén ton ta1 x thoa @ —x-OA=x-7; ; tuong

tutontalysaochoﬁ y- (ﬁ—y b.
ODodé?:x-E)—Fy ?
T =

— —
* Gia st ton tai x’,y théa x' +y/- b.Khidéx-7+y- b =x-7 +
—- — —)
ybe (x—xYad+y—y)b =0.
Theohéqué143th1x—x y=y.
Hé qua64 Cho hai vecto a b khong cung phuong. Cac vecto c 7 gia st =
+y1 bva?—xz a+y2 b.

Kh1 do

(a) ? = 7<:>X1 = X2,Y1 = Y.

) T, 7 cung phuong khi va chi khi x; = k- xp,y1 = k- 2, hay % = 51 néu
2 2
X2, Y2 7é 0.
Chung minh.

(@) Tacc’)?):7©x1-7+y1-7=x2~7+y2'?
_>
& (m-0)T+—y)d =0

Sxi—X=—-Y=0&x1=x,y1 =1

b) @, d ciing phuong, khi va chi khi

— —
?:k~7®x1~7+x2~ b :ky1-7+ky2b & x1 =kyy,x2 =k

Hé qua 6. 5 Cho 3 diém A, B,C va hai vecto @, b khong cung phuong. Gia st
it Ty D
AB =x- —l—y bvaA =x'-ad+y-0b.
Khi d6 A, B, C thang hang khi va chi khi ton tai k thoa x = kx, y = ky’ hay % = ;

néu x’,y’ #0.
%
Hé qua 6.6. Cho @, b, ¢ doi mot khong ciing phuong.
(a) Khi d6 ton tai x, y, z khong dong thoi bang 0 va
y g dong )
- _ ﬁ

%
T4y b4z
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(b) Néu ton tai x, v,z va x’,1/,z’ khac 0 théa man

- =

— —
X-7+y-b+z-?:x’-7+y’-b+z’-c:0
thi
_¥y_Zz
Xy 7
Chung minh.
- \
@) Taco @, b khong cung phuong nén v6i ¢ thi ton tai x,ythéa?> —x- 7+
- — Il -y
y-b=x-ad+y-b—-c=0,viiz=-1
2 — = __ 4l I
(b) Tirddng thitctacd @ = —a ——2b =—a L.
, , Z z z z
_ X sV Y x_ Y
Suyrag—gvag_?,suyra;_?,

Tir d6 ta c6 diéu can ching minh.

Vi DU

Vi du 6.11. Cho tam gidc ABC va diém D thoéa man AD = ZR, I 1a trung diém
cua BD.

(a) Biéu dién ﬁ theo zﬁ, R
. x
(b) Biéu dien AM theo x va /ﬁ, zﬁ

; -
Vi du 6.12. Cho tam giac ABC goi M la diém thoa MA +3MB = 0.Gia st CM =

x-CT‘i—l—y-C?.Tinhx,y.

Vi du 6.13. Cho tam gidc ABC. Goi M la trung diém AB, N thoa NA+2NC =10
va P 1a diém ddi xing ctia B qua C.

a) Chung minh m = %A—é
b) Chung minh ZW/I = %zﬁ — %R
¢) Chung minh M, N, P théng hang.
Vi du 6.14. Cho ta giac ABCD. Goi M, N thudc canh AD, BC sao cho AM = 2MD, BN =

2NC. Chitng minh rang trung diém cac doan thang AB, MN va CD thang hang.
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Vi du 6.15. Cho tam gidc ABC va diém D thoa man zﬁ = ZR, I 1a trung diém
ctia BD. M la diém thoda m = xB?, x € R.

(a) Tinh Al theo AB, AC.
(b) Tinh AM theo x va AB, AC
(c) Tim x dé A, I, M thang hang.

Vidu 6.16. Cho hai diém A va B, diém O la diém nam ngoai duong thang AB.
2 — N N

Néu M théa OM = x - OA +y - OB, trong d6 x,y khong déng thai bing 0, khi dé

M thudc duong thang AB khi va chi khi x +y = 1.

) —
Nhdn xét: Trong vi du trén, neu thay z - OM = x - OA +y- OB thiz = x +v.

Vi du 6.17. Cho tam gidc ABC. Mot dudng thang qua trong tam G ctia tam giac cat
cac canh AB, AC tai D va E. Ching minh

AB  AC

ap T ag 73

Vi du 6.18. Cho mot tam gidc ABC v6i AB | BC. Duong cao BH cat cac phan gidc
AD va CE lan lugt tai Q va P. Chitng minh rang duong thang di qua trung diém
ctia cac doan thang QD va PE song song v6i AC.

Vi du 6.19. Cho tam gidc ABC. Mot dudng tron di qua hai diém B va C cét lai cac
canh AB va AC 1an luot tai N va M. Xét cac diém P va Q 1an lugt ndm trén cac doan
th:fmg MN va BC sao cho cac goc ZBAC va ZPAQ c¢6 cung phén gidc trong.

(a) Ching minh rang:
PM QOB

PN~ QC
(b) Chitng minh rang trung diém ctia cac doan thang BM, CN va PQ thang hang.

@ BAI TAP REN LUYEN

Bai 6.11. Cho tam giac ABC c6 I 1a diém déi xiing véi B qua C, ] 1a trung diém AC,
K thudc AB thoa AB = 3AK.

(a) Tinh BI, BJ, BK theo BA, BC.
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(b) Tinh TJ, IK theo BA, BC.

Bai 6.12. Cho tam giac ABC. Léy M, N lan lugt la trung diém AB, AC. L 1a diém
thoa man 2L7i + SL? + 3ﬁ = ﬁ

(a) Tinh m, m, BT theo 134A>, IQ
(b) Tinh MN, ML, theo BA, BC.

Bai 6.13. Cho tam gidc ABC va cac diém I, ] thoa man 2CT+3BI = ﬁ, 5]% - 2]% =
%
0.

a) Tinh ﬁ, 1?7 theo 1@, R
— =
b) Goi G la trong tam tam gidc ABC. Tinh AG theo Al, AJ.

Bai 6.14. Cho tam giac ABC c6 cac canh a,b,c. Goi Ay, By, C; theo tha tu 1a chan
cac duong phan giac ké tir A, B, C.

(a) Tinh AA, theo AB, AC.
N N i — —_—
(b) Chung minh rang AABC la tam giac déu neu AA; + BBy + CCy = 6>

Bai 6.15. Cho tam giac ABC. Hai diém M, N dugc xac dinh bgi hé thuc: Eé +M Z =
T, 4B NA- 3AC = 0 Chingmi
0,AB—NA—-3AC = 0.Chang minh MN || AC.

Bai 6.16. Cho 3@ + 2@ - S(Yf = 6> Chung minh A, B, C thfmg hang.
Bai 6.17. Cho tam gidc ABC c6 trung tuyén AM. Goi I 1a trung diém AM va K la
. 1
trung diém AC sao AK = EAC .
(a) Biéu dién cac vecto BI , BK theo E?Zl, BC.
(b) Ching minh cac diém B, I, K théng hang.

Bai 6.18. Cho tam gidc ABC c6 trong tdm G. Goi I, | 1a hai diém xac dinh boi I—/i =

21B,3JA +2]¢ = 0.
(a) Tinh TJ, IC theo AB, AC.
(b) Chiing minh I, ], G thang hang.
Bai 6.19. Cho tam gidc ABC. Ly cac diém M, N, P thoa man

MA + MB = 0,3AN — 2AC = 0, PB = 2PC.

Chung minh M, N, P théng hang.
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Bai 6.20. Cho tam giac ABC, M la diém trén canh BC sao cho BM = 3MC, N la
diém déi xiing véi M qua C.

(a) Tinh AM, AN theo AB, AC.

(b) Goi I la trung di€ém AM, ] 1a diém trén AN sao cho A] = kAC. Xac dinh k dé
B,I,] th:fmg hang.

Bai 6.21. Cho tam giac ABC va diém D théa man AD = Zzﬁ, I 1a trung diém cua
DB. M 1a diém théa BM = xBC, x € R.

(a) Tinh AT theo AB, AC.

(b) Tinh AM theo x va AB, AC.

(c) Tim x saocho A, I, M theamg hang.
Bai 6.22. Cho hinh binh hanh ABCD tam O. it AC = @, BD = b .

(a) Tinh AB, BC, AD theo @, b .

N

2 X 2 » » —>
(b) Haidiém M, N lan luot trén hai duong thang AB, CD. Gid st AM = xﬁ, AN =
yzﬁ. Tim diéu kién cta x,y dé€ M, N, B thang hang.
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§3. TAM TI CU CUA MOT HE PIEM

@ LY THUYET

Tinh chit 6.7. Cho hai diém A, B phan biét va cac sb thuc m, n c6 tong khac 0. Khi
d6 ton tai duy nhat diém O sao cho

m~O7§+n-O?:6>

Chung minh. Ta co m - O_/i+n O—é
S m-OA+n- (ﬁ—h@
& (m+ n)@ — nAB
o A0 = AB. (1)
m +n IS 2
Déng thiic (1) cho ta xac dinh sy ton tai diém O.
%
Gia stt ¢6 O’ cting thoa m - 074—71 O? 0.
Khi d6 ta c6 m - OA + m - O?—m O'A+n- OB:> (m—i—n)OO’ 0 =0=0.
(2) Tir (1) va (2) ta c6 diém O ton tai va duy nhat.

Tinh chit 6.8. Cho 3 diém A, B, C va cac s6 thuc m, n, p khong dong thoi bang 0 va
c6 tong khac 0. Khi d6 ton tai duy nhéat diém O thoa:

m-(ﬁ—l—n-@—l—p-&:ﬁ

Chung minh. Lam tuong tu nhu trén ta c6 A0 =

AC.

Tinh chdt 6.9. Cho n diém A;, Ay, ..., A, van sO thuc aq, ay, ..., &y, khong df)ng thoi

Ly S A
m—+n+p m—+n+p

bang 0 va c6 téng khéc 0.

(a) Chiing minh ton tai duy nhat diém O thda

n N % %
ZDCZ'.OAI’ =01.0A1+a.0A + ...+ 2,.0A, = 0
i=1
biém O duogc goi la tim t cy cta hé diém A;, Ay, ..., A, tuong ting véi cac hé
SO aq, &, ..., &y
n
—
) aiMA;
L4 i=1

(b) Véi diém O duoc xac dinh nhur trén, khi d6 moi diém M ta cé6 M MO =

e
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n
Chung minh. a) Ta c6 Zai.O—>1¢li =
i=1 i=1

n n \ —
& (Zal) ‘0A1+ ) A1Ai= 0
i=1

i=1
— -1 & —
< 0A1 = —— ) A1A; (%)
o; i=1
=1

1

Déng thic (%) xac dinh duy nhat diém O théa man.
b) Khi d6 véi diéem M thi MA; = MO + OA;, tu do

Tinh chit 6.10. Cho n diém A1, A,, ..., A, van so thuc ay, s, ..., &, khong dong thoi
bang 0 va c6 téng bang 0. Khi d6

W —a1-OA) +a2-OAg+ -+ a0y - OA,
khong phu thudc vao diém O.

Vi DU

Bai 6.23. Cho tam giac ABC. Tim diém N, M thoa:

(@) NA+NB+2NC= 0.
(b) [MA +2MB — 5MC| = |AB — AC).
Bai 6.24. Cho tam giac ABC. Hay tim tap hop diém M thoéa man diéu kién:
(@) MA—-MB+MC=10.
(b) [MA — 2MB + 4MC| = |4MB — MC|.

Bai 6.25. Cho tu gidc ABCD. Goi Gy, Gy, G, G4 lan luot 1a trong tam cua cac tam
giac BCD, ACD, ABD, BCD. Ching minh réng AGg, BGy, CG¢, DG, cung di qua
mot diém.
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Bai 6.26. (Dinh ly Jacobi) Cho tam giac ABC. M la diém nam trong tam giac ABC.
Dét Sa = SMgc, Sb = SMAC/ SC = SMAB/S = SABC~ Chﬁmg minh I'gil’lg

Se-MA+S, -MB+S.-MC=10

Bai 6.27. Cho tam gidc ABC. M la diém nam trong tam gidc. Khi d6 x, y, z thda man

x y z

Smc  Smac  SmaB

x MA+y-MB+z MC=T10

khi va chi khi

Bai 6.28. Cho tam giac ABC. Dudng tron tam I noi tiép tam giac va tiép xtic véi cac
canh BC, AC, ABlan lugtla D,E,F. Dat BC = a, AC = b, AB = c.

(a) Chl'rngminhrf?mga-ﬁ—i—b-ﬁ—i—c-z: 6>
(b) Chﬁmgminhrﬁnga-lﬁ—kb-ﬁ—l—c-ﬁ:6).

Bai 6.29. (Pinh ly con nhim) Cho da gidc 16i A1 A, - - - Ay, va cac vecto don vi &;(1 <
i < n) theo thu tu vudng goc voi A;jA;11 (xem A,11 = A; ), hudng ra phia ngoai
da giac. Ching minh rang

ArAy - & + ArAs- o + ...+ ApAy- & = 0 (dinh Ii con nhim).

@ BAI TAP REN LUYEN
Bai 6.30. Cho tam gidc ABC. Hay fim tap hop diém M thoé diéu kién sau:
(a) [MA — CA| = BC.
(b) [MA + MB| = |MA — MC|.
(©) [MA + MC| = |MA + MC|.
(d) |2MA + MB| = |MA + 2MB|.
e) |MA — 2MB + 4MC| = [4MB — MC).

Bai 6.31. Cho hai diém A, B ¢6 dinh. Tim tap hop cac diém M thda man:
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(a) |MA +3MB| = %\W—WL
(b) [2MA + 3MB| = [4MA + MB.
(©) |3MA + MB — 2MC| = [3MB — 2MA — MC).

Bai 6.32. Cho tam gidc ABC v6i BC = a, AC = bva AB = c. AD la phan giac trong
. s , _ DC DB b c
goc A. Khi d6 ta c6 AD = %ﬁ+ﬁﬁ = b—i—c'ﬁ—'— b—f—c'zﬁ

Bai 6.33. Cho M la diém nam trong tam gidc ABC nhon, khi dé ta c6

(a) Khi M = O, ta c6 sin24 - OA + sin2B - OB + sin2C-0C = 0

(b) KhiMEH,tacétanA-I;{%—tanB-Iﬁ—#’canc-lﬁ:6>

Bai 6.34. Cho tam gidc ABC. Chiing minh rang diém M ndmm trong tam gidc ABC

khivéChikhiténtaicécsédudngx,y,zthéax+y+z:1Véx-m+y-m+
z-MC=T

Bai 6.35. Cho tam giac ABC c6 dudng tron tam I ndi tiép tam gidc va tiép xtic voi
BC, AC, AB lan luot tai D, E va F.Chiing minh rﬁng

a-ﬁ—l—b-ﬁ—l—c-ﬁ:ﬁ

Bai 6.36. Cho tam giac ABC. Goi I, H lan lugt 1a tam noi tiép va truc tdm cta tam
gidc ABC. Chung minh ré“mg tam giac ABC déu khi va chi khi

HA-TA+HB-IB+HC-IC=T0

Bai 6.37. Cho tam gidc ABC, goi I, la tdm dudng tron bang tiép géc A, BC =
a, AC = b, AB = c. Chung minh réng

b.ﬁ_i_c.ﬁ_a.ﬁ:ﬁ

Bai 6.38. Cho tam giac ABC c6 dudng tron tdm I noi tiép tam giac va tiép xtc véi
cac canh BC, AC va ABlan lugt tai D, E va F. Chiing minh rfing AD, BE va CF dong
quy tai diém J va

%
(p—a)(p—)JA+(p—a) (p—) TB+(p—b) (p—a)]C = O
Trong d6 a,b, c 1a d6 dai 3 canh BC, AC va AB, p la ntra chu vi. Diém ] duogc goi la

diém Gergonne cuia tam giac.
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Bai 6.39. (Duong dbi trung diém diém Lemoine) Duong thang dbi xing véi dudng
trung tuyén qua dudng phan giac xuat phat cung dinh dugc goi la duong débi trung

cta tam giac.

(a) Trong mot tam gidc, 3 dudong dbi trung dong qui tai mot diém L. Hon nita ta
_>
c6 hé thuc a®.LA + bz.ﬁ + cz.L% =0

(b) Trong mot tam giac, diém Lemoine 1a trong tdm ctia ctia tam gidc c6 cac dinh
la hinh chieu ctia diém Lemoine trén cdc canh ctia tam gidc do.

Bai 6.40. Cho tam gidc ABC va mot di€ém M tuy y, goi G la trong tdm tam giac ABC.
; — 2

Hai diém M, N di dong thoa MN = 4MA + MB + MC. Chitng minh duong thang

MN luén di qua mot diém cd dinh.

Bai 6.41. Cho tam gidc ABC va mot diém M bat ky. Goi Gy, Gy, G, G, G 1an luot

la trong tam cac tam giac MBC, MCA, MAB, G,G,G¢,. Ching minh MG, luén di

qua mot diém c6 dinh.

Bai 6.42. Chongti gidc déu ABCDE. I la diém thay d6i trén canh AB. Goi M, N, P, Q

1a hinh chiéu cta I trén cac dudng thang chita canh con lai ctia ngi gidc. Goi G 1a

trong tam ti gidc MNPQ. Ching minh rang IG luén di qua mot diém cé dinh.
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§4. TICH VO HUONG CUA HAI VECTO

@ LY THUYET

— .
Pinh nghia 6.8. (Goc cta hai vecto) Cho hai vecto 7, b . Tu mét diém O ta dung

— _— — = =
OA = @,0B = b . Khi d6 OAB 1a goc giita hai vects @ va b . Ki hieu (7, 7 )

hodc (7,7)

Goc gitra vects 0 vdi vecto bat ki bang 0°.

— —
Dinh nghla 6.9. Néu (7; b ) = 90° tanéi hai vecto @, b vudng goc nhau, ki hiéu
7LD,
— —
b.DPata=(a; b ). Khid60° <a < 180°.

%
Dinh n h1a 6.10. Cho hai vecto @ va b . Khi d6 tich vé huéng ctia hai vecto ki
g g

hiéu la i b 1a mét sd duoc xac dinh bai

Tinh chét 6.11. Cho hai vec to @ ,

7T =|@| |V cos(T; 0)

2 — £
Tinh chét 6.12. Véiba vecto @, b, ¢ tiy y sb thuc k, ta c6:

- = — —
e 7-b =1V 7; e (b —-CN=7-b-7-7;
— — — —
o (k@) - b =k(@-b); e 7 b =0s71b;
— —
DB+ )=T -V +7-F; e A=)

Tinh chit 6.13. (Cong thitc hinh chiéu) Cho hai vecto @, b Goi 7 1a hinh chiéu
clia @ trén gid cta vecto b . Khi do

Vi DU

€@ DANG TINH TOAN

2 —
Nhﬁnxét:Chohaivectd7,7.Néu7:x-7+y~7vé b :x’-7+y'-7.

Khi do

e TV =(x- W4y T +y D)
. 72:(7:x-7+y 7) Suyra] a|.
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Z:7)

4

e cos(

Vi du 6.20. Cho tam gidc ABC déu canh a. Tinh gia tri cac biéu thirc sau theo a.

(a) AB - AC.
(b) AB(2AB — 3BC).

Vi du 6.21. Cho tam gidc ABC ¢6 ZBAC = 60°, AB = 3,AC = 4.
(a) Tinh BC.

(b) LAy M théa MB + 2MC = 0. Tinh AM.

Vi du 6.22. Cho hinh binh hanh ABCD c6 AB = 4, AC = 6 va ZBAD = 60°. Goi
M, N la trung diém BC, CD.
(a) Tinh AM, BN.

— - — =
(b) Tinh AM - BN. Suy ra goc gitta hai vecto AM va BN.

©® CHUNG MINH VUONG GOC

Vi du 6.23. Cho hinh vuéng ABCD c6 M, N lan luot 1a trung diém cta AB va BC.
Chiing minh rang AN L DM.

Vi du 6.24. Cho tam giac ABC, M la trung diém canh BC. Vé phia ngoai tam giac
dung cac tam gidc ABD, ACE vudng can tai A. Chiing minh ré“mg AM1DE.

Vi du 6.25. Cho tr gidc ABCD ngoai tiép duong tron (I). Puong thang qua C
vuong goc véi BC cat BI tai T; duong thang qua C vuéng goc véi CD cat DI tai
S. Chiing minh rang ST | AC.

© CHUNG MINH PANG THUC

Vi du 6.26. Cho tam giac ABC, goi M la trung diém canh BC. Chiing minh rang:

2 2 2
(a) AB. AC = 4B +A2C BC :AMZ—iBCZ;
(b) BC?> = AB?> + AC?> —2AB - AC - cos /BAC.

Vi du 6.27. Cho 4 diém A, B, C, D. Chiing minh ring
DC-AB+DA-BC+DB-CA=0

Tir d6 suy ra ba dudng cao ctia tam gidc dong quy.
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Vi du 6.28. Cho tam gidc ABC. Goi M théa MB +2MC = 0.

(a) Ching minh AB* +2AC? = 3AM? 4+ MB? 4 2MC>.
(b) Chiing minh AM? = %ABZ + %ACZ — %BCZ.

Vi du 6.29. (Pinh ly Stewart) Cho tam gidac ABC va D 1a mot diém thudc canh BC.
Chung minh r?mg:

AB?.CD + AC*-BD = BC (AD*+ BD - CD)

N , —
Vi du 6.30. Cho tam gidc ABC va diém I théa a-IA + BIB 4+ 7-1C = 0 (a+ B+
v # 0). Chiing minh rang v6i moi diém M ta c6:

aMA? 4+ B-MB*+ - MC? = (¢ + B+ 9)MI* +a - IA*> + B - IB*> + - IC?

va

w-TA? +B-IB* + - IC* = (aBAB* 4 ByBC? + ayAC?)

a+p+y
Vi du 6.31. Cho tam giac ABC, canh BC = 4,CA =b,AB =, diém M bén trong
tam giac. Dat:
_ Samc . Samac _ Samsa
x= Y= ,Z=
SaABC SAABC SaABC

xm+ym+zm: ﬁ

Tacox+y+z=1va:

Chung minh
OM? = x-OA? +y-OB? +z-0C? — (xyc® + xzb* + yza®)

Vi du 6.32. Cho tam gidc ABC c6 I 1a tam ndi tiép va O la tdm ngoai tiép. Ching
minh rang

(@) a-IA?2+b-IB>+c-IC? = abe.

(b) I0? = 2Rr
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@ CACBAITOAN QUY TIiCH

Vi du 6.33. Cho hai diém A, B phan biét va sb thuc k. Tim quy tich cac diém M

thoa MA - MB = k.
Vi du 6.34. Cho vecto W va diém A cb dinh, k 1a sb thuc cho trude. Tim quy tich

diém M sao cho
MA- T =k

Vi du 6.35. Cho tam gidc ABC déu canh a. Tim diém M sao cho

(m—i—m)(m—i—ﬂ\ﬁ—km) =a°

Vi du 6.36. Cho tam giac ABC vudng can tai A, AB = a. Tim diém M thoa

(MA — 2MB + MC)(MA + MB) = a2

@ BAI TAP REN LUYEN

Bai 6.43. Cho tam gidac ABC ¢c6 AB =5, AC =8,£A = 120°.
(a) Tinh AB - AC va d6 dai BC.
(b) Goi G la trong tam tam giac ABC. Tinh AG - BC.

Bai 6.44. Cho tam gidc ABC c6 AB =3, AC = 6,ZBAC = 60°. Tinh
(a) BC.
(b) Goi M 1a trung diém BC. Tinh AM - BC.
(c) Tinh AM.

Bai 6.45. Cho tam gidc ABC déu canh a. Trén duong thang BC lay diém N sao cho
BN = 3BC

(a) Tinh AB - BN.

(b) Tinh AN.
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(c) Tinh AC - AN.

Bai 6.46. Cho tam giac ABC c6 AB =3, AC =4, /BAC = 60°.Diém M thoa Z\ﬁ +

IMC=T1.
(a) Tinh BM - BC.
(b) Tinh BC.
(c) Chiing minh AM = %A—B) + %R. Tinh do dai AM.

Bai 6.47. Cho tam giac ABC vuong can tai A, AB = a.

a) AB.AC, AB.AB
b) AB.BC, AB. (ﬁ n /Té)

Bai 6.48. Cho hinh binh hanh ABCD c¢6 AB = 4, AD = 6, /BAD = 60°.M, N lan
luot 1a trung diém cac canh AB va BC. Tinh:

(a) CM.DN
(b) Po dai cac doan thang AC, BD.
(c) Goc giﬁ(az@ va ﬁ
(d) D6 dai MD, AN va cos (DT/I, ,ﬁ\r)
Bai 6.49. Cho hinh vuéng ABCD canh a.
(a) Tinh AB.AD, AB.AC
(b) Goi M, N 14n luot 14 trung diém ctia AB, BC. Tinh AM.AD, AM.AN
(c) Chung minh mm =0.Suyra DM1LAN.

Bai 6.50. Cho hinh vuéng ABCD canh a, M, N la cac diém thudc canh BC, CD sao
cho MB = MC,ND = 2NC.

(a) Tinh AM.AB, AN.AD
(b) Tinh AM.AN. Suy ra goc ZMAN.
(c) Tinh 171\7115)1 , suy ra goc gitta hai duong théng DM va BN.

Bai 6.51. Cho tam gidc ABC c6 AB =7, AC = 5va BAC = 120°.
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(a) Tinh AB.AC

(b) Tinh BC.
(c) Tinh do6 dai cac trung tuyén AM, BN, CP.
Bai 6.52. Cho tam gidc ABC c6 AB = a, AC = 2a. Goi D trung diém canh AC, M 1a
. , 1 , . . .
diém thod BM = glg(_% . Ching minh BD vudng géc AM.

Bai 6.53. Cho tam gidc déu ABC canh a. Trén 3 canh AB, BC, CA lan luot léy 3 diém
M, N, P sao cho m = %lﬁ,ﬁ)f = %ﬁ,ﬁ = gzﬁ

(a) Tinh AB.AC.

(b) Tinh m, H\I theo 1@ va R

(c) Chung minh MP vudng géc AN.
Bai 6.54. Cho hinh vuéng ABCD canh a.

(a) Goi M, N la trung diém BC, CD. Chitng minh AM vuong goc BN.

(b) Goi P,Q thudc BC,CD sao cho BP = EBC, CD = %LCD. Chung minh AP

vuong goc BQ.

Bai 6.55. Cho tu gidc ABCD c6 hai dudng chéo cat nhau tai O. Goi H, K 1an lugt 1a
tryc tm ctia cac tam giac OAB va OCD; goi M, N lan lugt la trung diém cta AD
va BC. Chung minh MN vudng goc HK.

Bai 6.56. Cho tam gidc déu ABC. Diém O théa OA + 208 +40C = 0. Tinh géc
ZAOC.

Bai 6.57. Cho tam gidc ABC c6 BAC = 60°, AB = 4, AC = 6.

(a) Tinh AB.AC, AB.BC va do dai BC.

(b) Ly cac diém M, N xéc dinh bdi 2AM +3MC = 0;NB+xNC = 0,

—1). Tim x d€ AN vudng géc BM.

(x #
Bai 6.58. Cho tam giac déu canh 3a. LAy M, N, P lan lugt thudc BC,CA, AB sao cho
BA =a,CN =2a,AP = x(0 < x < 3a).

(a) Tinh AM theo AB, AC.
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(b) Chiing minh PN = %(R - gzﬁ).
(c) Pinh x ¢ AM vudng goc NP.

Bai 6.59. Cho tam giac ABC c6 duong cao AH, trung tuyén AM. Ching minh:

(a) AB*+ AC? =2AM? + %BC2

(b) AB? — AC? — 2BC.MH

2
) AB.AC = AM? — B:

d) AB.AC + BC.BA + CA.CB = AB2+BC2+CA2)
Bai 6.60. Cho tam giac ABC c6 tryc tam H. Goi M la trung diém BC. Chitng minh
a) AB.AC = MA? — MB?

(b) MH.MA — %BCZ

() MA%?+ MH? = AH? + %BCZ.
Bai 6.61. Cho tam gidc ABC déu canh a. Tim tap hop cac diém M thod man
(a) mzﬁ = q?
(b) AM.BC = 342
Bai 6.62. Cho hinh chit nhat ABCD v6i AB = 3AD = 3a.
a) Tinh I@R,Rﬁ
(b) Goi M 1a mot diém tuy y. Chitng minh MA.MC = MB.MD.

() T%n tap hop tit ca nhiing diém N sao cho (ﬁ + ZW?)(Z@ - ﬁ) = (ZW) -
NC)?

Bai 6.63. Cho tam giac ABC vudng can tai A, AB = a. Tim tap hop cac diém M

thoa man
) (VA + ) (8 - ) = 0
b) MA? = MB.MC
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¢) 2MA? = MA.MB + MA.MC
(d) MA? — MB?>+ CA?+CB*=0
(e) 3MA%? —2MB? — MC?> =0
) MA.MB — MA.MC = MC? — MB? + BC2.

Bai 6.64. Cho AB = 4. Tim tap hop cac diém M thoa man:
(@) MA?+ MB* = o
(b) 2MA? + MB? = a*

(c) 2MA? —3MB?* = 4°
d) MA® + MA.MB =0

Bai 6.65. (Dinh ly Lagrange) Goi G 1a tdm t cu ctia hé diém Ay, Ay, ..., A, Ung véi
caché sd g, as,. .., a,. Khi d6 véi diém M bat ki ta co:

n n n
Y aiMA? = (Z ocl-> MG? +)  a;GA?
i—1 i=1 i=1

Bai 6.66. (Dinh ly Jacobi) Goi G 1a tdm ti cy cia hé diém A4, Ay, ..., A, Ung véi cac
hé s6 ay,a, ..., a,. Khi dé

! 1
ZOCZ'GAZ'Z = — Z txi(x]-Al-A]Z

i—1 X q<i<j<n

n
Trong d6 o = Z o;
i=1

Bai 6.67. (Dinh ly lagrange - Jacobi) Goi G la tdm ti cu ctia hé diém Ay, As, ..., Ay
ung voi cac hé sO ay,az,. .., 0, Khi dé véi diém M bat ki ta co:

n n
1
Z Dcl']\/IAl2 = (Z Dcl‘> MG? + - Z IJcilX]‘A,‘A]2
i=1 i=1 1<i<j<n

Bai 6.68. Cho tam giac ABC ¢6 O,G,H, I lan luot 1a tam duong tron ngoai tiép,
trong tam, truc tdm, tim dudng tron néi tiép. Chirng minh

(a) OI}OG}%
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IG

(b) OI > 7

Bai 6.69. Bai toan 3 Cho tam giac ABC. Chuing minh:
—a —b)(p—c

@ K= (p—a)(p- b)(i (P>—(r;)(P>—(i) +)(p —o)(p—a)

(b) 4R? + Rr > \/a2ryr + b2rore + c2rqr,
1, VAR
2p ~ R(r +4R)

[(p—a)a®+ (p—b)b* + (p — ¢

(©

trong d6 r,, 7y, 7c, 7 1an lugt 1a ban kinh cac dudng tron bang tiép va noi tiép tam
giac ABC
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§5. BAI TAP ON TAP CHUONG
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OCHUONGO

PHUONG PHAP TOA PO TRONG
MAT PHANG

GOEOED

§1. BIEU THUC TOA PO CUA VECTO

@ LY THUYET VA VI DU

Pinh nghia 7.1. Truc toa do (con goi la truc, hay truc s6) la mot duong thang trén
d6 da xac dinh mot diém O va mot vects i ¢6 do dai bang 1. Diém O dugce goi 1a
goc toa do, vecto i dugc goi la vecto don vi.
_>
Kihiéu (O; i ) hoac truc Ox.
N —- N 4.z
Dinh nghia 7.2. Cho vecto 7 ndm trén truc (O; i ), khi d6 tdn tai duy nhat so a
- .z

saocho W =ai.Sba dugc goi la toa do cua vecto .

2 2 —— A . A P
Dinh nghia 7.3. Toa do diem M la toa do cta vecto OM. Neu M c6 toa do m ta ki
hiéu M(m).
Tinh chét 7.1. Cho diém A(a), B(b) thi AB = (b — a).
Pinh nghia 7.4. Néu hai diém A, B nim trén truc Ox thi toa do ctia AB 1a do dai
dai sb ctia doan AB. Ki hiéu AB.
Dinh nghia 7.5. Hé truc toa do VU(A)I‘E gbc 1a hé gom hai truc Ox, Oy vudng goc

%

nhau tai O. Ki hiéu Oxy hoac (O; i, j ).

165



A

3.1

2. 1

1.‘ ]i
]

= Ly >
-3. -2. -1 o' 1 2. 3

—1.

—2. 4

_3.

Ox dugc goi la truc hoanh, Oy duoc goi 1a truc tung. Céac dinh nghia va tinh chat
sau dua vao cac kién thitc vecto da dugc hoc & chuong 2.
Dinh nghla 7.6. Trong mat p}gng toa do Oxy, cho vecto @. Khi d6 ton tai duy
nhét cap s6 (x,y) thoa T =xi+ y ] cdp sb (x;y) duge goi la toa do ctia 7.Ki
hiéu 7@ = (x;y).
Dinh nghia 7.7. Trong mat phéng toa do Oxy, toa do caa vecto (ﬁ l1a toa do6 caa
diém A. Kihiéu A(x4;y4)-

4 —
Tinh chét 7.2. Cho hai vecto @ = (a1,a), b = (by,b2). Khi d6

- R
b 7: b @alzbzvaazzbz;

_)
o T+ b = (a1 +by; a0+ ba);
_)
b = (1 —b;a—bo);
o k@ = (kay;kas);

%
o k@ +mb = (kay + mby;kay + mby).

Chirng minh. (a) Tinh chéat nay dya vao sy biéu dién duy nhat ctia mot vectd
theo hai vecto khong cting phuong.

— - — — — — —
(b) Tacéﬁjali +ayf, b =i +byj,suyra @+ b = (ay+b)i +
(a2+b2)j,suyra7—|— b = (ll1—|—b1,‘612—|—b2).

_>
() Tuong tuthi @ — b = (a1 — by;ay — by).
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(d) k7 =kay @ +kay J nen k@ = (kay; kay).

() Kéthop (2)va (4) taco k@ +m b =

(kay + mby; kay + mby).

Tinh chat 7.3. Cho diém A(x,y) va B(xp;yp). Khi d6 AL = (X — X4;YB — YaA);
Chirng minh. Ta viét AB = OB — OA = (XB—XA;YB —Ya)-

Tinh chét 7.4. Cho @ = (a1;a2), b = (by; by).

e 7 va 7 cung phuong khi va chi khi ton tai k sao cho a; = kby, ap = kbs.

p —
* Néuby, b, #0thi @, b cing phuong khi va chi khi -1 = 2.
1 2
— N
Chung minh. T}ﬁo dinh Iy 2.1 ta ¢ T vab cung phuong khi va chi khi ton tai k
sasocho @ =k- b , tir d6 ta 6 diéu can ching minh.

Sau day la biéu thic toa do ctia tich vo hudng, mot cong thirc quan trong.

. . —
Tinh chét 7.5. Trong mat phing toa do Oxy, cho hai vects @ = (aj;a2) va b =
(b1; bz) Khi doé

(@) @ - V= a1by + axby;

a1b1+a2b2 .
\/az + az\/b2 + b2
1 2 1 2

%
d) @Lb < aby + axb, = 0.

Chung minh. (a) Ta c6 7 = al? + a27}, 7 = bl? + bz?, suy ra a
- - - - 9 9 -
(a1 I +ayj )(b1 i + b ] ) = a1by i —l—ﬁlzbz] + (a1b2+a2b1) 1
aiby + axby.

(b) Theo trén ta cé @2 = a} 4+ a3, suy ra | @' | = \/a? + a2.

(c) Tu chitng minh

D=
-
J

Tinh chdt 7.6. Néu diém A(x4,y4) va B(xp;yp) thi

AB = \/(XB —xa)?+ (yp —ya)?
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BAI TAP CO LOI GIAI
Bai 7.1. Trong mat phang Oxy cho 7 =(1,-2), 7 = (2,—4), T = (-1;3).
a) Chung minh 7, 7 cung phuong; 7,7 khong cung phuong.
b) Tinh toa d6 cua cac vecto U =2a-3cvad="1a- 7 +27.
c) Cho q = (2,-2).Gia st d =27 +y . Tim x, .
Bai 7.2. Trong mét phang toa do Oxy cho 3 diém A(0;1), B(—2;3) va C(2;5).
(a) Tim toa d6 cta cac vecto z@, Eé, R .
(b) Chirng minh 3 diém A, B, C khong théng hang.
(c) toa do trung diém M ctia doan théng BC.
(d) Tim toa d6 diém D sao cho ABCD la hinh binh hanh.
(e) Tim toa do trong tdm G ctia tam giac ABC.
Bai 7.3. Trong mit phing toa dd Oxy cho @ = (—1;2), 7 = (2;4).
|.

— —
(b) Tinh @. b va tinh cos goc gitra hai vecto Tvab.

() Tinh |7, |7

(c) Cho © =47 — Tvad :m?—l—(m—l)?.”ﬁmmdé'?J_y.
Bai 7.4. Trong mat phang toa do Oxy, cho cac diém A(0;4), B(—1; —1) va C(5; —1).
(a) Tinh d6 dai cac doan thang AB, AC.
(b) Tinh AB - AC va tinh cos(AB, AC).
(c) Tim toa do diém H 1a truc tAm ctia tam giac ABC.
Bai 7.5. Cho tam giac ABC c6 A (—1;3),B (3;-1),C (5;5).
(a) Chung minh tam gidc ABC can.

(b) Tim toa d6 chan duong cao ha tir C lén AB cua tam giac ABC. Tinh dién tich
tam giac ABC.

(c) Tim tam duong tron ngoai tiép tam giac ABC.
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Bai 7.6. Cho diém A(2;4) va B(8;2).
(a) Tim toa do diém C € Ox sao cho tam giac ABC vudng tai C.
(b) Tim toa do diém M thudc Oy sao cho MA.ME = 16

(c) Tim diém M thudc truc tung sao cho ‘Z\‘/IZ + ]\ﬁ ‘ 1a nhé nhét.

{C} BAI TAP REN LUYEN
Bai 7.7. Cho 3 diém A(3;2), B(~1;2),C(4; —1).
(@) Chung minh A, B, C khong théng hang. Tim toa d¢ trong tdm tam gidc ABC.
(b) Tim toa do diém D sao cho ABDC 1a hinh binh hanh.

(c) Tim toa do diém K sao cho 3.KA +2KB — KD = AD.

2 —
Bai 7.8. Trong mat phang toa d¢ cho cac vecto sau: T (1;,-2), b (2;3),7C (=21).
— —
(a) Tim toa do ctiacicvecto @ = @ —2b +3¢C, 0 =27 +3b — C.
P . . — - N N N . R —
(b) Ching minh hai vecto 4", b khong cung phuong va biéu dien vecto ¢” theo

hai vecto @, 7
Bai 7.9. Cho tam giac ABC ¢6 A(1;0), B(—4;2),C(3; 7).
(a) Tim toa do trong tam tam giac ABC.
(b) Tim toa do diém M théa MA + MB —3MC = 0
Bai 7.10. Cho tam giac ABC c6 A(0;1), B(—2;2),C(1;5).
(a) Tim toa d6 M thudc truc hoanh sao cho MZ . ]\ﬁ = 10.

. 2 — R
(b) Tim toa do diém N thudc duong thang x = 2 sao cho [NA + I\ﬁ + ZR | nho
nhat.

Bai 7.11. (HK1-LHP 2015) Trong mat phang Oxy, cho tam gidc ABC Véi A(—4;1), B(0;8), C(
Tim toa do truc tam H va chan duong phan giac trong D cua goc A cta tam gidc
ABC.

Bai 7.12. (HK1-TDN 2105)

(a) Trong mat phfang Oxy, cho tam giac ABC v6i A(—2; —4),B(3; —4),C(—2;6).
Tim toa d tdm duong tron bang tiép goc A cta tam gidc ABC.
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(b) Cho tam gidc ABC c6 dién tich bang S. Chiing minh rang

)
cot A + cotB + cotC = s+ b+
4S

Bai 7.13. (HK1 - LHP 2017)

(a) Trong mat phang Oxy cho tam giac ABC v6i A(1;2),B(3;5),C(4;7). Tim toa
do truc tam H caa tam gidac ABC.

(b) Cho tam gidc ABC c6 AB = 7, AC = 8, BC = 13. Tinh AAB - AC.

(c) Cho tam giac ABC c6 AB = 2, AC = 3 va ZBAC = 120°.Tinh d¢ dai canh
BC, dién tich tam gidc ABC, ban kinh dudng tron ngoai tiép va do dai duong
phan gidc trong AD cua tam giac ABC.

Bai 7.14. (HK1-THTH 2018) Trong mat phang Oxy, cho tam giac ABC v6i A (1; —1),
7
B (~1;3),C(6:4), I <2,- ;)
(a) Tim toa do trong tdm G cta tam giacABC.
(b) Tinh cos BCA.
(c) Tim toa do truc tam H cua tam giac ABI.

Bai 7.15. (HK1 - TDN 2018) Trong mat phang toa do Oxy, cho tam gidc ABC c¢6
A(—1;1); B(3;1),C(2;4).

(a) Tim toa do chan duong cao AH cta tam giac ABC.

(b) Tim diém N trén truc Oy sao cho tam giac NBC la tam gidc can tai N.
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§2. PHUONG TRINH PUONG THANG

@ LY THUYET

- = .. R Lo N 2 L1y
Dinh nghia 7.8. Vecto T # 0 6 gid vudng goc voi duong thang A goi 1a vecto
phap tuyén ctia duong thang A.

Tinh chdt 7.7. Ta c6 cac tinh chét sau:
(a) Céc vecto phap tuyén ctia cing mét duong thang thi cting phuong.
(b) Hai duong thang song song thi vecto phat tuyén ciing phuong.
(c) Hai duong thang vudng goc thi vects phap tuyén vudng goc.

Pinh 1i 7.1. Trong mit phang toa do cho diém I(x.;vs), vecto . Duong thang
qua I nhan 7 = (a;b) 1a vecto phap tuyén c6 phuong trinh:

a(x — x0) + by — yo) = 0

Pinh li 7.2. Trong mat phang toa, moi duong thang déu c6 phuong trinh tdng quat
dang
ax+by+c=0

v6i a> 4+ b # 0.

Trong do 7 = (a;b) 1a vecto phép tuyén ctia duong thang.

Pinh li 7.3. (Phuong trinh doan chan) Phuong trinh duong thang qua diém A(a;0)

va B(0;b) (a,b # 0) la
XY
I A |
a b

Dinh nghia 7.9. Xét duong thang A : y = kx + m cat Ox tai M. Tia Mt phia trén
truc hoanh. Goi a la géc tao bdi tia Mt va tia Ox. Khi d6 tan a dugc goi la hé s6 goc
ciaAvak = tana.

Tinh chét 7.8. Cho hai duong thang A : a1x + by +c; = 0;A : ayx + boy + ¢ = 0.
Khi dé
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. b ’ s A
e Ay, Ay catnhau < Z—l = b—l ; Khi d6 toa do giao diém la nghiém cta hé phuong
2 2
trinh

ax+biy+c =0

ax +byy4+cr =0

a b c
o AMf|Ay s =12
ar bz (6]

b
cA=peL 12
an bz C2
~ Aoy < N L ‘1 ;
Dinh nghia 7.10. Vecto W+ 0 b gid song song hodc trung vdi A goi la vecto chi
phuong ctia dudng thang A.
Tinh chdt 7.9. Vecto chi phuong c6 cac tinh chat sau:

* Cac vecto chi phuong ctia mot duong thang thi cing phuong véi nhau va
vudng goc voi vecto phap tuyén.

 Hai duong thang song song thi vecto chi phuong ctia dudng nay la vecto chi
phuong ctia dudng thang kia.

* Hai duong thang vuéng goc thi vects chi phuong ctia duong thang nay la

vectd phap tuyén cta duong theamg kia.

Dinh 1i 7.4. Trong mit phang toa do cho diém I(x.;v.), vecto e Duong thang
qua I nhan u = (a;b) 1a vecto chi phuong c6 phuong trinh tham sé:

X = X, +at
Y = Yo + bt

Tinh chét 7.10. Phuong trinh chinh tic ctia duong thang di qua hai diém A(x,y4), B(xs,ys
co dang

X —XA _ Y—ya

XB—XA  YB—VYa

(Trong trudng hop trén ta can c6 xg # X4, Y5 # YA)-
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BAI TAP CO LOI GIAI

Bai 7.16. Cho tam giac ABC c6 A(—1;1),B(2,—1),C(0,4).
(a) Viét phuong trinh dudng cao AH.
(b) Viét phuong trinh duong trung trirc ctia BC.
(c) Viét phuong trinh duong thr?mg AB.
Vidu 7.1. Cho dudng thang a : 2x — 3y + 1 = 0 va diém A(1;2).
(a) Viét phuong trinh duong thang qua A song song véi a.

(b) Viét phuong trinh duong thang b qua A vuéng géc véi a. Tim toa do giao

diém cta a va b.
Vidu 7.2. Cho tam giac ABC c6 3 dinh la A(1;2), B(—1;4),C(—2;0).
(a) Viét phuong trinh tham sb ctia duong thang AB.
(b) Viét phuong trinh tham s6 ctia duong thang qua A song song véi BC.
(¢) Tim diém D thudc B sao cho AD vudng goc vdi BC.
Vi du 7.3. Cho tam giac ABC c6 A(0;3). Xac dinh toa do B, C biét:

(a) Phuong trinh hai duong trung tuyén tir B,Cla4x — 9y —1=0vax+3y—2 =
0.

(b) C6 hai duongcaottBvaClax—y+1=0va2x+y—-3=0.
Vidu 7.4. Cho tam gidc ABC c6 A(—1;2), duong cao CD : x +2y +2 = 0 va trung
tuyén BM : x — 3y — 3 = 0.

(a) Viét phuong trinh duong thang AB. Tim toa d6 diém B.

(b) Tim toa do diém C.

Vi du 7.5. Cho tam giac ABC vuong tai A khong phai vudng can, trén canh AB va
AC lay M, N sao cho BM = CN. Chiing minh rang dudng trung truc cia MN ludn
di qua mét diém cb dinh.

Vi du 7.6. Cho géc Oxy vudng tai O. M 1a diém bén trong goc sao cho khoang cach
tr M dén Ox, Oy lan lugt 1a 3 va 4. Tim diém A trén Ox, B trén Oy sao cho AB qua
M va OA + OB lanho nhét.
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{C} BAI TAP REN LUYEN

Bai 7.17. Cho tam giac ABC c6 phuong trinh 3 canh lan lugtla (AB) : x +4y — 7 =
0,(AC):x+y—3=0,(BC):3x+8y+1=0.

(a) Tim toa do cac dinh cta tam giac.
(b) Tim toa do diém dbi xiing ctia A qua BC.

Bai 7.18. Cho duong thang d; : 2x + 3y — 5 = 0 va diém A(4;5). Tim toa d¢ diém
B € d; sao cho AB = 5.

Bai 7.19. Cho duong thang (d) : 3x — 2y + 3 = 0 va diém A(2,3).
(a) Viét phuong trinh téng quat ctia duong thang qua A song song véi d.
(b) Viét phuong trinh t6ng quat ciia dudng thang qua A vudng goc véi d.
Bai 7.20. Cho tam giac ABC c¢6 A(1;2), B(—3;4) va C(2;0).
(a) Viét phuong trinh dudng trung tuyén AM.
(b) Viét phuong trinh duong cao BK.
(c) Viét phuong trinh dudng trung truc ctia AB.
Bai 7.21. Cho tam giac ABC c6 A(0;1), B(—2;3) va C(2;0).

(a) Viét phuong trinh duong cao AD, BE va tim toa do tryc tim H ctia tam gidc
ABC.

(b) Viét phuong trinh trung trirc ciia canh AB, AC va tim toa do tam I ctia duong
tron ngoai tiép cua tam gidc ABC.

(c) Tim toa d¢ trong tam G cua tam giac ABC va ching minh H, I, G théng hang.
Bai 7.22. Cho duong thang d : x + 2y — 3 = 0 va diém A(0,1).

(a) Viét phuong trinh tham s ctia d.

(b) Tim diém M thudc d sao cho AM = 1.
Bai 7.23. Cho hai diém A(1;3) va B(3;7).

(a) Viét phuong trinh tham sb ctia duong thang d 1a trung truc doan thang AB.
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(b) Tim trén d diém M sao cho tam gidc AMB vudng can.

x= -2+t
Bai 7.24. Cho duong thang d : va diém M(—2,1). Tim diém M

y=1+ -3t
trén d sao cho OM nhé nhét trong dola O la géc toa do.
Bai 7.25. Cho tam giac ABC c6 A(—2;4), B(0,2),C(8,6).

(a) Viét phuong trinh tham s6 cac duong trung tuyén BM va CN.

(b) Cho diém K(t;2t — 1). Tim t sao cho trung diém ctia BK thudc duong thang
CN.

Bai 7.26. Cho diém A(1;2) va duong thang d : 3x — 4y — 1 = 0. Tim toa d6 diém
A’ d6i xting ctia A qua d.
Bai 7.27. Cho diém A(1;1), B(7;1) va duong thang d : x — 4y — 6 = 0. Tim toa do
diém M thuoc d sao cho:

(@) |[MA — MB| 16n nhat.

(b) MA + MB nh nhét.

Bai 7.28. (M6n Toan Khéi B 2013): Trong mat phang véi hé toa do Oxy, cho hinh
thang can ABCD c6 hai duong chéo vudng goc véi nhau va AD = 3BC. BDuong
thang BD c6 phuong trinh x + 2y — 6 = 0 va tam giac ABD ¢6 truc tam 1a H(—3;2).
Tim toa d6 cac dinh C va D.
Bai 7.29. Trong mat phang toa do cho hai duong thang dy : x —y = 0,dp : 2x +
y—1 = 0. Tim toa do6 cac dinh hinh vuéng ABCD biét dinh A € d;,C € d, va
B,D € Ox.
Bai 7.30. Trong mat phang Oxy, cho tam giac ABC goi E, F lan lugt la chan duong
P 11 13
cao ha tir dinh B va C ctia tam gidc ABC. Tim toa d6 dinh A bietrang E(7;1), F (5; 5) ,
phuong trinh duong thang BC : x + 3y — 4 = 0 va diém B c6 tung do duong.
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§3. GOC VA KHOANG CACH

@ LY THUYET

Pinh nghia 7.11. Cho hai duong thang 4, b cat nhau tao thanh 4 géc, khi dé géc
nho nhat trong 4 géc duge goi la géc ctia hai duong thang a va b.

Néu hai duong thang song song hodc tring nhau thi ta quy uéc géc giita chiing
bang 0°. Ki hiéu (a,b hodc (a,b). Ta c6 0° < (a,b) < 90°.

Tinh chét 7.11. Néu i, @ lan luot 1a vecto chi phuong (hodc vecto phap tuyén)
cta hai duong théng a,b.Data = (7, 7) Khi dé

e (a,b) =anéul < a <90°.
e (a,b) =180° — a néu 90° < a < 180°.
e cos(a,b) = |cosa|

DPinh 1i 7.5. Cho duong thang A : ax + by +c = 0 va diém A(x.;y,). Khi dé
khoang cach tir A dén A la:

oo+ byo + ¢

Va? + b?
Tinh chdt 7.12. (Phuong trinh dudng phén giac). Cho hai duong thang cat nhau

d

di:ayx+biy+cy,dyiaxx+byy+c =0
Khi d6 phuong trinh hai duong phan giac cta cac goc tao boi dq va d; la:
lax +biy+c1 n laxx + bay + c2

Tinh chit 7.13. Cho duong théngA s ax+ by +c = 0vahai diém M(xp; ym), N(xn; yn)-
Khi doé

e M, N nam ciing phia déi véi A khi va chi khi (axp; + bya + ) (axy + byn +
c)>0

e M, N nam khéc phia déi v6i A khi va chi khi (axp + bya + ¢) (axy + byn +
c) <0
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BAI TAP CO LOI GIAI
Vidu 7.7. Cho dudng thang d : 3x + 4y — 1 = 0 va diém A(—1;2) va B(0; —2).
(a) Tinh khoang cach tir A va B dén d.
(b) Viét phuong trinh duong thang AB va tinh khoang cach tir O(0;0) dén AB.

Vi du 7.8. Cho hai duong thang a : 2x —y = 1va b : 2x — y — 4 = 0. Chitng minh
a || b va tinh khoang céch gitra hai duong thang a va b.

Vidu 7.9. Cho duong thang a : 5x + 12y — 13 = 0. Viét phuong trinh duong thang
song song vdi a va cach a mot khoang cach bang 13.

Vi du 7.10. Cho hai duong thang a : 3x +4y — 7 = 0,5x + 12y — 17 = 0. Ching
minh a va b cat nhau va viét phuong trinh phan gidc tao bdi hai duong thz?mg ava
b.

Vidu 7.11. Cho hai duong thanga:x+y—1=0,b:3x +4y —2=0.
(a) Tinh goc tao boi a va b vdi truc hoanh.

(b) Tinh cos goc gitta hai duwong thang a va b.

@ BAI TAP REN LUYEN

Bai 7.31. Cho hai duong thang d; : 2x +3y —1vad, : —3x+y = 0va diém A(1;2).
(a) Tinh khoang cach tir gbc toa do O dén d; va ds.
(b) Tinh gbc gitra hai duong thang dq, do.

Bai 7.32. Cho tam giac ABC c6 A(—1;1),B(0,3),C(2; —1).
(a) Viét phuong trinh dudng thang BC.
(b) Tinh d¢ dai duong cao ha tit A va dién tich tam giac ABC.

Bai 7.33. Cho duong thang d; : 3x + 4y — 5 = 0.
(a) Tim diém A thudc Ox sao cho khoadng cach tit A dén d; bang 2.
(b) Tim diém B thudc Oy sao cho khoang cach tur B dén d; béng 3.
(c) Viét phuong trinh dudng thang song song v6i d; va cach d; mot khoang bang

1.
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Bai 7.34. Cho duong thangd:x —y —1=0.
(a) Viét phuong trinh duong thr?mg qua O va tao v6i d mot goc 45°.
(b) Cho hai diém A(1;0) va B(—2;1). Xét vi tri twong dbi ciia A va B d6i voi d.

Bai 7.35. Cho diém A(—1;2) va B(4;1). Viét phuong trinh duong thang d qua A
sao cho khoang cach tir B d&én d bang v/13.

Bai 7.36. Chomat phéng toa do Oxy, cho hinh chitnhat ABCD c6 dién tich béng 48,
dinh D(—3;2). Puong phan gidc cua giac BAD c6 phuong trinh A: x +y —7 = 0.
Tim toa d6 dinh B biét dinh A ¢6 hoanh do duong.

Dap s6: A(5;2), B(5;8).

Bai 7.37. Trong mat phfmg Oxy, cho hinh chit nhat ABCD c6 AB = 2AD duong
AB : x—y+1 = 0. Goi N la diém trén canh CD sao cho NC = 3ND diém

11 . . ez £ X 2
M (2 ; 2> la trung diém canh BC, khoang céach tur diém B den duong thang AN
bﬁng 4. Tim toa do A, biét x4 > 0.

) V166 V1
Dap so: A (466, % + 1>

Bai 7.38. Trong mat phang Oxy, cho hinh chit nhat ABCD c6 A(0;2). Goi H 1a hinh
chiéu vudng géc ctia B 1én AC. Trén tia ddi cua BH, lay diém E sao cho BE = AC.
Biét phuong trinh duong thang DE : x —y = 0. Tim B,C, D, biét Sapcp = 6 va
yp > 0.

Dap sé: B(0;5), C(2;5), D(2;2) hoac B(3;2),C(0;3), D(2;2).

Bai 7.39. Trong mit phing toa do Oxy, cho hinh thang can ABCD c6 hai day
AB,CD. Biét hai duong chéo AC, BD vuong goc véi nhau. Biét A(0;3), B(3;4) va
C nam trén truc hoanh. Xac dinh toa do dinh D ctia hinh thang ABCD. Dép sé:
D(0; —2).
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§4. PHUONG TRINH PUONG TRON

@ LY THUYET VA Vi DU
Pinh 1i 7.6. Pudng tron tam I(a,b) c6 ban kinh R ¢6 phuong trinh
(x—a)*+(y—b?=R?

Yy

2t (@—a)’+ (y—b)’ = R?

x>+ y?—2axr —2by+c=0

Pinh 1i 7.7. Phuong trinh dang x* + y* + 2ax + 2by + ¢ = 0 1a phuong trinh ctia
mot dudng tron khi va chi khi a®> + b*> > c. Khi d6 tam I(—a; —b) va ban kinh
a2 +b>—c

Vidu 7.12. Cho diém I(1;2) va A(—1;4).

(a) Viét phuong trinh duong tron tim I ban kinh R = 3.

(b) Viét phuong trinh dudng tron tdm I ban kinh TA.

(c) Xét vi tri tuong dbi ctia B(3;1) véi dudng tron tdm I ban kinh [A.
Vi du 7.13. Cho phuong trinh x> — 2(m — 1)x + y* — 4my + 5m* = 0. (*)

(a) Khim = 0, (*) ¢ phai la phuong trinh duong tron khong?Tim toa do tam va
tinh ban kinh.

(b) Tim tat cd m dé (*) la phuong trinh ctia mot dudng tron.
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(c) Khi (*) la phuong trinh duong tron, chitng minh tam I luén thudéc mét duong

thang c6 dinh.

PHUONG TRINH TIEP TUYEN
Pinh li 7.8. Cho dudng tron tam I(a, b) ban kinh R. Khi d6 phuong trinh tiép tuyén

tai diém A(x.,yo) la:

a(xo —a)+b(yo—b) =0

3

2

A(wo; y}1<

a(x,—a)+b(yo—b)=0

Vi du 7.14. Cho duong tron (C) : x* +y* — 2x + 4y = 0.

(a) Tim toa do tam va tinh ban kinh cta (C).

(b) Viét phuong trinh tiép tuyén ctia (C) tai A(2;0).

Nhdn xét: Tiép tuyén ctia dudng tron tam I ban kinh R 1a duong thang cach I mot

khodng cach bang R. Ta st dung tinh chat nay dé viét phuong trinh tiép tuyén

trong mot s6 truong hop khac.
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Vi du 7.15. Cho duong tron (C) : (x —1)2+ (y — 3)? = 25

(a) Viét phuong trinh tiép tuyén cta (C) biét tiép tuyén song song véi duong
thang 4x + 3y = 0.

(b) Viét phuong trinh tiép tuyén (C) biét tiép tuyén vudng goc vdi 3x +4y + 1 =
0.

Vi du 7.16. Cho hai duong tron (C1) : (x —4)* + (y — 6)*> = 25,(C,) : (x —5)* +
(y +1) = 5va diém A(4,1).

(a) Chung t6 A la diém chung ctia hai duong tron.

(b) Viét phuong trinh dudng thang di qua A va cat hai duong tron theo hai day
cung c6 do dai bang nhau.

Vi du 7.17. Cho hai dudng tron (C) : (x +2)2 4+ (y +1)> =4,(C") : (x =5)* + (y —
1)? = 16.

(@) Chung minh 2 duong tron ngoai nhau.
(b) Viét phuong trinh tiép tuyén chung ctia hai dudng tron.
Vi du 7.18. Cho duong tron x> + y*> — 2x + 4y — 4 = 0 va diém M(1,-1).
(a) Viét phuong trinh duong thang d di qua M va cat dudng tron tai hai diém A,

B sao cho M 1a trung diém AB.
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(b) Viét phuong trinh dudng thang d di qua M va cat dudng tron tai hai diém A,
B sao cho dién tich tam gidc IAB 16n nhat vdi I 1a tam duong tron.
{C} BAI TAP REN LUYEN

Bai 7.40. Trong mat phang Oxy cho A(3;4), B(2; —1).Viét phuong trinh dudong tron
trong cac truong hop sau:

(a) Tam A ban kinh R = 4.

(b) Tam B ban kinh R = 5.

(c) Tam O(0;0) ban kinh OA.
(d) Duong tron duong kinh AB.

Bai 7.41. Cho tam gidc ABC c6 A(—1;0), B(2;2), C(2; —6). Viét phuong trinh duong
tron ngoai tiép tam giac ABC.

Bai 7.42. Cho duong thang d : 4x — 3y — 1 = 0 va diém A(2;1).

(a) Viét phuong trinh duong tron tam A va tiép xtc véi d.

(b) Cho d cat Ox tai B. Viét phuong trinh dudng tron tam B tiép xtic véi Oy.
Bai 7.43. Cho duong tron (C) : x* + 1y — 4x + 2y = 0.

(a) Tim toa d6 tdm va tinh ban kinh duong tron.

(b) Chitng minh A(4; —2) thudc (C) va viét phuong trinh tiép tuyén tai A cta
(©).

Bai 7.44. Cho duong tron (C) : (x — 1)? + (y + 3)? = 5. Viét phuong trinh tiép ctia
(C) biét tiép tuyén.

(a) Song song vdi dudng thang 2x +y — 1 = 0.
(b) Vuong goc véi duong thang 4x —y +1 =0,

Bai 7.45. Cho duong tron (C) : (x — g)z +(y+2)? = % va duong thang d :
2x+y+2=0.

(a) Tim toa do giao diém A, B cua d va (C).
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(b) Viét phuong trinh tiép tuyén ctia (C) tai A va B. Tim toa do giao diém ctia hai

tiép tuyén.
Bai 7.46. Lap phuong trinh duong tron trong cac truong hop sau:
(a) Tam I(-1,2) va tiép xuc voi duong théng d:x—2y—2=0.
(b) Tam thudc duong théng x +y —3 =0, ban kinh bé“mg 1va tiép xuc Ox.
(c) Di qua hai diém A(0,1), B(2, —3) va ban kinh R = 5.
(d) Diqua haidiém A(1,2), B(3,4) va tiép xtic v6i duong thang d : 3x +y —3 = 0.

(e) Di qua gbc toa do, c6 ban kinh R = /5 va c6 tam nam trén duong thang
x+y—1=0.

(f) Céban kinh R = /5, di qua gbc toa do va tiép xtic duong thang 2x —y +5 =
0

(g) Tiép xticvSidy : x —3y —2=0,dy : x — 3y + 18 = 0 va di qua diém A (4, —2).
(h) Tiép xtic v6idy : 2x+y —1 = 0,dy : 2x —y +2 = 0 va c6 tdm thudc duong
thangds : x —y —1=0.
(1) Tiép xticvoid:x —y—2=0tai M(1,—1) va cé ban kinh béng 3.
(j) Ngoai tiép tam giac ABC biét A(—2,4), B(6,—2),C(5,5).

Bai 7.47. Cho duong tron (C) : (x —1)? + (y +2)? = 9 va duong thang d : x — 4y +
1 = 0. Tim diém P ndm trén dudng thang d sao cho c6 thé vé dugc hai tiép tuyén
PA, PB dén duong tron ma:

(a) Tam giac PAB déu.
(b) Tam giac PAB vuong tai P.

Bai 7.48. Cho duong tron (x — 1)? 4 (y +2)? = 9 va duong thang d : 3x — 4y +m =
0. Tim m dé trén d c6 duy nhat mot diém P ma tir d6 ké duoc hai tiép tuyén PA, PB
dén duong tron sao cho tam giac PAB déu.

Bai 7.49. Cho duong tron (C) : x* +y* — 2x — 6y + 6 = 0 va diém M(3,1). Goi Ty, T»
lan luot la cac tiép diém cta tiép tuyén ké tir M dén (C). Viét phuong trinh duong
thang T1 T».

183



Bai 7.50. Cho dudng tron (C) c6 phuong trinh (x — 5)% + (y — 4)? = 25 va P(m,0)
1a mot diém thay déi trén truc hoanh.

(a) Tim m dé tu P ké dugc hai tiép tuyén dén duong tron.

(b) Vi diéu kién ctia cau a, gia st hai tiép tuyén la PA, PB. Chiing minh AB luén
di qua mot diém cb dinh khi P di chuyén trén truc hoanh, tim toa do diém cd
dinh do.

Bai 7.51. Cho dudng tron c6 phuong trinh (x —2)? + (y — 1)? = 25 va duong thang
d:y=k(x+4)+3.

(a) Ching minh d ludén di qua mét diém cb dinh.

(b) Tim k dé d cat (C) tai hai diém phan biét.

(c) Khi duong thang d cat duong tron tai A, B. Chtiing minh trung diém I ctia AB
ludn thude mot dudng thang cb dinh, viét phuong trinh dudng thang do.

Bai 7.52. Cho duong tron (C) : x* + y* — 4x — 2y = 0 va duong thang d : x +y +
2 = 0. Goi I 1a tdm ctia (C), M la diém thuoc d. Qua M ké hai tiép tuyén MA, MB
dén (C). Tim toa d6 diém M biét tu giac MAIB c6 dién tich béng 10.

Bai 7.53. Cho duong tron (C) : x> + y* + 4x + 4y + 6 = 0 va duong thang d :
x + my —2m + 3 = 0. Goi I la tim dudng tron. Tim m dé d cat (C) tai hai diém A, B
sao cho dién tich tam gidc IAB 16n nhat.

Bai 7.54. Tim toa d6 diém M thuoc duong tron x> + y* — 2x — 8y + 12 = 0 sao cho
khoang cach MA dat gid tri 16n nhat, nhd nhét. Biét:

(a) A(-51)
(b) A(-1,5)

Bai 7.55. Trong mat phang toa d6 Oxy, hay viét phuong trinh duong thang d di
qua diém M(2;2) va cit dudng tron (C) : (x +1)% + (y — 1)®> = 16 tai hai diém
phan biét A, B sao cho MA = 3MB.

Bai 7.56. Trong mat phang toa do Oxy, hay viét phuong trinh duong thang d di
qua diém M(1; —3) va cat duong tron (C) : x2 4 y* — 4x + 2y — 15 = 0 véi tam I tai
A, B sao cho Saj4p = 8 va canh AB la canh dai nhit cta tam giac IAB?
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Bai 7.57. Trong mat phang toa do Oxy, cho dudng tron (C) : x* + y* + 4x + 4y +
6 = 0 véi tam 1a I va duong thang d : x + my —2m +3 = 0/. Tim m dé dudng
thang d cat (C) tai hai diém phan biét A, B sao cho Sayap dat gia tri 16n nhat?

Bai 7.58. Trong mat phang toa do Oxy cho duong tron (C) : x> 4+ y* — 2mx + 2y +
10 = 0 c6 tam I. Tim m dé duong thang d : x +y + 1 = 0 cat (C) tai A, B sao cho
AIAB déu?
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§5. CAC PUONG CONIC

@ PUONG ELIP

Dinh nghia 7.12. Cho hai diém c6 dinh Fy, B> véi F{F>, = 2c (¢ > 0) vasb 2a (a > c).
Ellipse (E) la tap hgp cac diém M sao cho MF; + MF, = 2a

(E) = {M: MF, + MF, = 2a}
* F, F, goila cac tiéu diém, khoang cach F; F, = 2¢ goi 1a tiéu cu cta (E).
* Trung diém I ctua F; F; 1a tAm ctia elip;

e V4i diém M thudc elop thi cac khoang cach MF;, MF, dugc goi la cadc ban
kinh qua tiéu ctia diém M.

Pinh 1i 7.9 (Phuong trinh chinh tac).
Néu chon hé truc ¢6 Oxy sao cho Fi(—c,0), F2(c,0) thi (E) c¢6 phuong trinh chinh

tac

2 2

X Y
2!
voi b = Va? — c2.
Chung minh.
Ta co
) A
biéem M(x,y) € (E)
& M+ EM = Za(l) M
Ta co :
EM? = (x+¢)* +*(2) \
2 (e N2 2
EM* = (x—c)"+y°(3) o O o >
Tir d6:
OM? — EM? = 4cx
MF2 — MF? 4ex 2cx
FM—-EM=-"1_""2_22_2".4
! 2 MF, +MF, 214 a (4)

Tir (1) va (4) ta duoc:

EM=a+ %(5)
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Thay (5) vao (2) ta duoc:
2
(a—i-%) = (x+0)? +y* & 2% (a® — ) +a*y* = a* (a® — &)

Dat b* = a® — ¢, khi d6 (6) dugc viét lai dudi dang;

Phuong trinh trén duoc goi la phuong trinh chinh tac cta Elip (E).

2

2
Tinh chit 7.14. Néu elip c6 phuong trinh chinh tac x— +

¥y
b2

e Tinh déi xing: (E) c6 truc ddi xing la Ox, Oy, tam ddi xuing la gbc toa do.

=1(a > b >0) thi

e Truclén A;A; = 2a nam trén Ox, truc bé B;B, = 2b nam trén Oy.
e Cacdinh A1 (—El, 0), Az(ﬂ, 0), Bl(—b, 0), Bz(b, 0)
* Hai tiéu diém F(—c,0), F(c,0).

¢ Phuong trinh cac canh hinh chit nhat co sé: x = +a,y = +b.

b s
e Tam sai e = 2,0 <e<1lWVi o= V1 — €2 nén e cang gan 0 ellipse cang

“tron”, e cang gan 1 ellipse cang “dep”.
* Ban kinh qua tiéu ctia diém M(xo, yo) trén (E)
MF, = a+exy; MF, = a — exy

Vi dy 7.19. Tim phuong trinh chinh téc elip biét réng hai diéu diém Ia (v/3,0) and
(—\@, 0) va di qua diém A(0,3).

Vi du 7.20. Cho elip ¢6 phuong trinh (E) : % 1.

i
6
(a) Tim toa do hai tiéu diém F;, F, cua elip.

(b) Tim diém M thudc elip sao cho MF; = 2MFE,.

(c) Tim diém M thudc elip sao cho ZF;MF, = 90°.
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2 2
Vi du 7.21. Cho Elip (E) c6 phuong trinh (E): % + % =1,v6i0 < b < a Hai

tieu diém Fy, F,. Puong théng di dong (d) luén di qua F, cat (E) tai P, Q. Dat
(Ox,FhP) =ua,0<a <27

(a) Tinh d6 dai F,P, F,Q theo a, b, «.

1 1
(b) CMRp 5+ 5

khong doi.

(c) Tim gi4 tri 16n nhat va nho6 nhét cta doan PQ.

DUONG PARABOL

Pinh nghia 7.13. Cho mot diém F va mot duong thang A ¢b dinh khong di qua F.
Parabol (P) la tap hgp cac diém M cach déu F va A. F goi la tiéu diém va A goi la
duong chuén ctia parabol (P).

Dinh li 7.10. Trong mat phéng Oxy, Parabol (P) c6 tiéu diém F (g 0) va duong
chuén (d): x = —g c6 phuong trinh:
(P): y* = 2px.

Chung minh. Ta co:

M(x,y) € (P) & MF = d(M, (d))

oy (= 5) s =+
o (=) = ()

< y2 = 2px.
Vay phuong trinh Parabol (P) c¢6 dang; (P) : y* = 2px.
Tinh chét 7.15. e O goi la dinh cua parabol (P).
* Ox goi la truc d6i xtiing cta parabol (P).
* p goi la tham s6 tiéu ctia parabol (P).
* Néu M(x;y) € (P) thix > 0va M'(x; —y) € (P).

Tinh chit 7.16. Cho parabol (P) c6 phuong trinh y* = 2px. Phuong trinh tiép tuyén
d cta (P) tai diém My (xo; yo) thudc (P) 1a

Yoy = p (xo + x)
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Chirng minh. Néu tiép tuyén d c6 vecto chi phuong i = (;b) thi phuong trinh
b1 +2 (byo — pa) t + y§ — 2pxg = 0
phai c6 nghiém kép.
Vi diém My nam trén (P) nén yo? — 2pxo = 0, do d6 phuong trinh trén trg thanh
V12 +2 (byo — pa)t =0
Dé phuong trinh nay c¢6 nghiém kép, diéu kién can va dala b # 0 va byy — pa = 0.
Vay ta c6 thé lay a = yo,b = p va il = (yo;p). Khi d6 d c6 vecto phéap tuyén la
i = (—p;yo) va do d6 c6 phuong trinh
—p (x = x0) +yo (¥ — yo) = O hay yoy — y5 = px — pxo.
Chu y rang y3 — 2pxo = 0, ta di dén phuong trinh tiép tuyén la
Yoy = p (%o +x)
Vi du 7.22. Viét phuong trinh chinh tic ctia parabol (P) ¢6 tiéu diém F <2 ; O> .

Vi du 7.23. Cho parabol (P) c6 phuong trinh y* = 4x. Viét phuong trinh tiép tuyén
cua (P) trong mdi truong hgp sau day :

(a) Tiép tuyén di qua diém (2;3)

(b) Tiép tuyén di qua diém (1; —1).

@ PUONG HYPERBOL

Dinh nghia 7.14. Trong mat phfang Oxy cho hai diém c6 dinh F;, Fp, véi F; Fy =
2¢ > 0. Tap hgp nhung diém M sao cho | MF; - -- MF,/ = 2a (a la mot s khong
déivaa < c) goi la mot Hypebol. Vay:

(H) = {M||MF; + MF, |=2a}
e - Hai diém Fy, F; goi la hai tiéu diém ctia Hypebol.
e Khoang cach F; F, = 2c goi la tiéu cu cua Hypebol.

 Trung diém I ctia F; F; goi la tdm ctia Hypebol.
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e Vi diém M thuoc Hypebol thi cac khoang cach MF; va MF; goi la cac ban
kinh qua tiéu ctia diém M.
Dinh li 7.11. Trong mat phang Oxy, Hypebol (H) c6 hai tiéu diém F; (—c,0), F>(c,0)
va ¢6 tong hai ban kinh qua tiéu tng véi diém tuy y M(x,y) € (H) 1a 2a(a < ¢) ¢6
phuong trinh: (H):
2P

2 !
v6i b? = ¢* — a°.
Chung minh. Ta co:

M(x,y) € (H) & |EM — M| = 2a(1)
AM? = (x+¢)*+ ()
EM? = (x —c)* + y*(3)
Tir d6:
LLM? — BEM? = 4cx

Tir (1) ta duoc:
M — FEM = £2a.

- V& M — M = 2a(4)

MF? — MF}?  4dcx  2cx

EM+FEBM=—1—""""2 _ =% _
1M+ 5 MF, — MF,  2a a

Tur (4) va (5) ta dugc:
EM=a+ %(6)
-Véi EM — M = —2a(7)

MF? — MF;? dex 2cx

_ 1 - " =
hM+FM = MF, — Mb, 2a . (8
Tir (7) va (8) ta dugc:
EM=—a— %(9)

Vay M(x,y) € (H) duoc M = ’a + % (10)
Thay (10) vao (2) ta duogc:

(a+%)2:(x+c) +y2 & x? (? —a?) —a’y? = a? (> — a?) (11)
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Dat b* = ¢® — 4, khi d6 (11) dugc viét lai dusi dang:

2 2

Y
2y
Vay phuong trinh Hyperbol (H) c¢6 dang; (H): AT 1v6i b = ¢* —a°.
YA
M
FL NP2 X

Tinh chdt 7.17. Hypebol c6 phuong trinh chinh tac

2 2
X y_l

a2 b
khi do

e (H) cat Ox tai hai diém A; = (—a;0) va Ay = (4;0). Néu vé hai diém B; =
(—b;0) va B, — (b;0) vao hinh chi nhat OA,PB, thi OP = /a2 1 b2 — c.

Céc diém A4, A, goi la cac dinh cta hypebol.

Poan théng A1A; goila truc thuc, doan théng B1 B, goi la truc 4o cta hypebol.

Giao diém O ctia hai truc la tam d6i xuing cta hypebol.

Néu M(x;y) € (H) thi x < —ahodc x > a.
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Vi du 7.24. Viét phuong trinh chinh tac ctia hypebol c6 d6 dai truc thuc bang 16 va
tiéu cu bang 20 .

Vi du 7.25. Lap phuong trinh chinh tac va vé hinh ctia Hyperbol biét:
(a) Diqua diém M(2,2) va mdi duong tiém can tao v6i Ox mot goc 60°.
(b) Di qua diém N(v/2,2) va hai duong tiém can c6 phuong trinh y = +2x.

(c) Hai truc tring véi truc toa do va di qua 2 diém A(V/6, —1) va B(4,V6).

xZ 2

Vi du 7.26. Cho Hypebol (H) c6 phuong trinh: (H) : — — % = 1. Goi (d) 1a duong
thang qua O c6 hé s6 goc k, (d’) 1a duong thang qua O va vudng goc vdi (d).

(a) Tim diéu kién déi véi k dé (d) va (d’) déu cat (H).
(b) Tinh theo k dién tich hinh thoi véi 4 dinh 1a 4 giao diém cua (d), (d’) va (H).

(c) Xac dinh k dé hinh thoi dy c6 dién tich nhd nhat.

) , . x> y? s
Vidu 7.27. Cho Hypebol (H) c6 phuong trinh : (H): P 1, Tiéu diém
Fy, F ( F, ¢6 hoanh do duong). Lap phuong trinh quy tich cac trung diém I ctia
doan MF, khi M di dong trén (H).

@ BAI TAP REN LUYEN

2

2
Bai 7.59. Cho (E) : x7 + yZ = 1. Tim diém M trén (E) sao cho:

(a) MFl =2MF,
(b) M nhin hai tiéu diém dudi mot goc 60°.

Bai 7.60. Cho ABCD la hinh thoi c6 cac dinh trung véi cac dinh cuaa elip. Ban kinh

duong tron noi tiép ctia hinh thoi 1a v/2. Viét phuong trinh chinh tic cta elip biét
1 2 2. A A 2 < A 2 2 N

tam sai la e = —=. Bai toan c6 thé giai dugc khong neu ta chi biet 4 dinh cua hinh

V2

thoi nam trén elip?
x? P .
Bai 7.61. Cho (E) : 5 + T 1 va duong thang d : x — yv2 +2 = 0.
(@) Chung minh (d) luén cat (E) tai hai diém A,B. Tinh AB.

(b) Tim diém (C) trén (E) sao cho dién tich tam gidc ABC 16n nhat.
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x2

Bai 7.62. Tim trén (E) : % + ?3

2 2

Bai 7.63. Cho (E) : xz + VT = 1. Tim A, B thudc (E) c6 hoanh do duong sao cho

tam gidc OAB can tai O va c6 dién tich l6n nhét.
2 2

Bai 7.64. Cho (E) : % + y7 = 1. Tim diém M trén (E) sao cho:

2
= 1 hai diém M, N sao cho tam giac F; MN déu.

(a) 2MF, = 3MF,
11 _ 6
ME, " ME  FFB

(b)

(c) MF} + MF; =182

x> P .
Bai 7.65. Cho (E) : ) + va diéem M(2,1).
(a) Chitng minh M ndm trong (E)

(b) Viét phuong trinh dudng thang di qua M va cat (E) tai hai diém A, B sao cho
M la trung diém AB.

(c) Tinh khoéng cach tir cac tiéu diém dén dudng thang AB.
Bai 7.66. Cho (E) : x* 4+ 2y* = 2 va duong thang d : x + y + m = 0. Tim m dé:
(a) Duong thang (d) cat (E) tai hai diém phan biét. Khi do:
(i) Tim tap hgp trung diém ctia AB.

(i) Tim m dé€ do dai AB I6n nhét.
(iii) Tim m dé khodng cach tir gbc toa do dén AB bang nira do dai doan AB.

(b) Puong thang (d) c6 mét diém chung duy nhat véi (E).
2 .2

Bai 7.67. Cho (E) : x—+%—1 a>b>0.
(a) Goi A, B 1a hai diém trén (E) sao cho OA vudng géc OB. Chitng minh r.:Smg

1 1 1 1
or o 2R
(b) Ching minh réng duong thang AB luén tiép xtc véi mot duong tron cb dinh.
Bai 7.68. Cho (E) : — + Zj = 1,a > b > 0. Goi F;, F, 1a hai tiéu diém va A;, Az
1a hai dinh trén truc ldn M la mét diém tuy y trén (E) ¢6 hinh chiéu trén Ox 1a H.
Chuing minh rang:
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(@) MF,.MF> +OM? = 2> + 1?
(b) (MF, — MF,)* = 4(OM? — b?)

L —
(c) MH? = —a—ZHAl.HAZ

2 2

Bai 7.69. Cho (E) : % + % = 1. Goi A, B 1a hai diém trén (E) sao cho OA vuong
OB. Xac dinh vi tri ctia AB sao cho tam giac OAB c6 dién tich 16n nhat.

2 2
Bai 7.70. Cho (E) : x—+% =1,a > b > 0vaduong thang d : Ax + By +C = 0.

(a) Tim diéu kién ctiaa,b, A, B, C dé (E) va d c6 duy nhat mét diém chung, khong
c6 diém chung.

(b) Khi (E) va d khong c6 diém chung. Tim nhitng diém M thuoc (E) sao cho
khoang cach tir M dén d dat GTLN, GTNN.

2 2

Bai 7.71. Cho (E) : x— +¥ —1,a> b > 0vadiém M(xo, yo) nim trén (E).

B2
(@) Chung minha <OM <b

(b) Chung minh |xo + yo)| < Va? + b?

(c) Tim nhitng diém thudc (E) sao cho khoang cach tir diém d6 dén tiéu diém
phai l6n nhat, nho nhat.

2 2
Bai 7.72. Cho diém M (1, —é) va Elip (E) c6 phuong trinh: (E): % n yj = 1.Lap

phuong trinh duong thang (d) qua M cat (E) tai hai diém phan biét A, B sao cho:
(a) M 1a trung diém AB.

(b) AB = v/20. Tir d6 1ap phuong trinh duong tron dudng kinh AB trong moi
truong hop.
Bai 7.73. Cho 2 Elip (E;) va (Ez) c6 phuong trinh:
xZ 2

XY 2y
(B1): g+ =1va (E): 16+1 1

(a) CMR (E;) N (E2) = {A, B,C, D} va ABCD la hinh chit nhat.

(b) Lap phuong trinh dudng tron ngoai tiép hinh chit nhat ABCD.
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Bai 7.74. Cho 2 Elip (E;) va (E;) c6 phuong trinh:

(E1) : + =1va (E): x> +9y* —6x—27 =0

y
45 5
(a) Tim giao diém cta (E;) va

a (E).

(b) Chuyén phuong trinh Elip (E) vé dang chinh tac, tir d6 xac dinh cac thudc
tinh cta né va vé (Eq), (Ez) trén cung mot hé truc toa do

Bai 7.75. Lap phuong trinh Parabol (P) c6 dinh l1a gbc toa do va c6 duong chuén la
y = —1 Tim giao diém ctia dudng thang (d) : x —y — 1 = 0 v6i Parabol trén.

Bai 7.76. Cho duong thang (d) c6 phuong trinh: (d): x + 2y = 0.

(a) Lap phuong trinh Parabol (P) c6 dinh la gbc toa do, nhan truc hoanh lam truc
dbi xing va chéan trén duong thang (d) mot doan bang 4v/5.

(b) Goi F 1a tiéu diém ctia Parabol (P). Lap phuong trinh duong tron tam F va
tiép xtc v6i duong thang (d).

Bai 7.77. Cho Parabol (P) va dudng thang (d) c6 phuong trinh:
(P):y* =4xva(d):2x—y—4=0.
Tim cac diém M € (d) dé tu dé:
(a) Khong ké dugc tiép tuyén nao tdi (P).
(b) Ké dugc mot tiép tuyén t6i (P).
(c) Ké dugc hai tiép tuyén t6i (P).
Bai 7.78. Cho Parabol (P) va dudng thang (d) c6 phuong trinh:
(P):x*=4yva(d):x—y—1=0.
(a) CMR (d) tiép xtc vdi (P), xac dinh toa do tiép diém M.

(b) Lap phuong trinh dudng thang (A) qua M va vuéng géc véi (d), tir d6 tim
toa do giao diém thi hai N cuaa (A) véi (P).

Bai 7.79. Cho Parabol (P) c6 phuong trinh: (P) : y* = 4x Mot duong thang bat
ky di qua tiéu diém cta (P) cat (P) tai hai diém phan biét A va B. CMR tich céac
khoang cach tir A va B dén truc ctia (P) 1a mot dai lugng khong déi.
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Bai 7.80. Viét phuong trinh ctia parabol (P) trong mdi truong hop sau :
(a) Co tiéu diém 1a O(0;0) va duong chuén A c¢6 phuong trinh x +y +1 = 0.
(b) C6 dinh 1a diém I(1;2) va tiéu diém c6 toa do F(4;1).

(c) (P) di qua hai diém <—;; —;) ,(0;1) va c6 truc d6i xting la duong thang

x +y+1 = 0. Xac dinh toa do tiéu diém va phuong trinh dudng chuén ctia
(P).

Bai 7.81. Cho parabol (P) c6 phuong trinh y? = 4x. Viét phuong trinh tiép tuyén
ctia (P) trong moi truong hop sau day :

(a) Tiép tuyén di qua diém (1; —2)
(b) Tiép tuyén di qua diém (2;3)
(c) Tiép tuyén di qua diém (1;—1).
Bai 7.82. Cho parabol (P) c6 phuong trinh y* = 2px.

(a) Tinh do dai canh ctia tam gidc déu c6 ba dinh nam trén (P), mot trong chiing
la dinh cua (P).

(b) Tim ban kinh 16n nhét ctia dudng tron nam trong (P) sao cho né chi c6 mot
diém chung véi (P) 1a dinh cta (P). ¢). Mot duong thang thay déi ludn ludn
di qua tiéu diém F cit (P) tai A va B. Chiing minh rang duong tron duong
kinh AB luén luén tiép xtc v6i mot duong thang ¢ dinh.

(c) Goi I 1a diém c6 dinh nam trén truc déi xing cta (P) va khéac véi O, A 1a
duong thang thay d6i cat (P) tai A va B. Chiing minh rang tich cac khoang
cach tir A va B t6i truc ddi xing cuaa (P) c6 gia tri khong doi.

(d) Tim quy tich cac diém M qua d6 c6 thé ké dugc hai tiép tuyén cta (P) vuong
goc vdi nhau.

Bai 7.83. Cho d6 thi (C) ctia ham sb y = ax® + bx + c(a # 0) va parabol (P) c6
phuong trinh y* = 2px (p # 0). Ching minh rang néu (C) cit (P) tai bon diém
phan biét thi bén diém dé nam trén mot dudng tron.

Bai 7.84. Cho ba diém F;(—4,0), F>(4,0) va diém A(2,0).

(a) Lap phuong trinh Hyperbol (H) di qua A va c6 tiéu diém Fy, F.
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(b) Tim toa do diém M trén (H) sao cho MF, = 2MF;.

Bai 7.85. Lap phuong trinh chinh tic va phuong trinh tham s6 ctia Hypebol (H),
biét:

(a) C6 céc tiéu diém trén Oy, d dai truc 4o bang 6 va hai dudng tiém vuong goc
v6i nhau.

(b) Di qua diém M(6,4) va moi dudng tiém can tao voi truc hoanh mot goc 30°.

Bai 7.86. Lap phuong trinh Hypebol (H) c¢6 mot dinh trén truc thucla A(1, —1) va
duong tron ngoai tiép hinh chit nhat co s ctia (H) 1a (C): x> +y* —2x — 2y — 7 =0

Bai 7.87. Lap phuong trinh chinh tic cta Hypebol, biét hai tiéu diém Fy(—1, —1),
F»(3,3) do dai truc thuc bang 8 .

Bai 7.88. Lap phuong trinh chinh tac ctia Hyperbol biét:
(a) Truc thuc thudc Ox, c6 d6 dai bf“ing 10, truc ao thuoc Oy, ¢6 do dai bf?mg 8.
(b) Do dai truc thuc béng 8 ,tamsaie = Z
(c) C6 cac tiéu diém trén Ox, do dai tiéu cy 1a 20 va mot dudng tiém c6 phuong
trinh la 4x + 3y = 0.

(d) C6 cac tiéu diém trén Oy, do dai truc thuc bang 8 va hai duong tiém can
vudng goc voi nhau.

Bai 7.89. Cho hai diém F;(—5,2), F»(3,2).
(a) Viét phuong trinh Hypebol (H) c6 tim sai e = 2 vanhan F;, F, lam tiéu diém.

(b) Tim trén (H) bon diém sao cho chiing la cac dinh cia mét hinh binh hanh c6
2 mot canh di qua gdc toa dd va c6 mot duong trung binh thudc duong thang
(d):y=3x+5

Bai 7.90. Lap phuong trinh chinh tic ctia Hyperbol biét:
(a) Hai tiéu diém F(—2,2), F>(4, —4) va d6 dai truc thyc bang 6 .
(b) Hai tiéu diém F;(—2,0), F(0,3) ya di qua gbc toa do.

Bai 7.91. Cho hai diém A(0, —b), B(0,3b) va I(0, b).

a) Lap phuong trinh quy tich cic diém M thod man IM? = MA.MB.
(@) Lapp g quy
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(b) Lap phuong trinh quy tich cic diém N sao cho cac dudng thang AN va BN
c6 tich hé sb géc bang k2.

(c) (C) la dudng tron thay doi luén di qua A, B. EF 1a mot duong iinh cta (C)
cuing phuong véi Oy. Lap phuong trinh quy tich cac diém E; F.

2

2
Bai 7.92.  Cho diém M(0,2) va Hyperbol (H) c6 phuong trinh: (H) : T yT =1

Lap phuong trinh dudng thang (d) qua M cat ( H) tai hai diém phan biét A, B sao
cho 3MA — 5MB = 0

—1)2 2)?
(x=1)°_ (y+2)

G 1 = 1vadiém A co

Bai 7.93. Cho Elip (E) c6 phuong trinh: (E) :

3
XpA = —5 va Yya > 0 thudc (E)

(a) Lap phuong trinh chinh tac cia Hyperbol (H) c6 1 tiéu diém F;(—1, —2), tdm
I(1,—-2) vadiqua A.

(b) Lap phuong trinh cac tiép tuyén ctia (H) tai giao diém cua (H) va (E).

2 2

Y

Bai 7.94. Cho Hyperbol (H) c6 phuong trinh: (H) : T 1= 1 Tim toa d¢ diém

M thudc Hyperbol (H) sao cho:
(a) Co toa do nguyén.
(b) C6 ban kinh qua tiéu diém nay bang 2 1an ban kinh qua tiéu diém kia.
(c) Nhin hai tiéu diém dudi mot goc 60°.
Bai 7.95. Cho diém M(0,2) va Hyperbol (H) c6 phuong trinh:
2

x2

myz—%zl

Lap phuong trinh dudng thang (d) qua M cét (H) tai hai diém phan biét A, B sao
cho M la trung diém AB.
Bai 7.96. Cho Hyperbol (H) va duong thang (d) c6 phuong trinh:

2 2

uﬁ:%—%:ﬂwu@:h—y+m:a
(@) CMR(H) N (d) = {A, B} v6i A, B thudc hai nhanh khac nhau caa (H), gia st

xa < XB.

(b) Tim m sao cho 2F; A = F,B.
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OCHUONGO

LUONG GIAC

GOEOED

§1. GOC LUONG GIAC. Ti SO LUONG
GIAC CUA MOT GOC. CUNG LIEN KET

@ LY THUYET

o tana — sin « e sin®a +cos?a =1
cos
2
e ]l+tan“a =
o cota = % cos? w
sina
e 1+cot?a = !
® tana.cota =1 sinZ o
Cung d6i nhau Cung bu nhau Cung phu nhau

cos(—wa) = cosa

sin(7r — ) = sina

. . T

sin(—a) = —sina | cos(m —a) = — cosa | cos (E - w) = sina
T

tan(—a) = —tana | tan(7r — &) = —tana | tan (E - oc) = cota
s

cot(—a) = —cota | cot(rr —a) = —cota | cot (5 - (x) = tana

BAI TAP CO LOI GIAI

Vi du 8.1. Chitng minh céc biéu thic sau:

(a) cos

2 2

X — sin

x=1-2sin’x =2cos’*x — 1
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(b) 3 —4sin>x =4cos’x — 1

2

fx =1—2sin2xcos®x

(c) sin* x + cos
(d) 4cos®x —3 = (1 —2sinx)(1+2sinx)
Vi du 8.2. Rat gon

4 cos(2m — a) cot(7T + ) tan(—a — 71)
N sin(7t — &) cot(37 — a)

Vi du 8.3. Rut gon céc biéu thuc sau:

3
() C = ZSin(g 4 x) +sin(57 — x) + sin(g +x)+ Cos(g +x).

(b) D =2cosx —3cos(m—x)+ 551n(777t —x)+ co’c(‘%r —X).
Vi du 8.4. Rat gon:

(@) D = cot15° + cot30° 4 cot45° + ... + cot 165°

(b) E =sin5° +sin10° + ... 4+ sin 360°
Vi du 8.5. Cho tam gidc ABC, chiing minh rang:

(@) cot(A—B+C) = —cot2B
(b) sin % = cos C.
@ BAI TAP REN LUYEN

1
asin® x + b cos? x

Bai 8.1. Cho asinxsiny — bcosxcosy = 0. Chiung minh Q =

1
asin’y + bcos? y

khong phu thudc vao gia tri cta x, y.

Bai 8.2. Cho Q = sin® x 4 cos® x — m(sin x + cos* x). Tim m d€ gia tri ctia Q khong

phu thudc vao x.

Bai 8.3. Rut gon cac biéu thirc

(@) E =sin(57 + x) 4 cos(x — g) + cot(3x — ) + tan(%r — x).
(b) F = cos(157 — x) + sin(x — 37") ~tan(x+7) Cot(llTn ).
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Bai 8.4. Rat gon
(a) H = tan10°.tan 20°. tan 30°.... tan 80°
(b) [ =tan1°.tan2°....tan 89°
Bai 8.5. Cho tam gidc ABC, chiing minh rang:

(a) sin(A+2B+C)= —sinB
-3A+B+C

(b) cos —————— = —sin24
(c) sin w =cosC
(d) cos w = —sin2A

Bai 8.6. Rut gon cac biéu thuc sau:

(@) A= cos(g —X) +sin(§ —x)— cos(g +x)— sin(% + x).

7
(b) B=2cosx+3cos(m—x)— sin(g —X) +tan(37ﬂ —X).
. 371 31
(c) H=cos(5m—x) — sm(7 +x) + tan(7 — x) + cot(3T — x).
3
(d) I =sin®(x+ g) + sin?(x + g) + sin?(x + TT[) +sin?(x + 77).

(e) J = sin®(x + 71) 4 cos® (x — 1) — 2sin* (x + 277) — sin* (x — 3%) + cos?(x — g)
Bai 8.7. Rut gon cac biéu thitc sau (khong dung may tinh):

(@) A = cos0°+ cos20° + cos40° + ... 4+ cos 180°

(b) B = cos10° + cos40° + cos 70° + ... + cos 170°

(¢) C =tan20° 4 tan40° + tan 60° + ... + tan 180°

(d) J = sin®28° 4 sin®36° + sin? 54° + cos® 152°

(e) K = cos?10° 4 cos?20° + cos?30° + ... 4 cos? 180°

Bai 8.8. Cho tam gidc ABC. Chuing minh rr:fmg:
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(a) sinB =sin(A+C) (e) cos(A+B—C)= —cos2C

A+ B-2C 3C

(b) cos(A+ B) = —cosC ) tanf = C0t7
A+B_ G At3BHC

(c) sin y = cos (g) cos 5 sin B

A—-2B+C 3B

(d) cos(B—C) = —cos(A+2C) (h) cot ———— =tan >

Bai 8.9. Cho tu giac ABCD. Chung minh réng:
(a) sin(A+B)+sin(C+D) =0

(b) cos(A+ C) = cos(B+ D)

A+ B D
(c) tan% = —tanc%

(d) cot(A+B+C)=—cotD
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§2. CONG THUC CONG - CONG THUC NHAN

Tinh chdt 8.1. 1 Cong thitc cong.

sin(a + b) = sina - cosb + cosa -
sin(a —b) = sina - cosb — cosa -
cos(a+b) =cosa-cosb—sina -
cos(a —b) = cosa-cosb+sina -

sinb tana + tan b
ana + tan

. )= " T

sinb tan(a +b) 1 —tana-tanb

sinb tan(a — b) = tana — tanb

. 1+ tana-tanb

sinb

Tinh chit 8.2. 2 Coéng thitc nhan

sin2x = 2sina - cOs &

2 2

cos2x = cos?a —sina = 2cos’a —1=1—2sin’«a
2tana cot?aw —1
tan204 = ———; cot2a = —
1—tan?w 2 cota
Cong thuc ha bac Cong thuc nhan ba
. 1 — cos2u . ) .
smztx:f sin3a = 3sina — 4sin’ &
1+ cos2u
COSZ(X:% cos3a = 4cos®a — 3cosa
2 1 — cos2a 3tana — tan’ a
tan“a = ————— tan3uc:—2
1+ cos2u 1—3tan“w

@ BAI TAP CO LOI GIAI

Vi du 8.6. Biét rang:

sina + 7sinb = 4(sinc + 2sind)

cosa +7cosb = 4(cosc+2cosd)

Chung minh réng:

2cos(a—d) ="7cos(b—c)
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Vidu 8.7. Biét rang

tan(a + b) = /5
tan(a — b) = V/3

Hay tinh tan2a va tan2b ?

Vidu8s8. Biét teosyFcosz sm3'c TenyTsmg a Chiang minh
: cos(x +y +z) sin(x +y +z)

rang:
cos(x +y) +cos(y +z) +cos(z+x) =a

Vi du 8.9. Chiing minh rang:

3

. ) 1 .
Vx: cos®xsinx —sin®xcosx = Zsm4x

Vi du 8.10. Chitng minh rang: Vx :

3 1
4x:1+7c054x

(a) sin*x + cos 1

(b) sin® x + cos® x = g + g cos4x
Vi du 8.11. Chiing minh rang:

1
(@) cos20° - cos40° - cos80° = 3

T 21 37 1
(b) C0S — 1 €08 —- - COS — = ¢

(c) tan5’ - tan55° - tan 65° - tan 757 = 1
Vi du 8.12. Chiing minh rang:
(4cos®9° —3) (4cos®27° —3) = tan 9’

Vi du 8.13. Ching minh rang Vx, v, z ta luén cé:

xX+y . y+z . z+x
> sim 5 sim 5

(b) cosx +cosy + cosz + cos(x +y + z) :4cosx;ycosy—£zsinzzx

(a) sinx +siny +sinz —sin(x +y +z) = 4sin
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Vi du 8.14. Biét
sina +sinf =a
cosx +cosf=b

a,b#0

\

2ab

Chung minh sin(a + p) = prayL

Vi du 8.15. Biét rang:

sinx +siny +sinz = 0

cosx +cosy+cosz =0
Chting minh rang:

sin2x + sin 2y + sin2z = cos 2x + cos 2y + cos2z = 0

BAI TAP REN LUYEN

Vi du 8.16. Chiing minh cac dang thiic sau

(a) cosx - cos (g —x) - COos (g —i—x) = %lcos3x

(b) sin2x + sin x tan x
= tan
1+ cos2x + cosx

(c) sin5x — 2sinx(cos4x + cos2x) = sinx

1+ cosx —sinx

X
(d) 1—cosx —sinx _COtE
© sin 2x CcoS X —tanf
1+cos2x 1+cosx 2
3 —4cos2x + cos 4x 4
f =t
® 3+ 4cos2x + cosdx an-x
2 4
(g) Tinh A :cosgcosgcosg

Bai 8.10. Chiing minh cac dang thic sau:
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sin(a+b+c)

(@) tana 4 tanb + tanc — tana. tanb. tanc =
cosa.cosb.cosc

(b) cos® x + cos?(x +y) + cos? y — 2 cos x cosy cos(x +y) = 1.

3 1
() > + > [cos 2x + cos 2y + cos(2x + 2y)] — 2 cos x cos . cos(x + v)

(d) sinxsin(y —z) +sinysin(x —z) +sinzsin(x —y) =0

—

(e) tan(x +y) —tanx — tany = tan(x + y) tanx tany

(f) tan2x tan(% — x) 4 tan 2x tan(

W[

—x)+ tan(g ~x) tan(% —x) =1

(g) tanxtan(x + g) + tan(x + g) tan(x +

Bai 8.11. Chuing minh cac biéu thic sau

2

3 ) + tan(2x + E)tanx = -3

3

cos(a—b)  cota.coth+1
cos(a+b)  cota.coth—1

(a)

®) sin(a — b) n sin(b —¢) n sin(c — a) _0

cosa.cosb cosb.cosc COsc.cosa

sin(a + b) sin(a — b)
cos? acos?b

= tan’a — tan?b

(©

cos(a+b)cos(a—b)

=1—tan?atan®b
cos?acos?b

(d)

Bai 8.12. Chiing minh rang

(a) Néu cos(a + b) = 0 thisin(a + 2b) = sina

(b) Néu sin(a + 2b) = 3sinb thitan(a +b) = 2tana

(c) Néu tana = 2tanb thisin(a + b) = 3sin(a — b)

(d) Néu tana.tanb = —% thi cos(a + b) = 2cos(a — b)
Bai 8.13. Cho tam giac ABC. Chiing minh rang:

(a) sinC = sin A.cos B + sin B.cos A

(b) cos A = sin B.sin C — cos B.cos C

sin C

o A
(© cos A.cos B tan A+ tanB
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(d) tanA +tan B +tanC = tan A.tan B.tan C

(e) cotA.cotB+ cotB.cotC+ cotC.cotA =1

(f) siné = C0S — COs — — sin —.sin —
2 2 2 2 2
A . B C B .

(8) €os - = sin - cos - —cos - sin o

(h)tanétang—i—tangtang—l—tan—tan——l
2772 2772 272
C

(i) coté +CotE +cotE = c:o’cé cot —.cot —
2 2 2 27272

Bai 8.14. Cho tam gidc ABC. Ching minh
(a) tan A + tan B + tan C > 3v/3 v6i tam giac ABC c6 3 géc nhon.
(b) tan® A + tan® B + tan® C > 9, véi tam gidc ABC c6 3 géc nhon.

(c) tan® A + tan® B + tan® C > 81, véi tam gidc ABC ¢6 3 gbc nhon.

A C C
(d) tan? 5 + tan? 5 + tan? 5 > 1.

A B C
— — — >
(e) tan > —i—’can2 +tan2 > V3

Bai 8.15.
(a) Tim gia tri I6n nhat va nho nhét ctia biéu thic: A = sin* x 4 cos* x — 3sinx -
cos x

(b) Chitng minh rang néu tam giac ABC thda 3(cos B+ 2sin C) +4(sin B+2cos C)

15 thi tam giac ABC vudng.
Bai 8.16. Chox,y,z > 0vax+y +z < 7. Chtiing minh rdng:
sinx +siny +sin(x +y +z) < sin(x +y) + sin(y + z) + sin(x + z)
Bai 8.17. Chiing minh rang v6i moi x, a ta luén c6:

x* (14 sin® &) + 2x(sina + cosa) + 1+ cos’a > 0
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§3. CONG THUC BIEN DOI

Tinh chit 8.3. 3 Cong thitc bién d6i

b —b
cosa + cosb :2cosa+ -cosa
2 2
. a+b , a-—b
cosa —cosb = —2sin - sin
2 2
sina+sinb:25ina+b -cosa_b
2 2
. . a+b . a-—>b
sing —sinb = 2 cos > - sin 5

sin(a+b
tana+tanb:ﬂ
cosa-cosb
sin(a—1b
tana—tanb:¥
cosa-cosb
sin(a+b
cota+cotb:¥
sina -sinb
in(b—a
cota—cotbzis,m( )
sina-sinb

sina — cosax = \/E-sin (oc — %)

sina +cosa = ﬁﬁin(ﬂé%—%) :\fz'COS(lX—g)

—V/2-cos (a+g)

@ BAI TAP CO LOI GIAI

Vi du 8.17. Rut gon cac biéu thiic sau:

1—2cosx
A= —v——
(@) 1+ 2cosx
(b) C = \/§—2cos3x
V3 +2cos3x
() C= V2 — 2sin2x
V2 4+ 2sin2x
sin bx — sin3x
dd D=—»-———
(d) 2 cos4x

Vi du 8.18. Bién d6i thanh tich cac biéu thic sau:

(a) V/2sin 2x + cos 5x — cos 9x
(b) sin3x — 2sin2x + sinx

(c) cosx + cos3x + cos5x
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(d) 14 cos2x + cos4x + cos b6x
Vi du 8.19. Cho tam giac ABC. Chiing minh rang:
(a) sin2A +sin2B + sin2C = 4sin Asin Bsin C
(b) 14 cos2A 4 cos2B + cos2C = —4cos A cos BcosC
(c) sin® A + sin® B + sin® C = 2(1 4 cos A cos B cos C)

(d) cos? A+ cos? B+ cos*C =1 —2cos Acos BcosC

BAI TAP REN LUYEN

Bai 8.18. Rut gon céc biéu thirc sau:

sin?4x — sin? 2x

) K = sinx + sin4x + sin7x
(@) F= cos2 x — cos22x ~ cosx + cos4x + cos7x
.2
4
®) 6= 2cosx—|—sé(r)153;c+c055x (g) L= sindx + sin 5x + sin 6x
. & ~ cos4x + cos5x + cos 6x
(c) H= _ sin2x
fanx + cot2x h) M — 1+ cos x + cos 2x + cos 3x
d) I = 1+ sin2x + cos2x (h) -

_ 2cos?x +cosx —1
14 sin2x — cos2x

sin2x + 2sin 3x + sin4x
(e) ] =

(@) N = cos7x — cos 8x — cos 9x + cos 10x
~ cos3x + 2 cosdx + cos 5x N

sin7x — sin8x — sin9x + sin 10x

Bai 8.19. Bién déi thanh tich cac biéu thitc sau:
(@) 1+ sinx — cos2x (d) sin3x — sinx + sin2x
(b) 14 sinx + cosx

(c) cosx + sin2x — cos 3x (e) sinb5x + sin 6x + sin7x + sin 8x

Bai 8.20. Phan tich thanh tich cac biéu thirc sau:
(a) sinx — sin3x + sin 7x — sin 5x cos 11x

(b) sinx — sin2x + sin5x — sin 8x (e) sinx +sin2x+sin3x—1—cosx —

(c) cos10x — cos8x — cos6x + 1 cos 2x

(d) cosbx + 3cos7x + 3cos9x + () 1 + sinx — cosbx — sin7x —
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2 3X (h) sinx + sin2x + sin3x — cosx —

2 cos >
CcOS 2x — cos 3x

(g) sinx +sin2x +sin3x —1 —cos x — (i) sin3x + sinx — sin2x + 2(1 —

cos 2x COS X) COS X

Bai 8.21. Bién ddi thanh tich cac biéu thic sau:
(a) cos® x + cos®2x + cos?3x — 1
3
(b) sin® x + sin® 2x + sin? 3x — 5

2x

(c) sin?3x — sin? 2x — sin
(d) sin® x — cos®2x — cos® 3x

(e) sin?x — 2sin? 2x + sin® 3x

(f) sin®3x — cos? 4x — sin® 5x + cos? 6x

(8) cos? x + cos? 2x + cos? 3x + cos? 4x — 5

Bai 8.22. Khong dung mdy tinh hay tinh gia tri cac biéu thirc sau:

(a) sin® % + cos® %
T T

(b) tan? 5t cot? o

(c) cos£+cos3—n+coss—n+cos—n+cosg—n
11 11 11 11 11

(d) cosz—n+cos4—n+cos6—n+coss—ﬂ+cosm—n
11 11 11 11 11

Bai 8.23. Cho tam giac ABC. Chiing minh rang:

A
(a) sin A +sinB+sinC = 4coszcos§cos§

A B C
(b) sinA +sinB —sinC = 4sinESin§cosE

A B . C
(c) cosA+cosB+cosC = 1+4sinasin§sin§
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{C} CONG THUC BIEN POI TiCH THANH TONG

cosa-cosb = = [cos(a —b) + cos(a+ )]

sina -sinb = = [cos(a — b) — cos(a + b)]

N =N g -

sina - cosb = = [sin(a — b) + sin(a + b)]

Vi du 8.20. Bién déi thanh téng cac biéu thirc sau:
(a) 2sin x.sin 3x.sin5x
(b) 8cosx.cosbx.sin7x
(c) 4cos(a—b)cos(b—c)cos(c—a)

Vi du 8.21. Tinh gia tri cac bi€u thuc sau:
(a) sin5°.sin15°.sin 25°... sin 65°. sin 75°. sin 85°
(b) sin?10° 4 cos 70°. cos 50°

(c) sin?50° 4 sin?70° — cos 50°. cos 70°
31

T 27
(d) cos 7= cos - + cos 7

(e) cos2£+cos4—n+cos6—n+C058—ﬂ
9 9 9 9

Vi du 8.22. Rut gon cac biéu thitc sau:
(a) cos1lx.cos3x — cos17x.cos9x

(b) sin 18x.cos cos13x — sin 9x. cos 4x

(c) sin x.sin(g - x).sin(g + x)

(d) 8cos x.cos(g - x).cos(g +x)+1

1
(e) cosx.cos2x.sin3x — - sin12x

211



@ BAI TAP REN LUYEN

Bai 8.24. Bién déi thanh t6ng cac biéu thuc sau:

(a) sin i sin 2
5 5

(b) sin4x.cos7x

Bai 8.25. Tinh gid tri cac biéu thuc sau:

(a) sin5°.sin15°.sin 25°...sin 65°. sin 75°. sipy850, 7
$dHos -

(b) sin®10° + cos 70°. cos 50°

(c) sin®50° + sin? 70° — cos 50°. cos 70°

Bai 8.26. Rut gon céc biéu thirc sau:
(a) cos1lx.cos3x — cos17x.cos9x
(b) sin 18x.cos cos13x — sin 9x. cos 4x

(c) sin x.sin(g - x).sin(g + x)

(d) 8cos x.cos(g - x).cos(E +x)+1

3
. 1 .
(e) cosx.cos2x.sin3x — 1 sin 12x

(f) 4sin2x.sinb5x.sin7x — sin4x

1
(g) sin2x.cos4x.sin 6x + 708 12x

1
(h) sinx.sin2x.sin3x — 1 sin 4x

21
(e) cos 5
87t

Ccos —
9

(i) sin4x.sin10x — sin 11x.sin3x — sin 7x. sin x

. X 3x ) . . .
(j) cos ~.cos — — sin x.sin3x — sin 2x. sin 3x

2 2

7
(k) sin 7x cos 3x + sin E. cos 573( + sin 2x.cos 7x

2 2

(1) cos2x 4+ cos4x 4+ cos 6x — 4 cos x.cos2x.cos3x — 2

—cosz—n+cos3—n
7 7
+ cos4—ﬂ -+ cos6—ﬂ
9 9

+



(m) sinx(1+ 2cos2x + 2 cos4x + 2 cos 6x)
Bai 8.27. Rut gon céc biéu thirc sau:

(@) cosx + cos3x 4 cos5x + ... +cos(2n — 1)x

(m—1)m

. T . 27 . 37 i
(b) smg —I—sm7+sm7+...—|—sm

s 37 T 2n—1)m
(c) cos +C057 +C087+...+C087

1 1 1 1
1 1 (1
cosx)( +c052x)( + ) ( +

1 1 1 1
sin2x sindx sin8x = sin2"x

(d) (1+

)

cos 3x cos21x

(e)

(f) sin® i + 3sin® o +3%sin® o +...+3" lsin® X

3 3 3 3n
1 1 1
(8) sinx sin2x + sin2"—1lx
1 1 1

(h)

cosx.cos2x | cos2x.cosdx T cos(n —1)x.cosx

Bai 8.28. Cho tam gidc ABC. Chiing minh céc bat dang thic sau:

(a) sin A +sin B+ sin C < 3V3 (c) tan A + tan B + tan C > 3v/3
- 2

(b) cos A+ cosB+cosC < (d) cos A.cosB.cosC <

N W
| -
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OCHUONGO

@ PHUONG PHAP VA Ki THUAT
CHUNG MINH

GOEOED

§1. SUY LUAN PHAN CHUNG

@ LY THUYET VA Vi DU
Tinh chdt9.1. A= B < B = Ahoic A = B < B = S S la ménh dé hang sai.

Phuong phap ching minh phan ching la mot phuong phap ching minh gian
tiép, dé ching minh ménh dé A = B ta ching minh ménh dé tuong duong véi nd
laB= A.

Diém manh ctia phuong phap nay 1a ta da tao thém dugc gia thiét méi B, dé tir
d6 giup ta suy luan tiép dé giai quyét dugc bai toan.

Tat nhién viéc viét lai ménh dé B mot cach chinh xac 1a diéu quan trong, cai nay
chu y mot sb6 quy tat vé ménh dé.

Phuong phap nay duge sit dung hau hét trong cac phan mon ctia toan la: dai sb,
s6 hoc, hinh hoc, t6 hop. ] day ta chi dé cap dén céac bai toan to hop.

Vidu9.1. (Nguyén ly Dirichlet) C6 nk + 1 vién bi, bé vao trong k cai hop. Ching
minh rang c6 it nhat mot hop c6 it nhat 1a 1a n + 1 vién bi.

Vidu9.2. C6 ton tai hay khong mot cach dién cacs60,1,2,3,---,9 vao cac dinh
ctia mot da giac 10 dinh sao cho hiéu hai s6 & hai dinh ké nhau chi c6 thé nhan mot
trong cac gia tri sau:—5, —4, —3,3,4,5.

Vi du9.3. Pién cacsb 1,2,3,...,121 vao mot bang 6 vuong kich thudc 11 x 11 sao cho
méi 6 chita mot s6. Ton tai hay khong moét cach dién sao cho hai s6 ty nhién lién
tiép sé dugc dién vao hai 6 c6 chung mt canh va céc tat ca cac s6 chinh phuong thi
nam trong cuing mot cot?

Vi du 9.4. Tap S dugc goi 1a mot tap can néu ldy tir S ra mot phan tir bat ki thi cac
phan tr con lai cta S c6 thé chia ra 1am hai phan c6 téng bang nhau. Tim s phan

tr nhé nhat ciia mot tap can.

Vidu9.5. Cho F = {Ey,Ey, ..., Ex} 1a mot ho cac tdp con c6 r phan ti cda tap X.
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Néu giao ctia r + 1 tap bat ki ctia F 1a khac réng, ching minh rang giao cta tat ca
cac tap thudc F la khac rong.

Vidu 9.6. Cho A va B la cac tdp phéan biét va hgp ctia A va B la tap cac s tu nhién.
Chung minh réng v6i moi s6 ty nhién 7 ton tai cdc s6 phan biét a,b > n sao cho
{a,b,a+b} C Ahoac {a,b,a+b} C B.

Vi du9.7. Trong mat phzfmg toa do thi mot diém ma hoanh d6 va tung do déu la
cac sb nguyén duoc goi 1a diém nguyén. Ching minh réng khong ton tai tam giac
déu nao ma cac dinh déu la diém nguyeén.

Vi du 9.8. Cho S la tap v6 han cac phan tir va P(S) 1a ho cac tap con ctia S. Ching
minh rang khong ton tai mot song anh tir S va P(S).

Vi du 9.9. Trong mot bita tiéc ¢6 2n nguoi tham gia. Mdi ngudi c6 mot s6 chan
ngudi quen trong do (A quen B thi B ciing quen A). Chiing minh rang ton tai hai
ngudi c6 cling mot s6 chdn ngudi quen chung trong bira tudc.

Vi du 9.10. Cho A 1a tap con c6 19 phan ti cta tap {1,2,---,106} sao cho khong
c6 hai phan ttf nao c6 hiéu bang 6,9, 12, 15, 18. Chiing minh rang c6 2 phan tit thudc
A c6 hiéu bang 3.

Vi du 9.11. Mot hinh vuong 1 x 1 6 dugce to bdi hai mau den trang, sao cho trong 4
0 goc thi 3 6 dugc t6 mau den, 1 6 dugc td mau trang. Ching minh rang trong hinh

vuong co6 6 vudéng 2 x 2 ma c6 so 6 mau den la so 1é.

BAI TAP REN LUYEN

Bai 9.1. Cho cac s6 a, b, c nguyén 1é. Chitng minh rang phuong trinh ax? 4 bx 4 ¢ =
0 khong c6 nghiém hiru ty.

Bai 9.2. Tim mot da thitc bac ba nhan & = v/2 + V4 lam nghiém. Tir d6 chung
minh « 1a mot s6 vo ti.

Bai 9.3. Chiing minh rang trong mot tam gidc c6 hai phan giac bang nhau thi tam
gidc do la tam giac can.

Bai 9.4. C6 ton tai hay khong tam gidc ABC thoa cac dudng cao AH, trung tuyén
BM va phan giac CD cit nhau tao thanh 1 tam giac vuong.

Bai 9.5. Cho hinh vuéng ABCD, bén trong hinh vuéng ABCD lay diém M sao cho
/MAB = /MBA = 15°. Chiing minh rang tam gidc MCD déu.

Bai 9.6. Mot hinh vuong 8 x 8 c6 thé phti duge bang cac hinh T-tetrominoes va 1
hinh vudng 2x2 khong?
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Bai 9.7. Chiing minh rang hinh vuéng 10x10 khong thé phti béi cac hinh chit nhat
1x4.

Bai 9.8. Mbi phan tit ctia bang vuong 25 x 25 déu c6 s6 +1 hodc —1. Goi 4; 1a tich
clia tat ca cac phan tir trén hang thit i, va bj 1a tich ctia tat ca cac phan tir trén cot
thit j. Chiing minh rang

ap+by+ -+ +as + by # 0.

Bai 9.9. Dién cac s6 1,2,3,...,81 vao bang 9 x 9. Ching minh rang ton tai bang
con 2 x 2 c6 téng ctia 4 s6 dugce dién trong n6 16n hon 137.

Bai 9.10. Cho 7 1a mot sb nguyén duong. Chiing minh rang khong ton tai cac s6
nguyén duong x va y sao cho:

Vi+Vn+1<Vx+y < Vin+2

Bai 9.11. Cho céc sb a1, a», a3, a4 thoa _71 <a < % voii = 1,2,3,4. Ching minh
rang néu téng cta 3 s6 bat ki trong bon s6 1a mot s6 nguyén thi a; = ay = a3 = ay.
Bai 9.12. Giai bong da PTNK league gom 18 doi tham gia. Thé thuc gidi dau la da
vong tron mot lugt, tire 1a mbi vong 18 doi sé chia lam 9 cap du vdi nhau, méi lugt
c6 dung 9 tran, hai doi gdp nhau dung mot tran. Téi gan Tét 4m lich gii tam ding,
va gidi da dién ra diing 8 lugt tran. Chiing minh rang t6i thoi diém nay c6 thé tim
ra dugc 3 déi ma d6i mot chua da voi nhau.

Bai 9.13. Cho hai s6 nguyén duong m, n. Xét bang 6 vuong kich thudc (2m + 1) x
(21 + 1), ban dau trong mbi 6 vudng 1 x 1 dat mot con kién. Biét rang sau d6 mdi
con kién di chuyén sang mét trong nhitng 6 vudng c6 chung canh véi né. Ching
minh rang sau khi cac con kién di chuyén c6 mot 6 vuéng khong cé con kién nao.
Bai 9.14. Mot tap hop c6 it nhat 3 s6 nguyén duong phan biét dugc goi 1a tap can
néu c6 it nhat mot s6 1é va khi bé di mot phan tir bat ki thi cac s6 con lai c6 thé chia
thanh hai tap hgp ma tdng cac sb trong hai tap hop d6 bang nhau.

(a) Chiing minh s6 phan tir ctia tap can luén 1a mot s6 1é.

(b) C6 ton tai hay khong mot tap can cé 5 phan t? Tai sao?
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§2. SUY LUAN QUY NAP
Phuong phap ching minh quy nap dua trén tién dé vé s6 ty nhién nhu sau:
e 11a mot sb tu nhién.

¢ Moi sb tu nhién 1, c6 mot sb lién sau no, ki hiéu n’ cing la so tu nhién.

Néu hai s6 tu nhién c6 s6 lién nhau bang nhau thi bang nhau.

* Gitta hai s6 ty nhién lién tiép khong c6 s6 tu nhién nao.

Néu ménh dé P théa P(1) ding va P(n) ding suy ra P(n') ding thi P(n)
dang véi moi n.

Tir d6 ta c6 mot s6 cach sau dé chirng minh ménh dé P(n) dung vdi moi s6 ty nhién
n > n.

Tinh chdt 9.2. (Quy nap thuong) Dé chiing minh P(n) ding v6i moi n > n, ta c6
thé thuc hién qua cac budc sau:

e Chung minh P(n,) dang,.

e Gia st P(n) dung. Chiing minh P(n + 1) dung.
Tinh chit 9.3. (Quy nap manh)

e Chung minh P(n,) dang.

e Gia su P(n,) dung v4i moi n,, 1, + 1, - - - ,n. Chung minh P(n + 1).
Tinh chét 9.4. (Quy nap budc nhay)

¢ Chuang minh bai toan dang voi n,, n, + 1,1, +t — 1.

e Gia st P(n) dung. Chung minh P(n + t) dung.
Tinh chit 9.5. (Quy nap lui)

¢ Chting minh P(n) ding véi day tang thuc su cac s6 nguyén duong ny, 1, - -+, ng, -+ -

» Chitng minh néu P(n) dung thi P(n — 1) dung.

Phuong phéap chiing minh quy nap duge st dung trong hau hét cac phan: Dai sd,
s6 hoc, hinh hoc va t6 hgp. Trong phan nay ta chi xét dén cac bai toan t6 hop.

Déi véi t6 hgp, quy nap dugce st dung trong cac tinh huéng nhu chitng minh sy
ton tai, cac bai toan dém, cac bai toan bat dzfmg thirc cyc tri t6 hgp, va trong céac bai
toan tro choi...
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Dau tién la bai toan ma t6i nhd mai, bai toan thi vao 16p 10 Chuyén Toan PTNK
nam 1999, bai toan dem lai 10 diém tuyét dbi cho toi va van mai 1a ki niém dang
nhé.

Vi du 9.12. Ngudi ta lat nén nha hinh vuong kich thudc n x n 6 bang cac vién gach
nhu hinh vé duéi sao cho con chira lai mét 6 khong lat.

(a) Hay chi ra mot cach lat nhu trén véi nén nha kich thudc 4 x 4 va 8 x 8.

(b) Hay chiing minh rang lu6n ton tai mot cach lat nén nha c6 kich thuéc 28 x 2
(k nguyén duong) véi 6 tréng con lai nam & vi tri (i, j) bat ki.

Vi du 9.13. Chiing minh rang v6i moi s6 tu nhién n > 3 ludn ton tai 1 s6 nguyén
duong phan biét x4, - - - , x, thoa

1 1
X1 Xn
Vi du 9.14. Chung minh réng v6i moi s6 tu nhién M ton tai s6 tu nhién n va cach

chon cdc ddu + hodc — saocho M = +1? £ 22 ... + 52,
Vi du 9.15.
(a) Hay chi ra cach sap 8 sb nguyén duong dau tién 1, 2, ..., 8 thanh mot day
ai,4as, ..., ag sao cho 2 s a;, a bat ki (i < j) thi moi s6 trong day nam gitra a; va

N o a;i+a;
ajdéukhac 12 J

(b) Chiing minh rang v6i N sb nguyén duong dau tién 1,2, ..., N ludn tim dugc
cach sép thanh day a1, a, ..., ay sao cho day thoa man diéu kién nhu cau a).
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Vi du 9.16.

(@) Chung minh v6i N > 3, luén luén c6 N s6 chinh phuong doi mot khac nhau
sao cho téng ctia chiing 1a mot s6 chinh phuong.

(b) Chiing minh rang v6i moi s6 nguyén mn > 3 bao gid ciing xdy duge mot bang
chit nhat gdbm m x n s6 chinh phuong d6i mot khac nhau cho téng ctia moi
dong 1a mét s6 chinh phuong va téng ctia méi cot 1a mot s6 chinh phuong.

Vi du 9.17.

(a) Chobén sb nguyén duong ay,az,a3,a4saocho1l < g, < kvéimoik =1,2,3,4
vaténg S = aj + ap + a3 + a4 1a mot s6 chan. Chirng minh rang c6 it nhat mot
trong cac ) dang +ay £ ap = a3 £ a4 c6 gia tri bé‘mg 0.

(b) Cho 1000s6 nguyén duong ay, ay, ..., a1000 sao cho 1 < g, < kvéik =1,2,...,,1000
vaténg S = ay + 4z + ... + ajgoo 1a mot s6 chan.
Hoi trong cac s6 c6 dang +a; + a,... & a9 €6 56 ndo bang 0 hay khong? Giai
thich vi sao?

Vi du 9.18. (USAMO 2002) Cho tap S c6 2002 phén tt, sO tu nhién k thoa 0 < k <

22002 chiing minh réng ton tai cach td6 mau cac tap con ctia S bang hai mau xanh va

do thoa:
(a) Co6 dung k tap dugce t6 mau do.
(b) Hop cta hai tap do la mét tap do.
(c) Hop ctia hai tap xanh la mét tap xanh.

Vi du 9.19. Trong cudc hop c6 2n (1 > 2) ngudi, mot sb ngudi bat tay nhau va
nguoi ta dém duge c6 n* 4 1 cai bat tay. Ching minh rang c¢6 3 ngudi doi mot bt
tay nhau.
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Vi du 9.20. Liic dau cé 7 lit nude dé vao mot s6 lu, méi lu chira ding mot sb nguyén
duong lit nudc, ta thuc hién cach dong nuée nhu sau: néu s6 nude & lu A nho hon
hodc bang lu B thi ta ¢6 thé cho hét nude ctia B vao A mot lugng bang lugng nude
lu A dang co.

(a) Néu c6 3 lu nudce chira lan lugt 2, 3, 8 thi ¢6 thé dua vé hai lu khong? Tai sao?

(b) Néu n = 1024. Chiing minh rang ta c6 thé dua sb nudc hét vé mot lu. Gia su
lu nay 1a lu I6n, chia da s6 nudc da cé.

Vi du 9.21. Trong mot bang m x n cac sb thuec. Trong mdi cot ngudi ta ddnh dau it
nhét p s6 16n nhét, trong mbi dong ngudi ta danh dau it nhat g s6 16n nhat. Ching
minh rang c6 it nhat pg 6 danh dau 2 lan.
Vi du 9.22. (Russia 1993) C6 7 s6 tu nhién tir 1 dén n dugc viét thanh mot dong
theo mot thit tu nao dé. Mdi budce thuc hién bién déi nhu sau: néu s6 dau tién 1a k
thi k s6 dau tién sé duoc viét theo thu tu ngudgc lai. Ching minh réng sau htru han
budc thi s6 dau tién ctia dong 1a s6 1.
Vi du 9.23. (Chon doi tuyén PTNK 2014) Tim s6 nguyén duong 7 16n nhét thoa
man cac diéu kién sau:

i) n khong chia hét cho 3;

ii) Bang vuong n x n 6 khong thé duge phu kin bang 1 quan tetramino 1 x 4
va cac quan trimino kich thudc 1 x 3. Trong phép pht cac quan tetramino va
trimino dugc phép quay doc nhung khong dugc phép chuom l1én nhau hoac
nam ngoai ra bang vudng.

Vi du 9.24. Chiing minh rang s6 tap con ctia mot tap hop c6 n phan tix 1a 2.

Vi du 9.25. An va Binh cting choi mét tro choi. Ban dau trén ban c6 99 vién keo.
Hai nguoi thay phién nhau bdc keo, méi 1an dugc boc k vién keo véi k € {1,2,7}.
Ngudi nao boc duge vién keo cudi ciing 1a ngudi thang. An di trudc, hdi ai la ngudi
c6 chién thuat thang, ngudi di trudc hay ngudi di sau?

@ BAI TAP REN LUYEN

Bai 9.15. Chting minh cac dang thiic sau ding v6i moi s6 nguyén duong n:

nn+1)2n+1)
6

b) 1¥4+2°+.n°=(1+2+..+n)?

(@) 1°+22+ . +n*=
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1 1 1 n(n+3)

© 123 282 T T an )12 A+ D(n+2)
-1 — 1) (x— 1 -1 —2)(x—
@1- 24 XED XDt D) 2l
1 1 1 _1_1 1_1 1 B 1
S T T S S s R T

Bai 9.16. Ching minh rang v6i moi s6 nguyén duong n thi:

(=) () - () =2z

4 !
Bai 9.17. Cho 7,k la céc s6 nguyén duong va n > k. Dat Ck = k'(nn—k)'
(a) Ching minh Cf = Ck_, + Ck-1.
(b) Ching minh (x + y)™ = x™ + Cp,x™ 1y + .. + C Ly 1 - y™.
Bai 9.18. Ching minh vdi moi s6 nguyén duong n thi

1 op e
D=1+ +2 4.
(1) =14 g+ 37 Tt

Chung minh r?ang
(@) 2" > n® véimoin > 5

(b) n! > 3" véimoin > 7.

n

Bai 9.19. Néu a,, 1a cac s6 thuc duong hodc tat ca déu thude [—1;0] thi [ [ (1 +ax) >

k=1
n
1+ Z ay.
k=1
Bai 9.20. Cho day sb a, théa a; = 1,a,,1 — a, = n + 1¥n. Chiing minh rang a, =
n(n+1)
—

Bai 9.21. Cho day a, théa a; = 2,a,,1 = 24, + 1¥n. Chiing minh rang a, + 1 =
32771

Bai 9.22. (Fibonacci). Cho day s6 f, dugc xac dinhnhusau 1 = 1, fo = 1, fui1 =
fn +fn7]vn > 1.
Chiing minh céc tinh chat sau:

@ fA+fatotfu=fara—1.
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®) i+ f3+ ..+ fona1 = fon

© fi = famifarr — (=)™

) 2+ B+t 2= fufurr

©) fifo+ fofs+ ot fonifon = for.
() mln = fulfu.

Bai 9.23. Cho day s6 (u,) dugc xac dinh: u; = 2013,u; = 2014, 11 = ty(ty —
1) +2,¥n = 2,3,... Chitng minh rang (4 + 1) (43 + 1)...(uz013 + 1) — 1 1a mot sb
chinh phuong.

N e 7 . A 1 N A A N 1 ~ N A A 2.
Bai 9.24. Chung minh neu x + p la sO nguyén thi x" + o CUng la sO nguyén voi
moi s6 nguyén duong 7.

Bai 9.25. Goi x1, x; 1a nghiém ctia phuong trinh x* — 6x +1 = 0. Dat S, = x} + x4.
Chuing minh rang S, khong chia hét cho 5 vdi moi n.

Bai 9.26. Cho ay, 4y, ...,a, 1a cac s6 duong. Chuing minh rfmg:
@) (n—1)(a} +a5 + ... +al) + nayag..ay > (a1 + ... +ay)(a} ' + ..+ a5 ).
> /a1ay...ay.

Bai 9.27. (USSR 1990) Cho a,b,c > Ovaa+b+c = 1. Xét f(x) = ax® + bx +c.
Chung minh r?ang v3i moi x1, X3, ..., X, thoa x1x,...x, = 1 thi

a+ay+...+ay
n

(b)

fa)f(x2). fxn) 21
Bai 9.28. Ching minh rang
(a) 52" +3n — 1 chia hét cho 9.
(b) 3.52"+1 4 23"+1 chia hét cho 17.
(c) 2%" + 1 chia hét cho 3"+!

Bai 9.29. Chiing minh rang véi moi sé tu nguyén duong n thi (n + 1) (n +2)...(n +
n) chia hét cho 2".

Bai 9.30. Cho n = 2. Chiing minh rang trong 21 — 1 sb tu nhién bat ki thi lun
chon dugc 1 s sao cho téng ctia ching chia hét cho 7.
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Bai 9.31. Chiing minh v6i s6 tu nhién 7 ludén c6 thé phan tich thanh tich cac thira
s6 nguyén t6 mot cach duy nhét. Tirc 1a néu n = p1ps...px = g142---Gm thim = k va
91,92, -, Gm la mot hodn vi caa p1, pa..., px-

Bai 9.32. Chting minh rang véi moi s6 nguyén duong n thi phuong trinh a* + b =
¢" c6 nghiém nguyén.

Bai 9.33. bat T,, = 1+ 2 + ... + n. Chiing minh rf?mg ton tai vo han cac s tu nhién
n dé T, 1a s6 chinh phuong.

Bai 9.34. Ching minh rang v6i moi s6 nguyén duong M ton tai s6 nguyén duong
n va cach chon cac diu + hodc — sao cho M = +1?> +22 + ... + n?.

Bai 9.35. Chiing minh rang phuong trinh véi moi s6 nguyén duong n > 3 thi luén
ton tai cac s6 nguyén duong x1, X2, .., X, phan biét thoa phuong trinh— + — + ... +

1 X1 X2
~ =1
Xn
Bai 9.36. Cho x; = a; (modm),x, = a;(modm),..,x, = a,(modm). Chung
minh rang:
n n
x; = | | a; (modm)

i=1 i=1

Bai 9.37. (IMO 2013) Cho cac s6 nguyén duong n, k. Ching minh rang ton tai k s6
nguyén duong my, my, ..., my sao cho:

2k _1q 1 1 1
— 4+ D(— +1)(— +1
= G TG DG+ D)

1+

Bai 9.38. (Dinh ly nhé Fermat) Cho p la s6 nguyén t6. Chiing minh rang véi moi sd
tu nhién a thi a” — a chia hét cho p.

Bai 9.39. (Kvant M2277) Chitng minh rang téng
S=1"42"+..+ (2" —1)"

chia hét cho 2¥~1 v6i moi s6 nguyén duong k, n.

Bai 9.40.

(a) Hay chi ra cach sap 8 s6 nguyén duong dau tién 1, 2, ..., 8 thanh mot day
a4, 4y, ..., ag sao cho 2 s6 a;,a; bat ki (i < j) thi moi s trong day nam gita a; va
a; + 4 +a;
a; déu khéc 5
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(b) Chung minh ré“mg véi N s6 nguyén duong dau tién 1,2, ..., N ludn tim duoc
cach sép thanh day a1, a, ..., ay sao cho day thoa man diéu kién nhu cau a).

Bai 9.41.

(a) Ching minh véi N > 3, 1udén ludn c6 N sb chinh phuong d6i mot khac nhau
sao cho téng ctia ching la mot s chinh phuong.

(b) Ching minh rang véi moi s6 nguyén mn > 3 bao gids ciing xay duge mot bang
chit nhat gdbm m x n s6 chinh phuong d6i mot khac nhau cho téng ctia mbi
dong 1a mét s6 chinh phuong va téng ctia méi cot 1a mot s6 chinh phuong.

Bai 9.42. Ngudi ta lat nén nha hinh vuédng kich thudc n x n 6 bang cac vién gach
nhu hinh vé dudi sao cho con chira lai mét 6 khong 1at.

(a) Hay chi ra mot cach lat nhu trén véi nén nha kich thudc 4 x 4 va 8 x 8.

(b) Hay chiing minh ring luén ton tai mot cach 1at nén nha c6 kich thude 25 x 2
(k nguyén duong) vdi 6 tréng con lai nam & vi tri (i, j) bat ki.

Bai 9.43.

(a) Chobdn sb nguyén duong ay,az,a3,a4sa0cho1 < a, < kvéimoik =1,2,3,4
va t6ng S = a; + ap + az + a4 1a mdt s6 chan. Chung minh ré“mg 6 it nhat mot
trong cac sé dang +a; + a, & a3 & a4 c6 gia tri bang 0.

(b) Cho 1000 sb nguyén duong ay, ay, ..., 41000 saocho 1 < ap < kvéik =1,2,...,1000
vatong S = ay + ax + ... + a000 12 mot s6 chan. Héi trong cac sb c6 dang
+a; + ay... &+ ajg0p €6 sO6 nao béng 0 hay khong? Giai thich vi sao?

Bai 9.44. An va Binh ciing choi mét tro choi. Ban dau trén ban c¢6 99 vién keo. Hai
ngudi thay phién nhau boc keo, méi lan duge boc k vién keo véi k € {1,4,7}.
Ngudi nao bdc dugc vién keo cubi cung la ngudi thang. Hai ai 1a ngudi ¢6 chién
thuat thang, ngudi di trude hay ngudi di sau?
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Bai 9.45. C6 64 vién bi dugc bd vao mot vai hdp. Trong mdi budc ta thuc hién nhu
sau: chon ra hai hop A cé p vién bi va hop B c6 g vién bi, p > g va lay g vién bi tir
hop A bé sang hop B. Chiing minh rang c6 thé bd tat ca cac vién bi vao mot hop.

Bai 9.46. Cho 2n diém duoc ndi véi nhau bdi n? + 1 doan théng. Chuing minh réng

ton tai 3 diém tao thanh mot tam gidc.

Bai 9.47. Tim tt ca cac sb tu nhién N dé hinh vudng N x N c6 thé phti dugc bang
cac hinh vudng 5 x 5 va cac hinh chir nhat 1 x 3.

Bai 9.48. Tim s6 nguyén duong 7 16n nhat thda man cac dieu kién sau:
¢ 1 khong chia hét cho 3;

* Bang vudng n x n 6 khong thé dugc pht kin bang 1 quan tetramino 1 x 4
va cac quan trimino kich thudc 1 x 3. Trong phép pht cac quan tetramino va
trimino dugc phép quay doc nhung khong dugc phép chuom lén nhau hodc
ndm ngoai ra bang vudng.

Bai 9.49. (USAMO 2002) Cho tap S c6 2002 phén tt, sO tu nhién k théa 0 < k <
20022%2 chitng minh rang ton tai cich t6 mau cac tp con ctia S bang hai mau xanh

va do thoa:
(a) Co6 dung k tap dugc to6 mau do.
(b) Hop cta hai tap do la mét tap do.

(c) Hop ctia hai tap xanh la mét tap xanh.
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§3. NGUYEN LY CUC HAN

Tinh chét 9.6. Céc tinh chat sau xem nhu 1a tién dé.

e Mot tap con httu han khac rong cta tap s6 thuce ludn ton tai ph?m tir nhé nhat
va phan tr 16n nhét.

* Moi tap con khéc réng ctia R bi chan trén déu ton tai chdn trén nho nhét.
* Moi tap con khac rong ctia R bi chan dudi déu ton tai chan dudi 16n nhat.

Trong nhiéu bai toan, viéc chon dbi tuong cuc han (I6n nhat hodc nhé nhét) giup ta
thuan loi trong suy luan.
Ciing nhu quy nap, cyc han cting c¢6 nhiéu ing dung rong rai trong cac viéc giai
quyét cac bai toan t6 hop.
Vi du 9.26. Tim 7 16n nhéat sao cho ton tai n diém ma 3 diém bat ki déu tao thanh

tam giac vuong.

Vi du 9.27. Trén mt mat ban dat mot s6 cac dong xu véi kich ¢d khong giéng nhau
do6i mot (cac dong xu khong duge deé 1én nhau va phai nam sip hodc ngtra trén ban).
Chiing minh rang du ta dit nhu thé nao di nita, cling ludn ton tai mot dong xu chi
tiép xtic dugc véi nhiéu nhat 5 déng xu khac.

Vi du 9.28. Cho n diém trong mat phang biét rang ctt 3 diém bét ki tao thanh mot
tam gidc c6 dién tich khong 16n hon 1. Ching minh rang 1 diém thudc mot hinh
tam gidc c6 dién tich khong 16n hon 4.

Vidu 9.29. (Sylvester) Trong mat phang cho n diém phan biét, sao cho méi duong
thang di qua hai diém thi di qua it nhat mot diém khac. Ching minh rang 1 diém
nay cung thuéc mot duong théng.

Vi du 9.30. Cho 3 trudng, méi trudng c6 1 hoc sinh, biét rang ¢ méi hoc sinh thi
quen it nhat 1 + 1 hoc sinh ctia hai truong khac. Ching minh rang c6 thé chon dugc
tlr moi truong mot ban sao cho 3 ban nay déi mot quen nhau.

Vi du 9.31. Mot bira tiéc c6 10 hoc sinh tham gia, biét réng moi hoc sinh quen véi
it nhat 1a 5 nguoi. Chiing minh rang c6 thé sap xép 10 hoc sinh ngoi vao mot ban
tron sao cho hai ngudi ké nhau thi quen nhau.

Vi du 9.32. Mot bang 21 x 2n 6, ngudi ta danh dau bat ki 3n 6 trong bang. Ching
minh rf?mg ton tai n dong va n cdt sao cho 3n 6 duge danh dau thudc n dong va n
cot nay.
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Vidu 9.33. C6 (21 + 1) nguoi ding trén cing mot mat phang, khoadng cach gitra
ho khong gidng nhau. Sau d6 méi ngudi ban ngudi gan ho nhat. Chitng minh rang:
(a) C6 it nhat mot ngudi con sdng.
(b) Khong ai bi bdn qua nam vién dan.
(c) Cac duong dan khong cat nhau.
(d) Céac doan duong dan bay khong tao thanh moét da gidc khép kin.

Vi du 9.34. M6t hanh tinh ¢6 20 quéc gia. Trong ba nudc bat ky, ludn ¢6 hai nudc
khong thiét lap quan hé ngoai giao v6i nhau. Chiing minh rang, hanh tinh nay c6
toi da 200 dai st quan.

Vi du 9.35. V6i 21 + 3 diém trong mat phang, ba diém bat ky khong thang hang
va bon diém bat ky khong cting nam trén mét duong tron. Ching minh rang ta c6
thé chon ba diém va vé dugec mot duong tron qua ba diém dé. Trong 21 con lai, c6
n diém nam trong dudng tron va n diém nam ngoai duong tron.

Vi du 9.36. Dién cac sb tir 1 dén n? vao bang vudng n x n. Chiing minh rang c6 hai
0 ké nhau (ké canh hodc ké dinh) ma hiéu ctia chiing khéng nhé hon 7 + 1.

Vidu 9.37. C6 N(N > 3) chai tenis vong tron mot lugt. Cudi gidi ngudi ta thay
rang khong c6 ai thang tat ca cac tran thi ddu. Chiing minh rang c6 thé tim dugc 3
ngudi A, B, C sao cho A thang B, B thang C va C thang A.

Vi du 9.38. Cho 4,b 1a hai s6 tu nhién nguyén t6 cting nhau. Goi d = (a,b). Khi d6
ton tai cac s6 nguyén x, y sao cho

xa+yb=d
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§4. BAT BIEN VA DON BIEN

Bai 9.50. Trén bang c6 2025 s6 0 va 2026 sb 1. Ta thyc hién cac phép bién déi sau:
x6a hai s6 bat ki trén bang, néu chting bang nhau thi viét s6 0 1én bang, néu khac
nhau thi viét s6 1 1én bang. Héi sau cting, s6 trén bang con lai 1a s6 nao?

Bai 9.51. Trén ban c6 25 dong xu dang & mat sap, mdi lan thuc hién thao tac sau:
chon 4 d6ng xu va lat lai. Héi sau mot sb 1an thuc hién ta ¢6 thé dua céc d6ng vu
vé mat ngra hét dugc khong? Tai sao?

Bai 9.52. Viét 656 1,0,1,0,0,0 theo thit tu chiéu kim déng hd 1én mot vong tron.
MBoi budc thuc hién ta c6 thé ting hai s6 l1an can 1én 1 don vi. C6 cach nao dé 6 s6
trén vong tron bang nhau khong?

Bai 9.53. Cacsd1,2,3,---,2025 duoc viét 1én bang. Cho phép x6a di hai sb va thay
bdi hiéu ctia chiing. Liéu ¢6 thé thu dugc mot bang toan s60 hay khong?

Bai 9.54. Trén bang viét cac s6 1,2,...,1000. G mbi budc cho phép thay mot sb
bang téng cac chir s6 ctia né. Qua trinh dirng lai khi ¢6 toan cac s6 c6 mot chi sb.
Hoi s6 86 1 con lai trén bang nhiéu hon hay s6 s6 2 con lai trén bang nhiéu hon?

Bai 9.55. Cho 7 1a s6 nguyén duong 1é. Viét cacs6 1,2,...,2n 1én bang den. Sau d6
ta x6a hai s6 a, b bat ky va viét 1én bang s6 |a — b|. Thuc hién thao tac trén cho dén
khi trén bang chi con ding mot s6. Ching minh rang s6 con lai trén bang 1a s6 1é.

Bai 9.56. Mot ban co vua, c6 mét c6 ma dang dung vi tri 6 dudi trdi. Hoi con ma
c6 thé di hét cac 6 trong ban ¢ va két thic & vi tri 6 goc phai trén duge khong? Tai
sao?

Bai 9.57. Hinh vudng 8 x 8 bd di hai 6 & goc ddi nhau. C6 thé phti phan con lai bsi
31 quan domino 1 x 2 khong? Néu bd hai 6 bat ki thi sao?

Bai 9.58. Cacs61,2,3,---,20 duoc viét 1én bang. Moi phép bién déi, ta x6a hai s6
a,b va thém va sd a + b — 1. S6 nao sé con lai trén bang sau 19 budc?

Bai 9.59. Mot bang vudng 8 x 8 ¢6 1 6 mau den va cac 6 con lai mau trang. Liéu c6
thé 1am cho ca bang mau tring bing cach t6 lai cic hang va cot khong? O day, t6 lai
mot hang hay mot cot duge hiéu 1a phép d6i mau tat ca cac 6 trén hang hodc cot dé.
Bai 9.60. C6 46 con tac ke xanh, 30 con tac ke do va 50 con tac keé vang trén mot hon
dao. Khi hai con tac ke khac mau gap nhau, ching déi sang mau con lai. Liéu c6
thé dén mot lic nao d6 tat ca cac con tac ke c6 cing mau hay khong?
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Bai 9.61. Trén bang c6 hai s6 2 va 3. Thuc hién viéc ghi s theo quy tac sau: Néu
trén bang c6 hai s6 a, b thi duge phép ghi thém sb ¢ = a + b + ab. Hdi bang cach d6
c6 thé ghi dugc cac s6 2022 va 2312 hay khong?

Bai 9.62. Cacsday,az...,a,cod gia trila 1 hodc —1. Cho:
S = mazazay + arasauas + - - - + ayai1axaz = 0.
Chung minh rang 4 | 1.

Nhan xét: Day 1a mot bai toan ly thuyét s6, nhung né ciing c6 thé dugc giai bang
phuong phap bat bién. Tinh bat bién ctia bai toan 1a khi d6i dau a; bat ky thi t6ng
S van ludn chia hét cho 4.

Bai 9.63. Trén bang viét cac s6 6,7,10,12,20. Mbi bude cho phép chon hai s6a,bva
thay badi a + b, ab. Hoi ¢6 thu duoc 30, 36, 54, 210, 240 hay khong?

Bai 9.64. Chiing minh rang véi moi # thi c6 thé phti hinh vuong kich thude 2" x 2"
bang cac hinh tromino sau khi bé di mot 6 bat ki.

Bai 9.65. Mot hinh vuong 8 x 8 bd di 2 6 & hai géc dbi dién c6 thé phti bang cac
hinh domino 1 x 2 dugc khong? Tai sao?

Bai 9.66. Co thé phuban co 8 x 8 b.:émg 15 hinh T-tetromino va 1 hinh O-tetromino
hay khong? Tai sao?

Bai 9.67. Chiing minh rang 1 hinh vudng 10 x 10 khéng thé phti bdi 25 I-tetronmino.
Vi 1 nao thi bang vuong 1 x n c6 thé phti dugc boi cac hinh I-tetromino?Tai sao?

Bai 9.68. Tim 7 nho6 nhéat dé hinh vudng n x 7 ¢6 thé phti duge cac hinh L-tromino.
Bai 9.69. Cho bang vudng 1 x n b6 di bdn 6 & géc. Hoi véi gia tri nao cta n thi pha
duoc bédi cac hinh L-tetromino.

Bai 9.70. Mot bang vuong 5 x 5 duge phu bang 8 hinh L-tromino. Xéc dinh vi tri 6
vuong cua bang ma khong bi phu?

Bai 9.71. Hai tam gidc vudng can c6 canh géc vuong bang 1 ghép lai thanh mot tam
gidc vuong can canh v/2 thi ta goi 1a dang hinh T, ghép lai thanh hinh binh hanh thi
ta goi hinh P.
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ANERIANEEANAN

T P

(a) Xét hinh vuong 4 x 4, hdy chi ra mot cach pht hinh vuéng nay bang cac hinh
dang TvaP.

(b) Tim tat ca cac s6 nguyén duong m,n > 2 dé hinh chi nhat kich thudc m x n
c6 thé phu dugc bang cac hinh dang T va P.

() — tetromino £ — tetromino L — tetromino T — tetromino I — tetromine
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§5. ON TAP

Bai 9.72. Cho tap A c6 7 phan t&, gid st mbi tap con c6 3 phan ti cia A dugce to
mot mau, sao cho hai tdp rdi nhau (giao nhau bang réng) thi c6 mau khac nhau.
Tim sb mau it nhat dé té dugc thda diéu kién.

Bai 9.73. S6 tunhiénn > 2 duoc goila s6 than thién néu ton tai n tapcon Ay, Ay, -+, Ay
caa X = {1,2,---n} sao cho:

e (¢ A;véimoii =1,n.
e i€ Ajnéuvachinéuj ¢ A;véii,je X.
e A;UA;Kkhacréng véimoii,j € X.
(@) Chung minh 7 la s6 than thién.
(b) Ching minh 7 1a than thién khi va chikhin > 7.
Bai 9.74. C6 5 sb thuc c6 gia tri tuyét d6i khong 16n hon 1 va c6 téng bang 1, dugc
viét trén mot duong tron, mdi sd viét mot 1an. Chiing minh rang c6 thé c6 chon
duoc 3 s6 lién tiép a,b,c sao choa + b, b + ¢,a + b + ¢ khong am.
Bai 9.75.
(a) Hay chi ra cach sip 8 sb nguyén duong dau tién 1, 2, ..., 8 thanh mot day
a1,4as, ..., ag sao cho 2 sb6 a;, a bat ki (i < j) thi moi s6 trong day nam gitra a; va

N ,oa;+a;
aj déu khac %

(b) Chitng minh rang v6i N sd nguyén duong dau tién 1,2, ..., N ludn tim dugc
cach sép thanh day ay, ay, ..., ay sao cho day thoa man diéu kién nhu cau a).

Bai 9.76. Cho tap A chira 2019 s6 nguyén duong bt ki. Chiing minh rang ta c6 thé
chon dugc hai sb trong tap A sao cho tdng ctia hai s6 nay khong 1a udc ctia téng
2017 s6 con lai.

Bai 9.77. C6 n sb tu nhién tir 1 dén n dugc viét thanh mot dong theo mot thu tu
nao dé. Méi bude thuc hién bién déi nhu sau: néu sé dau tién 1a k thi k sd dau tién
sé duoc viét theo thi tu ngudgc lai. Ching minh réng sau htru han budc thi s6 dau
tién ctia dong 1a s6 1.

Bai 9.78. C6 N(N > 3) choi tenis vong tron mot luot. Cubi giai ngudi ta thay rang
khong c6 ai thang tt ca cac tran thi ddu. Chiing minh rang c6 thé tim dugc 3 ngudi
A, B,Csaocho A théng B,B thzfmg CvacC théng A.
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