Chuong 10

Bai toan to hop trong cac dé thi

e P o0 LN

hoc sinh gidi va tuyéen sinh vao
16p 10 Chuyén toan

10.1 Bai tap cé 1oi giai

4 )
Vi du 10.1. Tap hop M chia 4 s6 nguyén phan biet duge goi 1a tap lien két
néu v6i méi x € M thi it nhat mot trong hai sé6 x — 1,2 + 1 thuoc M. Goi U,

la s6 tap con lién két cta tap {1,2,...,n} .
(a) Tinh U;.
(b) Xac dinh gia tri nhé nhat cia n sao cho U, > 2019.
—

Lot giaa:

Goia < b < ¢ < dla4phan ti cia mot tap lienkét M . Via—1¢ M néna+1 € M,
suyrab=a+1.Vid+1¢ M nénd— 1€ M, suy ra ¢ =d — 1. Nhu vy mot tap
lien két sé c6 dang {a,a +1,d — 1,d}, v6i d — a > 2.
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(a) C6 10 tap con lien két cta tap {1,2,3,4,5,6,7} 1a

{1,2,3,4},{1,2,4,5},{1,2,5,6},{1,2,6,7},
{2,3,4,5},{2,3,5,6},{2,3,6, 7},
{3,4,5,6},{3,4,6,7},{4,5,6,7}.

(b) Goi D = d — a+ 1 1a duong kinh cta tap {a,b = a+ 1,c = d — 1,d} , hién
nhiecn 3< D <n—1+1=mn.V6i D = 4sécén—3tap lien két, v6i D = 5 sé&

c6 n — 4 tap lien két,..., v6i D = n sé c6 ding mot tap lien két. Do do

_ (n—3)(n—2).

Up=1+2+..+(n—-3) 5

Do d6 U, > 2019 < (n — 3)(n — 2) > 4038. Nhu vay gia tri nhé nhat ctia n 1a
n = 67.
4 b

Vi du 10.2. Cho 5 s6 tu nhién phan biét sao cho tong ctia ba s6 bat ky trong

chiing 16n hon téng ctia hai s6 con lai.
(a) Chiing minh rang tat ca 5 s6 da cho déu khong nhé hon 5.

(b) Tim tat ci cac bo gdm 5 s6 théa man dé bai ma tdng clia ching nhd
hon 40.

—

L&i gidi:

(a) Goi 586 d6 1a a,b,c,d, e, do cac s6 1a phan bigt nén ta c6 thé gid st a < b <
c<d<e.
Theo gia thiét tacoa+b+c>d+e,suyraa+b+c>d+e+ 1. Suy ra
a>d+e+1—-b—c.
Mat khac, do b,c¢,d,e 1 sd6 ty nhien nén ttd >c>btacod>c+1>b+ 2,
suy rad—b> 2.
e>d>c,suyrae—c> 2.
Dodéa>(d—b)+(e—c)+1>5.Suyrab,c,d,e>H5.
Vay céc s6 déu khong nho hon 5.
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(b)

Ay )

Vi du 10.3. Tim tat ca céc cip (X,Y) la cic tap con cia tap cac s6 nguyen

théa man dong thoi cac diéu kien sau:

—

Néua>6,suyrab>7,c>8,d>9,e>10,suyraa+b+c+d+e > 40( vo
Iy), suy ra a < 6. Theo cau atacéa=5. Khid6b+c+5>d+e+1, suyra
b+c>d+e—4.

Mad—2>be—2>c¢,suyrad+e—4>b+c. Dodob=d—2,c=e—2.
Khidoa+b+c+d+e=5+2b+2c+4<40. Suyrab+c < 3—21 Suy ra
b>T.

Tudotacob=6,b=7.

Néub=6tacéd=8 c=38e=10. Taco bo (5,6,7,8,9)
Néub=7,d=9,c=8,e=10. Tacé bo (5,7,8,9,10).

(1) Madi tap X,Y c¢6 3 phan ti.
(2) 3e XvabeY.
(3) Tap X NY ¢6 dang mot phan t.

(4) Néu a,b 1a hai phan tit phan biet cia X thia+be Y.

Loi gidi:

Néu X = {a,b,c} véia<b<cthia+b<a+c<b+clacac phan tit phan
biet ndm trong Y. Do d6 Y = {a +b,b+¢,c + a}.

Via<b<a+b<a+t+c<bd+cnén XNY =c=a-+b.

Néuc=3thia=1,b=2dodo6 X ={1,2,3},Y = {3,4,5} thoa cac diéu kien

dat ra.

Néub=3thiae€ {1,2}. Nvua=1thic=a+b=4dod6 X = {1,3,4},Y =
{4,5,7}. Néu a = 2 thi ¢ = 5 dan dén X = {2,3,5},Y = {5,7,8} 1a cac tap

thoa cac dieu kien dat ra.

Néu a = 3 thib > 3,c > 3 do d6 cac phan ti cia Y déu 16n hon 5, khong thoa
diéu kien (1).
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4 )

Vi du 10.4. Cho G = {aq,az,...,a100} 1& modt tap con cia tap {1,2,...,200}
100

sao cho véi moi 1 <i < j <100 thi Y a; = 10080 va a; + a;j # 201.

i=1
(a) Chiing minh s6 cac s6 18 trong G chia hét cho 4.
(b) Chitng minh réing S = a? + a3 + ... + a3y, 12 mot hiing s6.

—

L&i gidi:

Khong méat tong quat ta cé thé danh chi sb lai cac phan ti ctia G dé cho ton tai mot
s6 tu nhién k sao cho a; 1& s6 1é v6i moi ¢ < k. Khi d6 v6i moi 1 < i < k, 201 — a; 1

mot s6 chdn va khong nam trong G.

(a) e Taco

k 100 100
Zai + Z a; = Zai — 10080.
i=1 i=k+1 i=1
100 k
o Vi Z a; 1& s6 chén nén Z a; cling 1a s6 chan. Khi d6
1=k+1 =1
k 100 100
D (201 —a;)+ Y a; =2 i=10100.
=1 i=k+1 =1
e T do6 suy ra
k
201k — QZai = 20.
=1
k
Vi 4 chia hét 2 Z a; va 20 nén 4 chia hét 201k .
=1

e Va vi (4,201) =1 nén k chia hét cho 4.
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k k 100

k
Y a? = Y (201 - qp)? 2(201—% 2)+Za3
i=1 i=1 i=1 i=k+1
100
- 4Zz - 201(201k: - 22%)
100.101.201
= 4.—00 2 0 —201.20
= 1349380.
4 N
Vi du 10.5. C6 bao nhiéu tap con A cua tap {1,2,3,...,2014} théa man diéu
2
kién: A c6 it nhat 2 phan t va néu z,y € A, = > y thi €A

=Y

—
Lot giaa:

2

A
b—aE

Goi a 13 phan tt nhd nhat ctia A, khi d6 v6i b € A, b # a thi b > a. Lai c6:
- a
nén

> a suy ra: b < 2a.

Goi d 1a phan tt 16n nhat ctia A va ¢ € A 1a phan t1t 16n thit hai ciia A, ¢ < d, khi
do ta co: d < 2a < 2c.

c? 4 c? c? c?
Mat khéc ta c6: € A, lai co: > — ¢ e
at khdc ta c6: —— al €01 ——— > o = cnén ——

2

THI:
d_

€ c,d.

= d phuong trinh nay v6 nghiém.
c

2

TH2: dc_ = ctuwday taco:d = 2¢c,suyraa =cnén A =a,2avéia € 1,2,3,...1007.
—c

Vay c6 1007 tap thoa yéu cau bai toan.
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A4 h
Vi du 10.6. Mot tap hop c6 it nhat 3 s6 nguyen duong phan biet duge goi
13 tap can néu c6 it nhat mot s6 1é va khi bé di mot phan tit bat ki thi cac
s6 con lai c¢6 thé chia thanh hai tap hop ma tong cac s6 trong hai tap hop dé
bang nhau.

(a) Chiing minh khong ¢6 tap can nao ¢6 3 phan ti.

(b) Chiing minh s6 phan ti ciia tap can luon 1a mot s6 1é.

(c) Cé6 ton tai hay khong mot tap can c¢6 5 phan ti? Tai sao?

—
L&i gidi:

(a) Gia st {a,b,c} la tap can, suy raraa =0b=c. Vo ly.

(b) Gid st tap can A ¢6 s6 chn phan tit 1a a1, as, - -+ , ag,, dit S 1a tdng cac phan
tit nay. Khi d6 S —a; luon 1a mot s6 chdn. Khi d6 S—a;+S—as+---+S—aa,
chén hay (2n — 1)S chén, suy ra S chin. Khi d6 a; déu l1a cac s6 chén.
Khi do dat b; = 50 thi by,ba, -, bo, cling l& tap can. Tiép tuc nhu thé sé
dan t6i vo 1y vi khi d6 sé c6 mot phan ti 1a 18.
Vay s6 phan t clia mot tap can khong thé 1a s6 chin.

(c) Gid st {a,b,c,d, e} 1a tap can c6 5 phan tif, ta c6 thé gidsta < b < c < d < e.

Goi S 13 tong ciia céc so.
(a) Néu S chén, ta suy ra cic s6 déu chén, 1ap luan nhu trén ta c6 dicu vo
Iy. Do d6 S phai 1a s6 1é va céc sb a, b, c,d, e déu 1é.
(b) B6 a ta c6 cac truong hgp sau: b+e=c+d (1) hoicb+c+d=-e (2)
e Bobtaco6a+e=c+d (3) hoicat+c+d=-e (4).
e Vi(1),(3) va (2), (4) khong thé xay ra dong thoi, nén ta c6 b+e = c+d
vaa+c+d=ehoacb+c+d=e,a+e=c+d.

e C3 hai déu mau thuan.

(¢) Vay khong ton tai tap can ¢6 5 phan ti.
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4 )

Vi du 10.7. Cho a,b la cac sd nguyéen duong, a < b va x1, 2, -+ , 2, 12 cac
% = 2 . b—a +1
s0 nguyén duong théa a < z; < 22 < -+ < x, < b trong d6 n > —

Chiing minh réng ton tai hai s6 ;, z; sao cho z; + z; = a + b.

—
Lot giaz:

Xét cac sb 1,29, ..., Tn,a +b— w1, -+ ,a + b — x, 1& cAc s6 nguyén tit a dén b va
c6 b —a+ 2 86, do d6 c6 it nhat hai sd6 bang nhau. Do d6 ton tai x;,z; sao cho
rvi=a+b—z; e x;+r;=a+b.

Ay )
Vi du 10.8. (PTNK 2000)

(a) Cho bén s6 nguyen duong ap,as,as,as sao cho 1 < ap < k v6i moi
k=1,2,3,4 vatong S = a1 + as + a3 + a4 1a mot sé chin. Ching minh
rang c6 it nhat mot trong cac s6 dang +a1 £ as a3+ a4 c6 gia tri bang
0.

(b) Cho 1000 s6 nguyén duong aj,as, ..., ajgop sao cho 1 < ap < k véi k =
1,2,...,1000 va téng S = a1 + ag + ... + a1goo 13 mot s6 chén. Hoi trong
cac sb6 ¢6 dang fa1 £ as... £ ajgog ¢6 s6 ndo bang 0 hay khong? Giai

thich vi sao?

—
L&i gidi:

(a) Taco4 <S5 <10 va S chan, suy ra S =4,6,8,10. Xét cac trudng hgp sau:

e S=4 suyraa; =ay=a3=a4=1.Suyra—-1—1+1+1=0.
e S=06taco6=14+1+14+3=14+1+2+ 2, suy ra c6 mot cach thoa
dé bai.
e S=8tac68=14+14+244=14+143+3=14+242+3=2+24+2+2.
Suy ra mdi cach déu ton tai mot cach chon dau +, — théa dé bai.
e S=10=1+2+ 3+ 4. Suy ra c6 mot cach théa dé bai.
(b) Ta chitng minh bing quy nap ménh dé sau: Cho n cac sé nguyen duong thoa
1 < ay < kthda S, = a1+...+a, chdn. Khi d6 ton tai s6 c6 dang +a1+as...%a,
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béng 0.
Khi n =2 ta ¢6 ay + as chan, suy ra a; = as = 1. Suy ra a; — as = 0.
Gia sit bai toan dung véi k < n. Ta chitng minh bai toan ding véi n + 1. Ta

c6 Sp+1 = a1 + ... + an + apg1 chén. Ta c6 0 < |ay, — apy1| < n.

e Néu a, — aps1 = 0 ta 4p dung giad thiét quy nap v6i n — 1 s6 a1, ..., an_1
ta c6 diéu can ching minh.
o Néu ap—any1 # 0. Ap dung gia thiét quy nap véin sé a1, as, ..., an_1, |an—
any1| ta thay a1 + ... + aps1 chdn nén ag + ... + a1 + |an — any1| chén.
Suy ra ton tai s6 ¢6 dang +ay + as... + |a, — apy1| = *a1 £ ag... £ ap
bing 0.
4 )
Vi du 10.9. Cho tap X = {1,2,--- ,n}. Xét k tap hgp Ay, Ag,--- , A con

ctia X va mdi tap c6 r phan ti sao cho giao ctia r + 1 tap bat ki trong k tap

d6 luon khac rong. Chitng minh rang giao ctia k tap A1, Ag, - - - , Ay, cling khac

rong.

—
Lot giaz:

Gia st giao cua k tap hgp la rong. Ta c¢6 A1 = {a1,a2, - ,a,}.

Khi d6 v6i phan ti a1 sé c6 mot tap nao d6 trong k tap khong chita a1, khong mat
tinh tong qua gia st 1a As.

Tuong tu as ¢6 mot tap khong chita ag la As.

a, ¢6 mot tap khong chia 1a A, 1.

Khi d6 giao ctia 7 + 1 tap Ay, A, -+, A,11 bang rong. (mau thudn gia thiét).
4 )
Vi du 10.10. (Tuyén sinh vao 16p 10 Chuyén Toan trusng PTNK 1998)

(a) Hay chi ra cach sap 8 s6 nguyén duong dau tién 1, 2, ..., 8 thanh mot

day a1, as, ..., ag sao cho 2 sb a;,a; bat ki (i < j) thi moi s6 trong day
8 . . N . a;ta;
nim gita a; va a; déu khac — 5 L.

(b) Ching minh réng véi N s6 nguyén duong dau tién 1,2,..., N luon tim

duge cach sip thanh day a1, as, ..., an sao cho diy théa man diéu kién
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nhu cau a).

Lot giaz:

(a) Mot cach xép thoa deé bai 1a 26481537.

(b) Ta ching minh bing quy nap véi n = 2¥ thi luon ton tai mot cach xép thoa
dé bai.
Néu k = 1, hién nhién ding.
Gi4 st luon ton tai mot cach xép thoa dé bai véi n = 2%, cach xép do la
a1, a9, ..., an.
Ta chitng minh ton tai mot cach xép véi n = okl That vay xét hoan vi
(2a1,2asg, ...,2a,,2a1 — 1,2as — 1, ..., 2a, — 1) 14 mot hoén vi cua 1,2, ..., ok+1
Ta chitng minh hoan vi trén thda dé bai.
Ta ¢6 néu a;,a; € {2a1,2as, ...,2a,} theo gid thiét quy nap khong c6 s6 nao
nam gitta a;, a; bang Q(ai + a;).

Néu a; € {2a1,...,2a,}, a5 € {2a1 —1,2a9 — 1, ..., 2a, — 1} thi %(ai +a;) khong
phai s6 nguyén.

Néu a;,a; € {2a1 — 1,2a2 — 1,...,2a,, — 1} theo gid thiét quy nap thi ciing c6
s6 ndo nam gitta a;,a; bang §(ai + a;).

Vay bai toan dang véi n = 2F.(1)

Néu bai toan dung véi n, ta chitng minh bai toan ding véi n — 1. Xét cac sb
ai,as, ..., a, 1la mot hoan vi thoa dé bai cta 1,2, ...,n. Khi d6 néu x6a bat ki
s6 nao trong cac sb aq, ..., a, thi day con lai van théa dicu kien. (2)

T (1) va (2) ta ¢6 dieu can chiing minh.

4 )
Vi du 10.11. Tam s6 ty nhién lién tiép duge chia vao hai tap, moi tap gom
bén s6. Ching minh ring néu tdng binh phuong ciia céc sé trong mdi tap

bang nhau thi tong céc s6 trong mdi tap nay ciing bing nhau.

—
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Loi gidi:

e Goia,a+1,a+2,....a+ 7 1a tdm s6 ty nhién liéen tiép. Téong binh phuong
clia tam s6 nay bing 8a® + 56a + 140 din dén téng binh phuong clia cic sb
trong mdi tap bang 4a® + 28a + 70. Goi X la tap c6 chita s6 a + 7 va goi
a-+i,a+ j,a -+ k1a ba so con lai ciia tap X. Khi dé
3a? +2a(i+j+ k) +i? + 52+ k* = 4a® + 284+ 70 — (a+7)? = 3a® + 14a + 21,

dan dén
2a(i+j+k—7)=21— 2+ + k%) (%)
e Dén day dé ching minh tdng céc s6 & hai tap bang nhau ta chi can chi ra ring
ivjrk=T.
. . 2
(i+7+k) - 64

— > 21 dan

o Gid sitring i+ j +k > 8, khi d6 2 + j2 + k2 > ; > 3

dén vé phai ctia (* ) 1a s6 am, mau thuan.
o Gidstti+ j+k <6, khi do vi 21 — (2 + j2 4+ k2) 1a s6 chin nen % + 52 + k% 1a
s6 1é. Dan dén (4,7, k) 1a cac bo (0,1,2),(0,1,4) hodc (0,2,3) va cac hoan vi.
Trong cac truong hgp nay
21— (2 + 24+ k)>0>2a(i+j+k—17),
mau thudn. Vay ta c6 diéu phai chiing minh.
4 h
Vi du 10.12. (PTNK 2022) Cho day s6 nguyén a1 > as > ag > ... >

as1 > a9 thoéa man:

i) |a;| <11 va a; # 0Vi=1;2;...;22
11) ait+as+az+...+ax=1
(a) Chitng minh: aj;ae > 0

(b) Chitng minh c6 thé chon k > 1 56 tit as; as; .. . ; az dé tdng S clia ching
théa —10 < a1 + 5 <0.

(c) Chiing minh tit day da cho c6 thé chon n > 1 s6 c6 tong bang 0 .

—
Lot giaz:
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Via, Z#0=a2 < 0= a9 < —1
= a2 <a <...<az3<ay < -1
=ayt+az+...+apn < —21

Maay +as+ ... +asp =1nén a; > 22 (tréigiéthiét) Dod6as >0=a; >
az >0

Gia stt khong ton tai k > 1 s6 nao tit cic s6 a9, as, . . ., az dé tong S ciia ching

a1 t+as+ag+ ...+ an < -—11
théa —10 < a; + S < 0. Khi do:

a1 +az+ag+...a00>1

TH1: a1 +ag+as+ ... +taxp < —-11Laicoa; +as+az+as+...+apn =1
neén ag > 12 (trai gt).

TH2: a1 + a3+ a4+ ...a90 > 1 Laicéa; +as+as3+ag+ ...+ as =1 nén
az < 0 (mau thudn cau a) Do d6 ta c6 dieu phai ching minh.

Ta ¢6 nhan xét sau: V6i mdi X 1a tap con thyc sy cia {1,2,...,22}, luon ton
tai ¢ khong thuoc X sao cho a; trai dau vdi s, trong dé s 1a tong cac ay véi k
thuoc X. Ching minh: Dat téng cac aj v6i k thudc X 1a s, tong céc ay véi k
khong thuoc X 1a s’ thi s.s’ = s(1 — s) < 0. Do d6 ton tai i khong thuoe X
sao cho a;.s < 0. Quay tré lai bai toan, gid st khong thé chon ra n s6 c¢6 tong
bang 0 . Chon i; = 1, v6i mdi 1 < k < 22, chon i; 13 s6 nguyén duong nho
nhat khac 41,2, ..,ik_1 sao cho a;, trai dau véi a;; + ai, + ... + a;,_,. Dat
Sk =ai, +ai, +...+a;, thi S; = aj nén |S1| < 11, ta cling suy ra dudgc néu
1S,_1] < 11 thi

|Sn| = |Sn—1 + ain| = |Sn—1 - (_ain)|
= ||Sn-1| = |a;,|| (do — a;, cung dau vé6i S,_1)
S 10( dO 1 S |CLZn| y |Sn_1| S 11)
nhu vay [S;] < 10 v6i moi i € {2,3,...,22}. Do S; khac 0 nén S; c6 thé nhan
20 gi4 trii, theo nguyéen Ii Dirichlet ton tai m < n sao cho S,, = S,, nghia I3

téngaimH—I—...—i—ain = 0.
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4 h
Vi du 10.13. C6 10 vien bi vang va 10 vién bi xanh dugc xép thanh mot
hang. Chiing minh rdng ton tai 10 vién bi lién tiép sao cho s6 vien bi vang va
xanh bing nhau.

—
L&i gidi:

Goi cac vién bi lan lugt xuat hien theo thit tu 1 Aq, Ag, - - -, Asg. V6i mdi s6 nguyén
duong 1 < k < 11, goi dj, 1& hiéu clia s6 ligng bi mau xanh va s6 lugng bi mau dé
trong bo 10 bi lien tiép 1a Ag, Agi1,- -+, Agrg. Yéu cau clia bai toan tuong duong
v6i viee ton tai chi 86 1 < k < 11 dé d, = 0. C6 cac nhan xét sau: - d; — dq; = 0.
That vay, hiéu nay 1a chénh léch gita s bi mau xanh va s6 bi mau doé trong 20 bi
da cho, va hiéu nay bang 0 theo gia thiét.

- V6i 1 <k <11 thi dj, 1a s6 chdn. That vay, néu trong cac bi Ag, Apr1, -+, Aprg
¢6 I bi mau xanh (0 <[ < 10) thi sé ¢6 10 — [ bi mau do, do do6 dp = 21 — 10 1a s
chén.

- V6i 1 < k <10 thi dg — dg4q € {0,—2,2}. That vay, c6 céc trudng hgp sau xay ra:

e néu Ay va Agi19 cing mau thi dy — dgq1 = 0;
L] néu Ak mau do va Ak+10 mau xanh thi dk - dk—l—l = 2;
e néu A mau xanh va Agy 19 mau dé thi dy — dgyq = —2.

Véi cac nhan xét trén, c6 nhitng truong hop sau can gidi quyét: - Néu d; = 0 hoic
di; =0 thi Ay, Ay, -, Ajp 14 bo diém can tim.

- Ngudc lai, gid sit réing di,d1; # 0. Khong méat tinh téng quat, gia st ring d; < 0
va dyp > 0. Goi [ 1a chi s6 16n nhat dé d; < 0. Khi d6 d; < —2 va d;1 > 0. Hon nita:

2>diy1—dp >0—(-2) =2,

cho thay d;;1 = 0 hay A 1, A9, -+, A;110 12 bo bi can tim. Vay bai toan dudgc
ching minh hoan toan.

Vi du 10.14. Ching minh rang day 101 s6 nguyén phan biét aq,as, - ,a101

luon tim duge mot day con by, bo, - - - , b1 la day tang hodc la day giam.

148



Loi gidi:
V6i moéi k= 1,2,---,101 ta tim day con dai nhat n = n,, trong tat ci cic day con
bi,bo, -+ by ma by < by <---< b, =ag.

Néu ny > 10 véi k € {1,2,---,101} thi chiing minh da hoan tat. Ngugc lai, c6 101
s6 nguyén ng trong tap 10 phan tt {1,2,--- ,10}. Khi d6, theo nguyen ly dirichlet,
¢6 11 chi 86 k1 < ko < -+ < k11 sao cho ng, =ng, = -+ = ngy, -

Nhan thay ny c6 tinh chat sau: Néu k < k' va ap < ap, thi ny > ng + 1. (That vay,
mdi diy con by < by < --- < by, = ay, khi d6 c6 thé mé rong thém s6 hang b, 11 = az.)

D6i v6i cac chi s6 ki, ko, - -, k11 diéu nay c6 nghia la khong c6 bat ding thiic nao
trong chudi ay, < ap, < -+ < ag,, c6 thé gitt dudc; tidc 1a ag, > ag, > -+ > agy,
(hay nhd rang cac s6 a1, a9, - , a1 12 khdc nhau).

Ay )

Vi du 10.15.

(a) Cho cac s6 duong ay,as,...,a, théa man ap < agpr; < 2ap v6i moi
1 < k < n — 1. Chiing minh ring trong téng S = +a; £as £ ---+ay,
ngudi ta c6 thé chon céc dau sao cho 0 < S < a; ding.

(b) Gia st rang day s6 nguyen aq,as, ..., a, théa man a; =1, a; < a;41 <
2a;(1 < i < n —1). Chitng minh réng c6 thé chia cac s6 hang ciia n6
thanh hai tap hop sao cho tong céc sé trong ci hai tap hop bang nhau
khi va chi khi s6 S = a; +as + -+ + a, 14 s6 chin.

—

Lot giaze:

(a) Chung ta st dung quy nap trén n.

e Néu n = 2, ching ta c6 thé chon S = —a; + as.

e Néu cac dau trong tong Si = 4as + a3 + --- + a, dudgc chon sao cho
0 < 57 < ag gitt nguyén, thi ching ta dat S = a; — 51 hodc S = —a; + 51,
tuy theo S; < a; hay S; > a;. Trong ca hai truong hogp, ching ta co
0 S S S ai.

149



(b) Ap dung cau a, thi ¢6 thé chon ddu +, — dé Sy = +a; £as +az+---+a, chi
c6 thé nhan gia tri 0 hosic 1, ma do S chin nén chi c¢6 thé bang khong. Tit d6
c6 diéu can chiing minh.

4 )
Vi du 10.16. Cho tap A = {1,2,3,...,9}. Ly S gom cac phan tit thuoc A

sao cho tong hai s6 bat ki thuoc S la cac s6 phan biet. Héi tap S c6 s6 phan

tt nhiéu nhat 1& bao nhiéu? Tai sao?

—
L&i gidi:

Néu tap A c6 7 phan tit trd len thi sé c6 khong it hon 21 téng. Ma cac tong hai s6
chi nhan céc gia tri tit 3 dén 17 nén theo nguyeén ly dirichlet thi sé c6 hai tong bing
nhau.

Do dé6 s6 phan tit cia S khong 16n hon 6. Xét S ¢6 6 phan tit, khi d6 c6 ding 15
téng nhan cac gia tri 3,14, ...,17 nén mdi tong hai s6 nhan ding mot gia tri. Dé c6
tong bang 3, 17 thi ton tai 4 s6 1,2 vA 8,9. Khi d6 1 +9 = 2+ 8 (vo Iy). Vay tap
khong thé c6 6 phan ti.

Néu tap c6 5 phan ti, ta thay S = 1,2,5,7,9 thda dé bai.

Vay s6 phan tit 16n nhat clia mot tap con thoéa dé bai la 5.

4 h
Vi du 10.17. Giai bong da PTNK league gom 18 doi tham gia. Thé thrc

gidi dau 1a da vong tron mot lugt, tic 14 moéi vong 18 doi sé chia lam 9 cap

dau v6i nhau, mdi lugt c6 ding 9 tran, hai doi gip nhau dtng mot tran. Téi
gan Tét am lich giai tam dimg, va giai da dién ra dung 8 lugt tran. Chitng
minh rang tdi thoi diém nay c6 thé tim ra duge 3 doi ma doi mot chua da véi

nhau.

—

L&i gidi:

(a) Ta goi 18 doi do 1a Ay, Ao, ..., A1g. Gia st sau 8 lugt thi A; da thi dau véi céc
doi tit Ay dén Ag.

(b) Trong nhém 9 doi tit Ajg, - - , A1 khong c6 doi nao thi dau véi A;. Néu co hai
doi nao thi chua thi dau véi nhau trong nhém nay, gid st 1a C, D thi Ay, C, D

doi mot chuwa dau v6i nhau thoa dé bai.
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(c) Gia sl tat ca cac doi trong nhém nay déu da v6i nhau, tic 1a mdi doi deu da
8 tran, va khong da véi doi nao khac nhom nay.
Ta thay trong nhém c6 9 doi, mdi lugt chi c6 4 doi chia cap da véi nhau nén
sO luot tran can 13 9 luot mau thudn véi s6 lugt dién ra 1a 8. Diéu gid st sai,
titc 14 sé c6 hai doi nao do trong cac doi nhém nay chua da véi nhau. Két véi
v6i Ay ta cé 3 doi thoa dé bai.
4 b

Vi du 10.18. Cho tap A c¢6 7 phan ti, gia sit mdi tap con c¢6 3 phan ti clia

A dugce t6 mot mau, sao cho hai tap roi nhau (giao nhau bang réng) thi c¢6

mau khéac nhau. Tim s6 mau it nhéit dé t6 duge théa didu kien.

—
Lot giaa:

(a) Dat tap A ={1,2,3,4,5,6,7}

(b) Taxét cac tap c6 3 phan tirsau: {1,2,3},{4,5,6},{7,1,2},{3,4,5},{6,7,1},{2, 3,4},
{5,6,7},{1,2,3}. Néu chi stt dung hai mau gi& st 1a xanh dé thi cac tap nay

sé ¢6 mau lan lugt xanh d6 va tap {1,2, 3} dugc t6 bdi hai mau (mau thuan).

(c) Néu sit dung ba mau, xanh dé vang, ta c6 thé to duge nhu sau:
- T6 mau xanh cho tat cd cac tap con chita s6 7.
- To mau vang tat ca cac tap con khong chita 7 ma tong la mot sb6 chin.
- To6 mau dé cho cac tap con lai.
sy b

Vi du 10.19. Trong mat phang c¢6 2n (n > 2)diém khong c6 3 diém nao

thing hang, hai diém bat ki n6i nhau b6i mot doan thing. Biét riing c6 n? +1
doan thing, ching minh rang c6 it nhat mot tam giac.

—
Lot giaa:

Ta chiing minh quy nap theo n.
(a) RO rang bai toan ding khi n = 2.
(b) Gia st bai toan dtung vé6i n, ta ching minh bai toan dang v6i n + 1, s6 doan

thing 1a (n+ 1)+ 1=n?+142n+1.
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Gid st ¢6 hai diém ndi nhau la A1, Ay, néu Aq, Ao v6i nhém tit Az, - - - Agyi1, Aongo
c6 khong hon 2n+1 doan thang, thi sé doan thang trong cac diém As, - - - , Aoy yo
13 n?2 + 1 nen theo gia thiét quy nap c6 mot tam giéc.

Néu hai diem A;, As ndi v6i nhém con lai ¢6 nhiéu hon hoic bang 2n+ 1 doan

thang, thi c6 it nhat mot diém ciing ndi véi A1, Ay ta cling c6 mot tam giac.
(c) Vay luon ton tai mot tam giac.
A4 R
Vi du 10.20. S6 ti nhién n > 2 dugce goi 1a sd than thién néu ton tai n tap
con Ay, Ag,--- , A, cia X ={1,2,---n} sao cho:

(a) i ¢ A; v6i moi i = 1,n.

(b) i € Aj néu va chinéuj ¢ A; véii,je X.

(¢) A; U Ay khac rong v6i moi 4,5 € X.

(a) Chiing minh 7 14 s6 than thien.

(b) Chitng minh n la than thién khi va chi khi n > 7.

—
L&i gidi:

(a) Khin = 7, taldy cac tap {2, 3,4}, {3,5,6}, {4,5,7},{2,6,7}, {1,4,6), {1,3,7}, {1,2,5}.
(b) Ta ching minh véi moi n > 7 déu la s6 than thién bang quy nap.

e RO rang dung véin =T7.

e Gia st n la s6 than thién v6i ho tap Ay, Ao, -+, A,. V6i n + 1 ta chon
By,Bs, -+ B, = A, va Byyy = {1,2,--- ,n} chiing t6 n + 1 1a s6 than

thién.
Budc tiép theo ta chitng minh n khong thé nho hon 7.

e Mbi tap A; o6 it nhat 3 phan ti, that vay gia st ¢c6 A; = {z,y}
thi A;NA; ={y},AinAy,={z}. Suyraye A,z € A, vo ly.
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e Ta xét bang n x n véi cac chit s6 0,1 sao cho j = 1 néu j € A;. Mdi dong
c6 it nhat 3 s6 1, dudng chéo chinh 1& toan s6 0, hai 6 déi xiing nhau qua

duong chéo chinh chi c6 ding mot s6 0, va mot sb 1.
2

Do d6 ta co6 >3nsn>"T.

4 N
Vi du 10.21. C6 5 s6 thiyc cé gia tri tuyet déi khong 16n hon 1 va c6 tong
bang 1, dugc viét trén mot duong tron, méi s6 viét mot lan. Chitng minh rang
c6 thé c6 chon dugc 3 s6 lien tiép a,b,c sao cho a + b, b+ ¢,a + b + ¢ khong

aim.

—
L&i gidi:

(a) Gia stt cac s6 duge xép theo thit tu a, b, ¢, d, e, a.Ta chitng minh trong cac tong
a-+bb+c,c+d,d+ e, e+ aconhicu nhat hai s6 am.

(b) Néu chi ¢6 2 s6 am, va roi nhau, nhu a +b,c+d suy ra e > 1 vo 1y (1). Do d6
néu c6 2 s6 am thi phai lieén tiép.
(c) Néu c6 3 s6 am, thi sé c6 it nhat 2 so lien tiép, gia st a + b,b + ¢ am, s6 con

lai am c6 thé 14 ¢ + d hodc e + a déu mau thuin véi (1).

(d) Vay c6 nhiéu nhat 2 s6 am va phai lien tiép. Ta c6 thé gid st a + b,b + ¢ am.
Khi d6 ¢+ d,d + e, e + a khong am.

() Madoa+0bb+c<Onénc+d+e>0,co3s6cd e théa dé bai.

(f) Néu chi c6 mot cap a + b am, suy ra ¢ +d,d + e, c + d + e khong am, thoa de
bal.
4 2
Vi du 10.22. Cho 1251 s6 nguyén duong phan biét ai,as,--- ,a125 khong

vigt qua 2108. Chitng minh rang ton tai hai s6 nguyén duong 7,5 € 1,2018

sao cho

\Via; — +/jaj| >5
—

153



L&i gidi:

Néu

(a)

(b)
Néu

4 )
Vi du 10.23. (PTNK 2012, Romani 2004) Cho da giac déu n canh. Dung

3

t0 bdi mot mau va tat ca cac dinh déu duge t6 mau). Cho phép thuyc hien
thao tac sau day: chon hai dinh ké nhau bat ki (nghia la hai dinh lien tiép)

khac mau va thay mau ctia hai dinh d6 bing mau con lai.

—

ap > 25.

-5 2 -5 2
Khi d6 xét doan [(\/?1251 ) : (\/a2 ) ], do a1 < 2018 nén doan khong chita

qué 1250 s6 nguyen. Do d6 c6 it nhat mot sd a; ngoai doan.

—5) -5)?2 )
Khi d6 a; < M hoac a; > @ ta deu suy ra ket qua.

1251
a1 < 25 dé chon dugc a; > 50 thoa dé bai.

mau xanh, d6, vang t6 mau cac dinh da giac mot cach tuy y (moi dinh duge

(a) Chiing minh ring béng céch thirc hién thao tac trén mot s6 lan ta luon

ludn lam cho cac dinh ctia da giac chi con duge to6 bdi hai mau.

(b) Chiing minh rang v6i n = 4 va n = 8, bang cach thyc hieén thao tac trén
mot s6 1an ta c6 thé lam cho céc dinh ctia da giac chi con dugce t6 bdi

mot mau.

Lot giaa:

(a)

Xét mot day cac dinh mau vang AViV5...Vi B (c6 thé chi gom mot dinh) dugc
gi6i han bdi 2 dinh A va B (c6 thé tring nhau) khong phai mau vang. Stt dung
thao téac da cho ta ddi mau hai dinh A va V4 thanh mau thi ba (hién nhien
khong phai mau vang). Tiép tuc nhu thé doi mau cac dinh |Va, V3, ...,V sang
mau khong phai vang. Nhu vay ta da lam mat mau vang trong diy cac dinh
G trén.

Bing cach thuc hién nhu trén déi véi day cac diém mau vang khac ta suy ra

c6 thé lam cho cac dinh ciia da gidc chi con duge t6 bdi hai mau xanh va dé.

Do cau a) ta chi xét truong hgp cac dinh ctia da gidc duge t6 bdi hai mau,

chang han xanh va do.

154



4 )
Vi du 10.24. Cho ay,as, - ,as, c6 tdong biang 0. Chitng minh ring trong
cac cap s6 (a;,a;),1 < j v6id,j € {1,2,--+,2n} ton tai it nhat 2n — 1 cdp sao
cho a; +a; > 0.

—

Bang thao tac da cho ta c6 hai kiéu chuyén mau bo 4 dinh lién tiép nhu sau:
ddrx — dvvr — xxve — xddx — vvvv va dedr — dvvd, dexd — vove (1)
Do tinh déi xting nén suy ra néu mot bo 4 dinh ma trong dé c6 hai dinh cling
mot mau va hai dinh con lai cing mot mau khéc thi ta chuyén ca 4 dinh vé
mau thi ba.

Bing cach dung kiéu bién doi tréen ta co:

dddx — ddvv — zzzz (dung (1)) va ddrxd — dvvd — zxre(2).

Nghia 14 néu c¢6 3 dinh ciing mau, ta chuyén ta chuyén mau clia 3 dinh d6 vé
cung mau cua dinh thi tu.

Nhu vay bing (1) v& (2) ta c6 thé chuyén may ctia mdi bo 4 dinh lién tiép vé
ciing mot mau. Diéu nay chitng minh cho trudng hop n = 4.

Vé6i n = 8, ta chia 8 dinh thanh 2 b 4 dinh. Nhu da ching minh & trén, ta c6
thé lam cho mdi bo 4 dinh nhu thé c6 cing mau. Néu mau ctia hai bo 13 nhu
nhau thi ta c¢6 diéu can chitng minh. Néu hai bo khac nhau, chang han ta c6
kiéu t6 mau zzzadddd. Ta c6 c6 phép bién doi hai bo lien tiép:

zxrrdddd — xzxzvvddd — zzzv|lvddd — vvvvvvvv(dung (2)). Vay ta da
chiing minh cho truong hop n = 8.

Loi giazi:

Khong mét tinh téng quat, gia st a1 < ag < -+ < agy,.

Néu a,, + azn — 1 > 0 thi khi d6 céac cap (a;,a2,-1),7 =n,2n — 2 va

(an,a;),j =n+1,2n thoa, va sd cdp lan —1+n=2n— 1.

Néu ay, + agp—1 <0thiay +---ap_1+ apy1 + -+ asy, >0, ta co
0>an+aym—1>apn—1+am—2>---> a2+ any1,
dodbéas+ - -ap—1+ any1 + -+ agp—2 < 0.

Do dé6 a; + a9, > 0, tit d6 ta c6 a; + a9, >0 v6i i =1,2n—1c6 2n — 1 cap.
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Vi du 10.25. Cho da gidc déu c6 14 dinh. Chitng minh rang tit 6 dinh bat

ki c6 thé chon dudc 4 dinh tao thanh mot hinh thang can.

Lot giai:

Do tinh chat ddi xting cla tit giac déu nén vdéi hai dinh bat ki thi do dai noi hai
dinh d6 c6 thé nhan 1 trong 7 gia tri.

V6i 6 dinh ta c6 15 doan thang nhan bay gia tri do dai khéc nhau, theo nguyéen ly
dirichlet thi c6 3 doan c6 doan thing bing nhau.

THI1: Néu 3 doan bang nhau dé cuing chung mot dinh, vi du AB = AC = AD, suy
ra B, C, D thuoc dusng tron tam A (vo ly).

TH2: C6 2 doan bang nhau khong chung mot dinh, gid st AB = CD. Ta ¢c6 ABCD
noi tiép va AB = C'D nén 4 dinh A, B,C, D tao thanh hinh thang can. (diéu can
chiing minh).
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4 h
Vi du 10.26. Cho tap S ¢6 2002 phan ti, sd tu nhien k théa 0 < k < 22002
chting minh réng ton tai cach t6 mau cac tap con clia S bang hai mau xanh

va do thoa:
(a) Co6 dung k tap dudc to mau do.
(b) Hop cua hai tap dé la mot tap do.

(c) Hgp cta hai tap xanh la mot tap xanh.

—
Lot giazi:
Ta chitng minh bai toan dang véi tap S ¢6 sé phan tit n bat ki bang quy nap.

(a) RO rang bai toan ding véin =1, S = {1}. Néu k = 0 t6 mau xanh c4 hai tap
con. Néu k = 1 to mau doé tap S, xanh tap rdng. Néu k = 2 thi to S va réng

déu mau doé.

(b) Gia st S ¢6 n phan ti thi v6i moi k déu ton tai cach t6 thoa dé bai.
Ta ching minh bai todn dang véi S ¢6 n + 1 phan ti.
Gia st S ={1,2,--- ,n,n+1}, 0 < k < 2",

(a) Néu k < 2™.Theo gia thiét quy nap cac tap con ctia {1,2,--- ,n} dudc t6
thoéa dé bai va cac tap con chita n + 1 ta t6 mau xanh. R rang cach to
nay thoa dé bai.

(b) Néu 2" < k < 2""!. Thi ta chi can ddi mau cac tap to nhu truong hgp
trén, tap ndo t6 mau xanh thi ddi thi mau dé va ngudc lai. R6 rang théa
dé bai.

sy b
Vi du 10.27. Cho tap X = {1,2,--- ,n}. Xét k tap hop A1, Aa,- -+, Ay con

ctia X va mdi tap c6 r phan tit sao cho giao clia r 4 1 tap bat ki trong k tap

d6 luon khac rdng. Chitng minh rang giao ctia k tap Ay, As, - -+ , Ay cling khéc

rong.

—
L&i gidi:
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Gia st giao cta k tap hgp la rong. Ta ¢6 A1 = {a1,a2, - ,a,}.

Khi d6 v6i phan tit a1 sé c6 mot tap nao do6 trong k tap khong chita a1, khong mat
tinh téng qua gia st 1a As.

Tuong tu as c6 mot tap khong chita as 1a Ag.

a, c6 mot tap khong chia 1a A, 4.

Khi d6 giao ctia 7 + 1 tap Ai, Ao, - -+, A1 bing réng. (mau thuan gia thiét).

4 )
Vi du 10.28. Mot con rong c¢6 100 cai dau. Mdi nhat chém, mot con dao ¢
thé chat dat 15, 17, 20, hay 5 cai dau. Méi lan nhu thé, & ba vai ctia né lai
moc ra 24, 2, 14 hay 17 cai dau mdéi. Néu chit diit hét dau, con rong sé chét.
Hoi ring c6 thé giét chét duge rong hay khong?

—

Loi giazi:

Ta thay 15 — 25,17 — 2,20 — 2,5 — 17 déu 13 cac s6 chia hét cho 3, nén s6 dau clia

con rong sé c6 s6 du khi chia cho 3 ludn 1a khong doi. Lic dau con rong c¢6 100 (chia

3 du 1) nén khong thé mat hét dau, do dé khong thé giét chét dudc con rong.

sy b

Vi du 10.29. (PTNK 1996)

(a) Ching minh v6i N > 3, luon luon c¢6 N s6 chinh phuong doi mot khac

nhau sao cho tong ctia chiing 1a mot sé chinh phuong.

(b) Chitng minh rang v6i moi s6 nguyén mn > 3 bao gio cing xay dugc
mot bang chit nhat gom m x n s6 chinh phuong doi mot khac nhau cho
tong ctia mdi dong 14 mot s6 chinh phuong va tong ctia méi cot 1a mot

s6 chinh phuong.

—
Lot giaa:

(a) Ta chi can chon cac sb a1, asg, ..., an théa a; = z? véi z 1é.
Céc s6 ag = 23, ...,an_1 = T2 12 cac s6 chinh phuong chén tang dan.
Khi d6 a1 4+ ag + ... + any—1 1 va bing 2M + 1. Chon ay = M2. Khi d6 ta c6
ai,...,ay phan biét va a1 + ... +ay =2M + 1+ M? = (M + 1)2 1& s6 chinh
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phuong.

(b) Ta xét n s6 thoa tuong tiy cau a. a; = x5 1a s6 chinh phuong chin,
as = x% <. <am-1= :c%_l 14 cac s6 chinh phuong chan 16n hon a; va néu
téng a1 + ... + an—1 = 2k + 1 ta chon a,, = x% = k2.
Ta chon day b; = la sb chinh phuong 16 va by > 32
Chon by = y3,b3 = 3, ...bp_1 = 4> la s6 chinh phuong chén thda,
Y2 > TonY1, Y3 > T2, ooy Y1 > Ton-Yn—2, DEW by + by + ... + b1 = 2h + 1,
chon b, = y2 = h?. Khi d6 by + ... + b, 1a s6 chinh phuong.
Xét bang m x n trong d6 s6 ¢ 0 (4,7) 1a xfy? Ta chitng minh bang dugc xay
duyng nhu vay 1a thoa dé bai.
Xét dong thit i, tdng cac s6 & dong i 1a x2y? + ... + x2y> = 25(yi 4+ ... +92,) 1a
s6 chinh phuong,.
Tuong t tong céc s6 6 cot j 1a a3y’ + ... + a5y7 = yi(af + ... + 3,) 1a mot
s6 chinh phuong.
Hon nita theo cach chonyy, vy, ..., y, thi
T1y1 < Xyl < oo < Tyt < T1Y2 < oo < Tyl < T1Y3 < .o < Ty NEN CAC SO
trong bang 1a phan biét. Tt d6 ta c6 diéu can chitng minh.

Ay )
Vi du 10.30. (PTNK 1997) Cho day n sb a1, as, ..., a, (trong do cac s6 a;

chi c6 thé nhan gia tri 0 hodc 1 théa: (*) Bat ki hai bo 5 s6 lien tiép nao lay

tir day da cho déu khong trung nhau.
(a) Chitng minh n < 36.

(b) Biét rang néu them vao cudi day mot s6 a,1 tiy ¥ (0 hay 1) thi tinh
chat (*) sé khong con ding nita. Chitng minh réng 2 bo 4 s6 lien tiép
ai,as,as, a4 Va an_3, An_2,n_1, Ay trung nhau.

—
Lot giaa:

(a) Ta c6 2° = 32 day nhi phan khéac nhau c6 5 chit sb.
Gid stt n > 37 khi d6 ta c6 khong it hon 33 bo 5 chit s6 lien tiép:

102430405, ..., Qp— 40 30,20, —10,. Do d6 theo nguyén 1y Dirichlet thi co6 it
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nhat 2 bo tring nhau. Vo ly. Vay n < 36.

(b) Néu a,+1 = 0 thi ton tai ¢ sao cho a;a;+10i1+20i130i14 = Un_30n_20n_10,0.
Néu ay,41 = 1 thi ton tai j sao cho j thda ajaji1a,420j1+30 44 = ap_3an_2an_1a,1.
Néu 4,5 > 1 thl a;—1 # aj_1.Suy ra a;—1 = dy—4 hodc a;_1 = ap_4.
Suy ra bd a,—4an_30,_20,_1ay s€ trung mot trong hai bo:
Aj—10jCj 41420543, Gi—1Q;0i+10i+20+3 (Mau thuan).

Vay i = 1 hodc j = 1, ta c6 diéu can chiing minh.

4 )
Vi du 10.31. (PTNK 1998)

(a) Hay chi ra cach sip 8 s6 nguyén duong dau tien 1, 2, ..., 8 thanh mot

day ai,as, ...,ag sao cho 2 s a;,a; bat ki (i < j) thi moi s6 trong day
8 .. N N . a; +a;
nam gitta a; va a; deu khac : 5 2,

(b) Chiing minh rang véi N s6 nguyen duong dau tien 1,2,..., N luon tim
dudge cach siap thanh day a1, as, ...,an sao cho day théa man diéu kien

nhu cau a).

—
Lot giaz:

(a) Mot céch xép thoa deé bai 1a 26481537.

(b) Ta ching minh bing quy nap véi n = 2¥ thi luon ton tai mot cach xép thoa
dé bai.
Néu k = 1, hién nhién ding.
Gi4 st luon ton tai mot cach xép thoa dé bai véi n = 2%, cach xép do la
ai,ag, ..., ay.
Ta ching minh ton tai mot cach xép véi n = 2F+1 That vay xét hoan vi
(2a1,2asg, ...,2ay,,2a1 — 1,2a2 — 1, ..., 2a, — 1) 1a mot hoéan vi cua 1,2, ..., ok+1,
Ta chitng minh hoan vi trén thda dé bai.

Ta ¢6 néu a;,a; € {2a1,2as, ...,2a,} theo gid thiét quy nap khong c6 s6 nao
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nam gita a;,a; bang %(ai + a;).

Néu a; € {2a1, ...,2an}, a5 € {2a1 —1,2a3 — 1, ..., 2a, — 1} thi %(ai +a;) khong
phai s6 nguyeén.

Néu a;,a; € {2a1 —1,2a2 — 1,..., 2a,, — 1} theo gid thiét quy nap thi ciing c6
s6 nao nam gitta a;, a; bang §(ai + a;).

Vay bai toan dang véi n = 2%.(1)

Néu bai toan dung véi n, ta chiing minh bai toan dang véi n — 1. Xét cac sb6
ai, as, ..., a, 1la mot hoan vi thoa dé bai ctia 1,2, ...,n. Khi d6 néu x6a bat ki
s6 nao trong céc s6 ay, ..., a, thi day con lai van thoa diéu kien. (2)

Tu (1) va (2) ta c¢6 diéu can chitng minh.

4 )
Vi du 10.32. Cac s6 tuy nhien tit 1 dén 101 dugc viét vao bang vuong 101 x
101, mbi s6 viét dung 101 lan.

(a) Goi s la tong s6 cot va s6 dong chita cic s6 1. Chiing minh s > 21.

(b) Chiing minh rang c6 mot dong hodc mot cot chita it nhat 11 s6 khac
nhau.

—
L&i gidi:

(a) Gia st ¢c6 m dong va k cot chita cac s6 1, m + k < 20. Khi d6 s6 s6 1 chita
N ) 1
dugc nhieu nhat trong m dong va k cot nay la m -k < Z(m + k)% < 101. Vo
ly. Vay s =m + k > 21.

(b) Gia st ngugc lai, khong c6 dong nao hodc cot nao chit 11 s6 khac nhau. Goi
ay, 1 tong s6 dong va s cot chiia cac chit s6 k. Theo cau a ta c¢6 ay > 21. Khi
do a1 +as + ---ajpr > 2121.
Nhung néu mdi dong va mdi cot chita khong qua 10 s6 khac nhau thi ta c6
ai +as + -+ ajer < 202-10 = 2020. (Mau thuan).
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4 )
Vi du 10.33. Mot nha trién 1am c6 hinh lam gid déu, trong dé c6 49 phong

14 cac cac tam giac déu c6 duge bang cac canh song song v6i canh nhu hinh
vé. Mot ngusi tham quan di tit phong nay qua phong khéc chung canh va
khong quay lai phong cii.

(a) Ngusi d6 co thé di xem hét duge cdc phong hay khong?

(b) S6 phong t6i da ngudi d6 xem dugce 1a bao nhiéu phong.

—
Lot giaz:

(a) Gia st nguoi d6 di hét duge cac phong. Xét cac phong 6 dinh, thi cac phong
nay chi c6 mot 16i ra vio nén chi c6 thé 1a phong xuét phat hoac két thic. Tuy

nhién c6 dén 3 phong nén khong thé duge.

(b) To mau cac tam giac xen ké trang den, khi d6 tit mot phong den sé vao phong
trang va ngugc lai. Ta thay c6 26 phong den, 23 phong trang (hoac 26 phong
den, 23 phong trang).

Khi d6 s6 phong t6i da di duge 1a 23 x 2+ 1 = 47 phong.

Vi du 10.34. Tim tét ca cac gia tri ctia n > 3 sao cho ton tai n diém trong

mit phing sao cho ba diém bat ki déu tao thanh mot tam gidc vuong.

Lot giaa:
(a) Néu n = 3 xét 3 diém tao thanh tam gidc vuong.
(b) Néu n = 4 xét 4 diém tao thanh hinh chi nhat.

(c) Néu n =5. Chon A, B la hai diém c6 khodng cach 16n nhat. Khi dé cac diém
con lai phéi thuoc dudng tron dudng kinh A, B. Khi dé ¢6 2 diém cling thuoc
mot nita duong tron, hai diém nay va diém A khong tao thanh tam gidc vuong.

Do d6 n = 5 khong thoa, tat nhién n > 5 ciing khong thoa.

(d) Vay gia tri n can tim 1a 3, 4.
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4 h
Vidu 10.35. Cho X = {1,2,---,168,169}. A 1a mot tap c6 84 phan tit ciia

X sao cho khong c6 hai phan t1t nao c6 tong bang 169. Chitng minh ring A
chita it nhat mot s6 chinh phuong.

—
L&i gidi:

(a) Néu A chita 169 thi ta c6 diéu can chiing minh.

(b) Xét 84 cap s6 (1,168), (2,167),--- ,(84,85) c6 84 cap. Néu c¢6 hai phan ti ndo
clia A cung thuéc mot cap thi vo 1y gid thiét. Do d6 trong méi cap c6 ding
mot phan t1 thuoe A, khi d6 cap (25,144) sé ¢6 mot phan tit thuoc A, ma 25,
144 deéu 1a cac s6 chinh phuong. Ta c¢6 diéu can chiing minh.
4 )
Vi du 10.36. Cho n 14 s6 nguyén duong 18. Viét cac s6 1,2,...,2n lén bang

den. Sau d6 ta x6a hai s6 a,b bat ky va viét len bang s6 |a — b|. Thyc hien
thao tac trén cho dén khi trén bang chi con dung mot s6. Chitng minh rang

s6 con lai trén bang 1a s6 1é.
—
Lot giaz:

Goi S(n) 1 tdng clia tat ca cac s6 con lai trén bang den sau n budc.

Ban dau tong c6 gia tri S(0) =142+ +2n=n(2n+ 1) la sb 1é.

Gia st a > b, nhu vay khi x6a di hai s6 a,b va viét lén bang s6 |a — b| , tong S sé
gidm di a + b — (a — b) = 2b, 1a mot s6 chén. Do d6, tinh chén 1& ctia S(n) la bat
bién va ta luon ¢6 S(n) = 1(mod2). Vay s6 con lai trén bang 1a s6 1é.

4 )
Vi du 10.37. Trén bang c6 hai s6 2 va 3. Thyc hién viéc ghi s6 theo quy tac

sau: Néu trén bang c6 hai s6 a,b thi duge phép ghi thém s6 ¢ = a + b + ab.
Héi bang cach d6 c6 thé ghi duge cac sd 2022 va 2312 hay khong?

—
L&i gidi:

Day cac s6 dugce viét 1a
2,3,11,35,47. ..
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Dé dang chitng minh dugc cac s6 duge viét thém trén bang déu chia cho 3 du 2.
Bat bién trén cho phép ta loai trit s6 2022, tuy nhién khong cho phép ta loai trit s6
2312. Ta can di tim mot bat bién khic. Quan sat cac s6 viét dude va quy tac viét
thém sb, ta ¢

c=a+b+ab=>c+1=(a+1)(b+1)

va néu cong them 1 vao cac s6 thudce day trén ta c6 diy mdi
3,4,12,36,48, ...

Nhu vay, khi cong thém 1 vao cac sd viét them thi cac sd nay déu c6 dang 27.3Y véi
z,y € N. Do 2312 4+ 1 = 2313 = 32 - 257 nén khong thuoc day cac sb viét duge. Vay
khong thé viét dugce cac s6 2022 va 2312.

Ay )
Vi du 10.38. (JBMO 1998) Hoéi ¢6 ton tai hay khong 16 s6 c¢6 ba chit s6
tao thanh tit ba chit s6 phan biét cho truéc ma khong c¢6 hai s6 nao cé cling

s6 du khi chia cho 167

—
Lot giaa:

Cau tra 1oi 1a pht dinh. Gia st ton tai cac sd thda man dé bai thi vi ching c6 s6 du
doi mot khac nhau nén sé c6 day du cac s6 du 0,1,2,3,...,15. Diéu nay c6 nghia
1a trong d6, c6 8 s6 chin va 8 s6 1é. Suy ra, ba chit s6 a, b, ¢ dé tao thanh cac s6 da

cho khong thé c6 cuing tinh chin 1é. Ta c6 hai trusng hop:

(a) Trong cac sb a, b, ¢, c6 hai s6 chn 1a a, b va s6 ¢ 1é. Ta ¢6 tat ca 9 s6 1é tao thanh
tit cac chit s6 nay la: aac, abe, ace, bac, bbe, bee, cac, cbe, cee. Goi aq, as, . . ., ag 1a
s6 ¢6 hai chit s6 tao thanh bang cach x6a di chit s6 cudi tit day trén. RS rang
$6 a;k va ajk v6i i # j khac s6 du v6i nhau theo modulo 16 néu nhu higu ctia
ching khong chia hét cho 16, suy ra a; — a; khong chia hét cho 8. Tuy nhien,

ta lai c6 dén 9 s6 nén diéu nay khong thé xay theo nguyen 1y chuoéng bo cau.

(b) Trong céc s6 a,b,c, c6 hai s6 18 14 a,b va s6 ¢ chén: cling dan dén mau thuan
tuong tuy.

Vay khong ton tai cdc s6 thda man dé bai.
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4 N
Vi du 10.39. (JBMO 2000) Trong mot giai thi dau tennis, s6 lugng nam gap
doi s6 nit. Mdi cip van dong vién thi dau véi nhau ding mot 1an va khong co
tran hoa, chi c6 thang — thua. T¥ s6 gitta tran thang ctia nit va clia nam 13 B

Hbi ¢6 bao nhiéu van dong vién trong giai thi dau?

—
Lot giazi:

Goi s6 nam la 2n, s6 nit 1a n va tong s6 van dong vien 1a 3n. Tong s6 tran dau la
3n(3n —1)

—

Theo gia thiét thi s6 tran thang bdi nam 1a

5 3n(Bn-1) 5n38n-1)

12 2 N 8
2n(2n — 1)

S6 tran dau gitta cac nam I3 = n(2n — 1) va 1o rang s6 tran nay khong

2
viiot qua s tran thang clia cAc nam. Suy ra
on(3n —1
% >n(2n—1) < n < 3.

Mat khéac, 5n(3n — 1) phai chia hét cho 8 nén n = 3. Do d6, s6 van dong vien clia
gidi dAu 12 9.

sy b
Vi du 10.40. (JBMO 2006) Xét bang 6 vudng kich thuée 2n x 2n véi n

nguyén duong. Nguoi ta xéa di mot s6 0 clia bang theo quy tac sau day:

(a) Néu 1 <i < n thi é dong thit i, x6a 2(i — 1) 0 G gitta.
(b) Néun +1 < i< 2n thi § dong thi ¢, x6a di 2(2n — i) 0 § gitta.

Hoi c6 thé phit duge bang béi ti da bao nhiéu hinh chit nhat kich thuée 2 x 1
va 1 x 2 (khong nhat thiét phai phi kin toan bo) sao cho khong c¢6 hai hinh
chit nhat ndo chong lén nhau?

—
Loi gidi:
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V6i moi bang kich thudc 2n x 2n, tong s6 6 bi x6a di 13
2% 2x (142434 +n—1)=2n(n—1).

Béang s& con lai (2n)? — 2n(n — 1) = 2n(n + 1) o, ttc la pht duge t6i da n(n +1) 0

vuong.

Véi n = 1,2,3,4, ta c6 thé kiém tra truc tiép dugc rang két qua lan luct sé la
2,6,12,20 bsi khi dé ta c6 thé pht kin toan bo bang. Con véi n > 4, ta xét hai
trucong hop:

(a) Néu n 18, khi d6 ta chia bang 2n x 2n da cho thanh 4 hinh vuong nhé thi ro

s oo nntl N I I

rang, moi hinh sé co g 0 con trong. Tiep theo, ta t6 mau theo dang
N N 2 N ~ 2, 2, N ~ ~ 2 FS 2 (n + 1)2 ~ N

ban ¢t cho bang nay (6 & goc thi t6 xanh), ta sé c¢6 tat ca O xanh va

2
—1 . . . . - 1 .
o 0 trang. R6 rang moi hinh chi nhat khi dat lén bang sé chita moét 6

xanh vd mot 6 trang nén s6 cap 6 trang — xanh téi da trong hinh vuong con
2
.n -1

13 , Va tuong ng sé c6 toi da

n%—1

1 =n?-1

4

hinh chi@ nhat 1 x 2,2 x 1 pht dugc trén bang. Ngoai ra, gitta cac hinh vuong
con canh nhau, ta con c6 hai 6 mau xanh canh nhau nén ta cé thé lat them

vao d6 téng cong 4 hinh chi nhat nita, téng cong la n? — 144 = n? + 3.
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(b) Néu n chin, bing cach tuong tu trén, ta phit duge hinh béi t6i da n? + 4 o.
Tom lai,

(a) V6in =1,2,3,4, dap s6 lan lugt 1a 2, 6,12, 20.

(b) V6i n > 4 v n 1é thi dap s6 la n? + 3.

(c) V6in >4 van chin thi dap s6 1a n? + 4.
4 )
Vidu 10.41. Mot san hinh chit nhat duge lat kin khong de lén nhau béi céc
vién gach 1 x 4 va 2 x 2. Mot vién gach 2 x 2 dugc lat trong san da bi v6 thay

vao dé ta con du ding 1 vien gach 1 x 4. Liéu ¢6 thé dung vien gach 1 x 4 nay

cling véi s6 gach dang dudc lat trong san dé lat kin san dudc khong?
—
Lot giaa:
To6 xanh cac 6 vuong nhd & toa do (2a + 1,2b + 1) nhu hinh vé. Ta nhan thay vien

gach 2 x 2 luon chiém dang 1 6 xanh con vién gach 1 x 4 sé& chiém 0 hodc 2 6 xanh.
Gia sit ban dau trén nén san duge lat kin béi o vien gach 1 x 4 v y vien gach 2 x 2.
Vi 1 vién gach 1 x 4 chiém 0 hodc 2 6 xanh nén s6 6 xanh dugc chiém bdi cac vien
gach 1 x 4 phai 1a s6 chan. Goi 2a la s6 6 xanh bi chiém bdi = vién gach 1 x 4. Vay

s6 0 xanh trén san 13 2a + y

Gia sit ¢6 thé 1at kin san sau khi thay thé mot vien gach 2 x 2 béi 1 vién gach 1 x 4
thi Idc nay trén san ¢6 x + 1 vién gach 1 x4 va y — 1 vién gach 2 x 2. y — 1 vién gach
2 x 2 s& chiém y — 1 6 xanh va x + 1 vién gach 1 x 4 s& chiém 2a + 1 6 xanh con lai,
diéu nay 1a mau thudn vi sé6 6 xanh dude chiém bdi cac vien gach 1 x 4 phai 1a sb6

chén. Vay cau tra 1oi la phi dinh.
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4 )
Vi du 10.42. C6 67 hoc sinh tham gia lam mot bai thi, bai thi gom 6 cau
danh s6 thtt tu tit 1 dén 6. O cau thid ¢ néu hoc sinh tra 1oi ding sé dugc i

diém con néu sai hogic khong tra 1di sé bi trit i diem (i = 1,2, 3,4,5,6).

b) Chitng minh ring cé it nhat 4 thi sinh c6 ciing diém.
b) Chitng minh réng c6 it nhat hai thi sinh c6 ciing s6 diém ¢ méi cau héi.

—

a) Tim gia tri nhé nhéat clia higu diém s6 hai bai thi.

Lot giaa:

a)

4 )
Vi du 10.43. M3ai diém trong s6 2009 diém cho trudc trén mit phang dudc
to0 boi mot trong hai mau: xanh hodc dé. Biét rang moi duong tron don vi
c6 tam mau xanh déu di qua ding hai diém dé. Héi c6 nhiéu nhat bao nhieu

diém xanh?

—

Dé thay hieu s6 diém giita hai bai thi & mot sé chin va s6 diém nay nhé nhat
bing 2. Hai bai thi c6 hiéu s6 diém bing 2 néu hai hoc sinh ¢6 cau tra 1i khac

nhau & cau 1 va cling cau tra 16i ¢ cac cau con lai.

S6 diém 16n nhat ma mot hoc sinh ¢6 thé dat duge 1a 14+2+3+44+5+6=21 va
s6 diém nhd nhat 1a -21. Vi s6 didm mot hoc sinh bat ki dat duge chi ¢6 thé
nam trong tap S = {-21,—-19,—17,...,17,19,21}, tap nay c6 22 phan tit. Néu
mdi s6 diém c6é nhiéu nhat 3 hoc sinh dat duge thi s6 hoc sinh khong qué 66,

vo li. Vay c6 it nhat 4 hoc sinh dat dudc cting mot s6 diem.
S6 diém mdi hoc sinh dat dugc 1a mot cach chon cac dau +, - trong téng
+1+2+3+4+£5+6.

C6 tat ca 29 = 64 cach chon céc dAu +.- trong téng trén nen cé tat cd 64 kha
ning vé sé diém & ting cau tra 15i md mot hoc sinh c6 thé dat duge. Vi c6 67

. ~ P £ . . » N £ o« 2 e ~ 2
hoc sinh nén ¢6 it nhat hai hoc sinh c¢6 cing s6 diem ¢ méi cau hoi.
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Loi giai:
R6 rang mbi cip diém doé thuoc toi da hai duong tron c6 tam mau xanh. Goi n 1a

n(n —1)

s6 diém do thi s6 cip tuong tng sé la va sé ¢6 khong qua n(n — 1) dudng

tron c6 tam xanh. Suy ra tong s6 diém khong vugt qué

n(n —1) +n = n?

diém. Do d6 n? > 2009 hay n > 45. Khi d6, s6 diém xanh khong vuct qué 2009 —45 =
1964 diém.

Ta sé chi ra cach xay dung thoéa dé bai. Xép 45 diém dé phan biét léen mot doan
thing c6 do dai la 1. Sau d6 vé 45 duong tron don vi c6 tam doé. Ro rang chiing sé doi
mot cat nhau va cac giao diém déu phan biet. Tong sb giao diém 1a 45 - 44 = 1980.
Ta sé t6 mau xanh cho ding 1964 giao diém trong s6 d6 thi ré rang mdi dudng tron
don vi c6 tam 13 diém xanh sé di qua dang hai diém dé. Do d6, mé hinh nay théa
méan dé bai. Vay s6 diém xanh 16n nhét 13 1964.

4 N
Vi du 10.44. (JBMO 2012) Trén bang, c6 n diem doi mot ndi v6i nhau
bédi cac doan thang. Mbi doan thing dudc to bdi mot trong n mau phan biét.

V6i mdi ba mau tity ¥, ton tai ba diém ma ba doan ndi ching dugc to tuong
tng bdi ba mau dé. Hoi gia tri ciia n c6 thé 1a

(a) n =067

(b) n =7 hay khong?

—
L&i gidi:

(a) Cau tra 18i 1a pht dinh. Gi st nguge lai rang c6 thé ¢ thé té6 mau thda man
dé bai. Xét mot mau trong s6 cAc mau, gid st 14 xanh. M6i canh xanh 1& canh
ciia 4 tam giac c6 dinh trong s cac diém da cho. Ngoai ra, c6 tat ca T =10
cap hai mau khac mau xanh va ng v6i mdi cip nhu thé, cliing véi mau xanh

thi luon c6 mot tam gidc nhan chung lam ba canh.

Suy ra phai c6 it nhat 3 canh mau xanh, vi néu khong thi s6 tam gidc nhan

canh xanh 13 canh clia né sé khong qua 2 -4 = 8, it hon s6 lugng & trén. R6
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rang diéu nay ciing ding véi mot mau tiy ¥ nén suy ra tong so6 canh tao thanh
D

u
. 6 -

it nhat 1a 6 -3 = 18, trong khi chi ¢6 5

nay cho thay khong thé c6 cau tra 15i tng véi n = 6.

= 15 canh ma thoi. Diéu mau thuan

(b) Cau tra 15i 1a khang dinh. Ta xét mo6 hinh bén duéi véi cic diém tao thanh da
giac déu va cac canh, dudng chéo song song v6i nhau sé duge danh clting mot
s6. Khi d6 r6 rang moéi mau trong s6 cdc mau sé duge ding ding 3 lan. Do

tinh ddi xting nén ta sé chi can xét cac bo ba cac mau va c¢6 chita mau 1.

Do 1a cac bo:

(1,2,3) = (CEG): (1,2,4) — (ABF); (1,2,5) — (ABG);
(1,2,6) — (ADG); (1,2,7) — (BDF);(1,3,4) — (BCE);
(1,3,5) — (BCF); (1,3,6) — (ADG); (1,3,7) — (AEG);
(1,4,5) — (CDE); (1,4,6) — (BEF); (1,4,7) — (FGA);
(1,5,6) — (CEF):(1,5,7) — (BFG);(1,6,7) — (ACE).

Do tinh binh déng nén cac bo khac khong chura 1 vAn ton tai va vi thé nén mo
hinh trén thoa man dieu kién ciia dé bai.
4 h

Vi du 10.45. Tam s6 ty nhién lién tiép dugde chia vao hai tap, méi tap gom

bén s6. Chitng minh ring néu téng binh phuong clia céc s6 trong mdi tap
bing nhau thi tong cac sé trong mdi tap nay ciing bing nhau.

—
L&i gidi:

(a) Goi a,a +1,a +2,...,a + 7 1a tdm s6 tuy nhién lién tiép. Tong binh phuong
clia tam sb nay bing 8a® + 56a + 140 dan dén téng binh phuong cla cac sb
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trong méi tap bang 4a® + 28a + 70. Goi X la tap c6 chia s6 a + 7 va goi
a-+i,a+ j,a+kl1a ba so con lai ciia tap X. Khi do

30 +2a(i+ 7+ k) +i2+ 72+ k* = 4a® +28a + 70 — (a+7)* = 3a® + 14a + 21,

dan dén
2(i+j+k—T7)=21— 2+ +k) (%)

(b) Dén day dé chitng minh téng cac s6 6 hai tap bang nhau ta chi can chi ra rang

ititk="T.
. i+ + k)2 _ 64 .

(¢) Gid st rang i + j + k > 8, khi déi2+j2—l—k:2 > % > 3 > 21 dan
dén vé phai ctia (* ) 1a s6 am, mau thuan.

(d) Giastti+j+k <6, khidévi2l—(i%4 ;% +k?) la s6 chdn nén i% + 52 + k2 1a
s6 1é. Dan dén (4,7, k) la cac bo (0,1,2),(0,1,4) hodc (0,2,3) va cac hoan vi.
Trong cac truong hgp nay

N—(2+72+k)>0>2a(i+j+k—7),
mau thudn. Vay ta c6 diéu phai chiing minh.

Ay )

Vi du 10.46. Cho 3 trudng, mdi truong c6 n hoc sinh, biét rang cit mdi hoc

sinh thi quen it nhat n + 1 hoc sinh ctia hai truong khac. Chiing minh rang c6

thé chon dugc tit mdi truong mot ban sao cho 3 ban nay doi mot quen nhau.

—
L&i gidi:

Gia st 3 truong 1a X,Y, Z. Ton tai mot ngudi ¢6 s6 ngudi quen & cling mot trudng
khac 14 nhiéu nhat, gid st A thuoc X c6 sd6 ngudi quen & trudng Y nhiéu nhat 1a k.
Khi d6 s6 ngudi quen ctia A § Z it nhat 14 n + 1 — k. Néu nhém ngudi quen A 6 Z
quen véi sd6 ngudi quen A & X c6 hai ngudi quen nhau thi ta c6 diéu ching minh.
Nguge lai xét ngudi quen A & Z, dat 1a B quen s6 ngudi 6 Y t6i da 1a n — k, khi dé
B quen 6 X it nhat lan+1— (n — k) = k+ 1, mau thuan véi cach chon A. (Mau
thuan).
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4 N
Vi du 10.47. Tap hop M chita 4 s6 nguyén phan biét duge goi 1a tap lien
két néu v6i mdi x € M thi it nhat mot trong hai s6  — 1,2 + 1 thuoc M. Goi

Uy, 1a s6 tap con lien két cta tap {1,2,...,n} .
(a) Tinh U;.

(b) Xac dinh gia tri nhé nhat cia n sao cho U,, > 2019.

—
Lot giazi:

Goia < b < ¢ < dla4phan tit cia mot tap lienkét M . Via—1¢ M néna+1 € M,
suyrab=a+1.Vid+1¢ M nénd— 1€ M, suy ra ¢c =d — 1. Nhu vy mot tap
lien két sé c6 dang {a,a + 1,d — 1,d}, v6i d — a > 2.

(a) C6 10 tap con lien két cta tap {1,2,3,4,5,6,7} 1a

{1,2,3,4},{1,2,4,5},{1,2,5,6},{1,2,6,7},
{2,3,4,5},{2,3,5,6},{2,3,6, 7},
{3,4,5,6},{3,4,6,7},{4,5,6, 7}.

(b) Goi D = d — a+ 1 1a duong kinh cta tap {a,b = a+ 1,c = d — 1,d} , hién
nhiecn 3 <D <n—1+1=mn.V6i D = 4sécén—3tap lien két, v6i D = 5 sé

c6 n — 4 tap lien két,..., v6i D = n sé c6 ding mot tap lien két. Do do

—3)(n—2
Up=1+2+ .+ (n-3)=" g” )
Do d6 U,, > 2019 < (n — 3)(n — 2) > 4038. Nhu vay gia tri nho nhat clia n 1a
n = 67.
4

Vi du 10.48. Tim céac tap con A khac rong cta tap {2,3,4,5,6,...} sao cho
v6i moi n € A thi cad n? +4 va |v/n] + 1 cing thuoc A.

Lot giazi:

(a) Goi m la phan ti nhé nhat ctia A, vi [v/m| +1 € A nén
m < |[vm]+1<+vm+1. Tt d6 suy ra m = 2.

172



(b) Véimoi n > 2ta co n? <n®+4 < (n+1)% nén |\/n2 +4| = n. Tit gia thiét
necAthin?+4€Avadods |[Vn2+4+1€A suyran+1¢€A.

(c) Bing quy nap dé dang chiing minh duge ring A = {2,3,4,5,6,...}.
4 )

Vi du 10.49. Cho n > 1 13 mot s6 nguyén duong. Dat 2n quan c¢d vao mot

ban co kich thuéc n x n, mdi quan cd ndm trén mot 6 vuong. Chitng minh
rang ton tai 4 quan cd nam tai 4 dinh cia mot hinh binh hanh.

—
L&i gidi:

(a) Goi m la s6 dong chita it nhat hai quan cg, khi d6 con lai n — m dong chia
nhiéu nhat mot quan cd. Goi mot khodng cdch cue tiéu 1a khoang cach tit quan
cd ngoai cling bén trai dén quan cd tiép theo trong moi dong clia m dong trén.
Khi d6 c¢6 m khoang cach cuc tiéu tat ca, gia tri ctia cac khodng cach cuc tiéu
chicothélal,2,...n—1.

(b) S6 quan co trén tat cd m dong trén it nhat 1a 2n — (n —m) = n +m. Khi dat
m-+mn quan co nay vao m dong (mdi dong c6 it nhat hai quan) thi theo nguyen
Iy Dirichlet phai c6 hai dong ma hai khoang céch ciec tiéu bang nhau. Khi d6

4 quan cd nay sé 1a 4 dinh ctia mot hinh binh hanh, diéu phai chitng minh.
4 )

Vi du 10.50. Trong mot budi tiéc, c6 n ban nam va n ban nit dudc chia

thanh n cdp. Ngudi ta quan sat thay rang trong mot cip bat ki hai ban cé
chiéu cao chénh léch nhau khong hon 9cm. Néu bat cap k ban nam cao nhat
tuong tng vdi k ban nit cao nhat, hay chiing minh rang trong mdi cip nay hai

ban ciing chénh léch nhau khong qua 9¢m, v6i moi k = 1,2, ..., n.

—
L&i gidi:

(a) Goi by > by > ... > by, lan lugt 1a chiéu cao clia cac ban nam va g1 > go > ... >
gn 1an lugt 1 chiéu cao ciia cac ban nit. Gia st rang ton tai k € {1,2,...,n} sao
cho |by, — g| > 10. Khong mat tong quat gia st by, —gi > 10, khi dé b; —g; > 10
voimoi 1 <i<kvak<j<n.
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(b) Xét cac ban nam c6 chiéu cao b;, véi 1 <14 < k va cac ban nit ¢6 chiéu cao 9j,
v6i k < 7 < n. Theo nguyén 1i Dirichlet trong n + 1 ban nay phai c6 hai ban
lap thanh mot cip trong n cap ban dau. Tuy nhién b; — gj > 10 sé mau thuan
v6i gid thiét 1a trong n cap dau tién khong cé cap ndo chénh léch nhau qua

9c¢m. Nhu vay |br — gx| < 9 v6i moi k, bai toan duge ching minh xong.
4 N
Vi du 10.51. Mot bang 2n x 2n 6, ngudi ta danh dau bat ki 3n 6 trong bang.

Chitng minh ring ton tai n dong va n cot sao cho 3n 6 duge danh dau thuoc

n dong va n cot nay.

—

Lot giaz:

Chon n dong sao cho s6 6 dudce to 1a 16n nhat, ta ching minh ring sd 6 dudc to
trong n dong nay la khéong it hon 2n 6.

Thuyc vay gid sit s6 6 dude to 1a it hon 2n, khi d6 n dong con lai ¢6 nhiéu hon n 6
dugce to, nén c6 it nhat mot mot dong c¢6 2 6 dude to6. Do d6 n dong da chon, mdi
dong it nhéat 2 6 duge t6 nén tong s6 6 hon hosic bing 2n (mau thuin).

Vay ta chi can chon n cot chita cac 6 duge t6 mau nhung chua dude chon trong n
dong trén thi sé c6 diéu can chitng minh.

4 h
Vi du 10.52. (JBMO 2016) Mot bang kich thuée 5 x 5 duge goi 1a “t6t”

néu nhu méi 6 clia n6é c6 chita mot ding bon gia tri phan biet, va mdi gia

tri xuat hien dung mot lan trong tat ci cac bang con 2 x 2 ctia bang da cho.
Tong tat ca cac sb co trén bang dude goi 1a “gia” ctia bang. Véi mdi bo bon s6
thuc, ta c6 thé xay dung tat ca cidc bang t6t va tinh gia ctia né. Tinh sb gia
phan biét 16n nhat c6 thé cob.

—
Lot giaa:

Ta sé chitng minh ring s6 gia phan biét 16n nhat 1a 60. Ta c6 nhan xét sau:

Nhan xét. Trong mdi bang tét, mdi hang chita dung hai s6 trong cac s6 hoac moi

cot chia diang hai s6 trong cac sob.

That vay, ta thdy mdi hang clia bang déu chita it nhat hai s6 (vi néu chita toan bo

1a mot s6 thi mau thudn véi gid thiét). Khi d6, néu toan bo cac hang déu chita hai
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s6 thi nhan xét dung.

Gia stt ngudc lai 14 ¢6 hang R chita it nhat ba sd trong bon s6 clia bang 1a x, vy, z, t.
Khi d6, cac s6 d6 phai c6 nim & vi trf lién tiép ndo d6 trén hang, gid st 1a z,v, 2
lien tiép. Theo gia thiét thi trong mdi bang 2 x 2, ta déu c6 di bén gia tri nén trong
hang phia trén va phia dudi cia R phai chita z,t, x theo dang thit ty do, va tuong
tu la z,y, 2. Ta ¢c6 bang nhu bén duéi

(

x Ty z *

\*:Byz*

Dién thém céc 6 con lai, dé thay réng cac cot déu chita ding hai s6. Nhan xét duge

chitng minh.

Khong mat tinh tong quét, ta cé thé gia st mdi hang ctia bang déu c6 ding hai s6
(néu khong thi c6 thé xoay bang lai). Néu khong xét hang dau tién va cot dau tien,
ta sé c6 bang 4 x 4 ma trong do, mdi s6 trong x,y, z,t déu xuat hién 4 lan nén téng
céc s6 trong bang nay 1a 4(x +y + 2 + t). Do d6, ta chi can tinh xem c6 bao nhiéu
céch khac nhau dé dit cac s6 len hang dau tién R; va cot dau tien C;. Goi a, b, ¢, d

1 s6 1an xuét hién ctia cac s6 ,v, z,t thi khi d6, tong tat ca cac sd clia bang sé 1a
dr+y+z+1t)+za+yb+ zc+td.

Néu hang 1 — 3 — 5 chita cic s6 x,y v6i x & vi trf dau tién clia hang 1 thi cdc hang
2 — 4 s& chita cac 86 z,t (theo gia st 6 tren). Khi d6, tac6 a+b=7vaa > 3,b> 2,
c+d=2vac>d.
Khi d6 (a,b) = (5,2),(4,3) tuong tng véi (¢,d) = (2,0),(1,1). Suy ra (a,b,c,d) sé
nhan cac bo la

(5,2,2,0), (5,2,1,1), (4,3,2,0), (4,3, 1, 1).
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Tong so hoan vi ctia cac bo la

41 4l 4!
- _ 1 =
7] + 7] + 4! 4 o1 = 60.

Bing cach chon = = 103,y = 10%, z = 10,¢ = 1 thi d& thiy ring cac téng tuong tng

v6i moéi hoan vi clia bo s6 trén déu phan biét, nghia 1a gia ciia cdc bang déu phan
biet. Vay s6 luong gia t6i da 1a 60.

4 )

Vi du 10.53. Dung 12 mau dé to tat cd cic canh vd duong chéo ctia mot

thap nhi giac déu (12 canh), mdi doan thiang dudc t6 bing mot mau. Khi d6
khang dinh "vdi 3 mau bat ki luon ton tai mot tam gidc cé dinh la dinh cia

thap nhi gidc da cho dong thoi cdac canh cia tam gidc nay duge t6 bdi § mau

trén " la ding hay sai? Hay giai thich r6 cau tra 1oi.

—

L&i gidi:

(a)

(b)

Mot da giac 12 dinh sé cho 12 canh va 54 dudng chéo, do d6 c6 66 doan thang
duge t6 mau. V6i 12 mau, ton tai mot mau X sao cho né duge st dung dé
t6 nhiéu nhat 5 doan théng. V6i mdi doan thang dugc to béi mau X sé c6 10
tam gidc nhan doan thang nay lam canh. Do dé c6 nhiéu nhat 50 tam gidc ¢
it nhat mot canh duge t6 bdi mau X.

Dé thay khang dinh trén la sai vi néu ngudgc lai thi ta xét mau X, con lai 11

11.10 . .
mau nén sé co = 55 tam giac c6 it nhat mot canh duge t6 bang mau X,
mau thuan.
Ay )

Vi du 10.54. Dién cac s6 1,2,3,...,121 vao mot bang 6 vuong kich thude 11 x
11 sao cho mdi 6 chita mot s6. Ton tai hay khong mot cach dién sao cho hai

sO tu nhien lién tiép sé duge dién vao hai 6 ¢6 chung mot canh va cac tat ca

céc s6 chinh phuong thi nim trong cling mot cot?

—

Lot giaa:

(a)

Gia st ton tai mot cach dieén s6 vao cac 6 théa yéu cau dit ra. Khi dé bang

6 vuong dugce chia thanh hai phan ngin cidch nhau bdi cot dién cac s6 chinh
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phuong. Mot phan chita 11n 6 vuong 1 x 1, va phan con lai chita 110 — 11n 6
vuong 1 x 1, v6i 0 < n < 5.

(b) Dé y riing cac s6 tur nhién niim gifta hai s6 chinh phuong lién tiép a® va (a+1)?
sé cling nim vé mot phan va dé dé cac sb tu nhien nim gitta (a+1)? va (a+2)?
sé nam & phan con lai.

(¢) S6 lugng céac s6 tu nhién nam gitta 1 va 4, 4 va 9, 9 va 16,...,100 va 121 lan
luot 1a 2,4,6,8,...,20. Do d6 mot phan sé chita 24+6+10+14+18=50 s6, phan
con lai chita 4+8+12+16-+20=60 s6. Ca 50 va 60 déu khong chia hét cho 11,
mau thudn. Vay khong ton tai cAch dién s6 thoa yéu cau dé bai.

4 N
Vi du 10.55. Tat ca cac diém trong mat phang dudc to bang mot trong hai

mau phan biét. Ching minh réng ton tai mot hinh chit nhat ma tat ci cac
dinh ctia n6 dugc to bang ciing mot mau.

—
Loi gidi:

(a) Xét mot he truc toa do Descartes bat ki vdi cac diém c6 toa do (x,v),
voi ¢ = 1,2,3,4,5,6,7 va y = 1,2,3. Trén duong thing y = 1 c¢6 it nhét 4
diéem A, B, C, D dugc to cting mot mau, goi do 1a mau X.

(b) Trén duong thang y = 2 néu c6 hon mot diém c6 ciing hoanh do véi cac diém
A, B,C, D dudc to bang mau X thi dé dang chon ra dugc mot hinh chit nhat
thoéa yéu cau dé bai. Tuong tu trén dudng thang y = 3 ciing vay.

(c) Nguge lai, trén mdi dudng thang y = 2 v y = 3 ¢6 it nhat 3 diém c6 cling
hoanh do véi cac diém A, B, C, D dudc to bing mau Y khac véi mau X. Khi
do6 theo nguyen Iy Dirichlet sé trén mdi duong sé c6 hai diém cting hoanh do
duge t6 cting mau. Bén diém nay 1a bén dinh ctia mot hinh chit nhat duge t6

biang mau Y, bai todn dugc ching minh.

4
Vi du 10.56. Cho 2 s6 nguyén duong m,n. Xét bang 6 vuong kich thuée

2m + 1 x 2n + 1, ban dau trong mdéi 6 vuong 1 x 1 dat mot con kién. Biét
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rang sau d6 moéi con kién di chuyén sang mot trong nhitng 6 vuong cé chung
s - - . S . 2 s A . 2 - PPN ~
canh v6i n6. Chitng minh rang sau khi cac con kién di chuyén c6 mot 6 vudng
khong c6 con kién nao.
—
Lo giazi:

(a) Dién vao 6 vuong 1 x 1 & dong i va cot j s6 (—1)"™. Vi 2m +1 va 2n+1 1a sd
18 nén s6 lugng 6 vuong dién s6 1 nhiéu hon s6 Iugng 6 vuong dién s6 -1 ding
1 6 do dé trudc khi cac con kién di chuyén s6 lugng kién & cac 6 c6 so -1 nhiéu

hon s6 lugng kién & cac 6 duge dién s6 1 dang 1 con.

(b) Sau budc di chuyén sé& c¢6 hai con kién & 6 mang s6 1 chiém gi®t 6 mang s6 -1
nén sé c6 mot 6 khong con chita con kién nao. Bai toan duge ching minh.

4 )
Vi du 10.57. Trong mit phéng cho 6 dudng tron phan biét sao cho tam ciia

mdi dudng tron nam ngoai 5 duong tron khac. Ching minh rang trong mét
phang khong ton tai mot diém nido nim bén trong ci 6 dudng tron nay.

—
L&i gidi:

(a) Goi (C;) c6 tam O; va ban kinh r;, v6i i = 1,2,3,4,5,6 1la 6 dudng tron da
cho. Gia sit ton tai mot diém P nim bén trong ca 6 duong tron nay. Khi dé
O;P < r; v6i moi i = 1,2,3,4,5,6. N6i P véi cac diém O; khi d6 ton tai géc
OmPO, < 60°, véi m,n € {1,2,3,4,5,6}.

(b) Xét AO,, PO, , hoac 0,0, < Oy, P < 1y, hoac 0,0, < O, P < 1,,. Dan dén

hodc O, nam ben trong (C,) hodc O,, ndm bén trong (C,,), mau thuan. Vay

bai toan dugc chiing minh xong.

10.2 Bai tap ren luyén
Bai 10.1 (Binh Thuan, 25-26).
Cho ban ¢6 vua ¢6 64 6 vuong nhu hinh vé. Trong mdi 06 vuong ctia ban ¢d ghi ngau

nhién mot s6 nguyén duong nhoé hon 10 dong thoi hai s6 duge ghi trong hai 6 vuong
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