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Chuong 1

Cac dinh ly hinh hoc

1.1 Cac dinh ly vé cac diém, duong thang

(Pinh Iy Menelaus-Dang hinh hoc) Cho tam giac ABC. D, E, F lan

lugt ndm trén cac duong thang BC,CA va AB. Khi d6 cac diém D, E, F thang

FA DB E
hang khi va chi khi — - — - C—l

Chung minh.

Chiéu thugn: Gia st D, E, F thang hang. Lay diém I thuéc DE sao cho CI || AB.

Ap dung dinh Iy Thales ta c6:
EC IC DB FB FA DB EC

EA FA'DC_ IC ~ FB DC EA 1FA DB EC
241 D oLL % /
Chiéu ddo: Gia st cac diém D, E, F thdéa man B D%AE%B ]].:;(?ay F € AB
/ 2 N N Ub BV
sao cho D, E, F’ thang hang. Theo chiéu thuan ta c6 8 DC EA 1, suy ra

FFA FA
TE — T . Vay F = F' hay D, E, F thang hang (dpcm)
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(M& rong dinh ly Menelaus theo dién tich) Cho tam gidc ABC, cac

&
diém M, N, P 1an lugt nam trén cac duong thang BC, CA, AB. Khi d6 CIMNF] _
[ABC]
BM.CN.AP — CM.AN.BP
AB.BC.CA
Chung minh.

Ta co S[ABC] = S[MAB] +S[MCA] = S[PMA} +S[PBM] +S[NMC} +S[NAM] - S[MNP] +

Simp] + Sjenm) t S[apN] -
Sigmp] _ BM.BP Sicnm) _ CN.CM Siapn) _ AP.AN

Mat kha = ——; = —

a ac S[ABC] BC.BA S[ABC] CA.CB S[ }_A_BA_C -
Suy ra S[MNP] —1_ SBMmp] B SicNM] B S[APN] _ BM.CN.AP — CM.AN.B
S[ABC] S[ABC] S[ABC} S[ABC] B.BC.C

(dpem)

(Dinh ly Menelaus cho i giac) Cho ti gidc ABCD va duong thang
d cat AB, BC,CD, DA lan luot & M, N, P, Q. Khi d6
MA NB PC QD _
MB NC PD QA

Chung minh.

TrendlayI J saocho AI//BJ//CD.

Theo dinh ly Thales, ta c6 — M—A = E @ g; Qb = @ . Tir d6 suy ra dpcm.
MB JB'NC PC'QA 1IA

Trang 6
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Chu y: dang déo cua dinh ly trén khong ding va dinh ly trén c6 thé md rong ra

cho da giac bat ki.

(Dinh ly Céva) Cho tam gidc ABC, cac diém E,F,G tuong ung
nam trén BC,CA, AB. Ba duong thang AE, BF,CG déng quy tai mot diém O

khi va chi khi g—Azi = —1.

B EC FA

Chung minh.

Thuan:
Gia st ba duong thang AE, BF, CG dong quy tai mot diém O. Tir A va C, ké cac
duong thang song song véi BF, 1an lugt cat CG va AE tai K, I tuong ung.

Ap dung dinh ly Thales, ta c6: CF_CO CI CO CF_CI
FA OK AK OK TA AK

X BE BO AG _AK
Céc cdp tam giac dong dang IEC va OEB, AKG va BOG: oI — == 70

Do do: G_A.%.FC ggﬂ = —1 (dpcm)
GB EC FA BO CI_ AK
DPéo: ching minh tuong tu dinh ly Menelaus.

(Pinh ly Céva dang sin) Cho tam gidc ABC, cac diém E, F, G tuong
ting nam trén BC, CA AB. Ba duong thang AE, BF,CG dong quy tai mot diém

O khi va chi khi SmA/]?: sin BCG sin CAE

sin CBF sin ACG sin BAE

Chung minh.

BE  Sagr  AB.snBAE CF  BC.sinCBF AG _ CA.sinACG
Ta c6: — = —,—— = —; = —.
CE  Sace  AC.sinCAE AF  BA.sin ABE BG CB.sin BCG

Nhan theo vé 3 déng thuc trén, ta co dpem.

(Dinh ly Desargues) Cho 2 tam giac ABC va MNP c6 AM, BN, CP
doéng quy tai O. Goi I, ], K theo thit tu 1a giao diém ctia cac cap duong thang
(AB, MN), (BC,NP),(CA, PM). Khi d6 3 diém I, ], K thang hang.

Chung minh.

Trang 7
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-

Ap dung dinh Iy Menelaus cho cac tam giac OAB, OBC, OCA, ta c6:
IANB MO  JBPCNO  KCMAPO

[ — PR — [p———

IB'NOMA 'JCPONB KA MO PC

. P L ., IA JB KC 2 s
Nhan theo vé 3 dang thic trén, ta c6 —.=.— = 1 = I, ], K thang hang (dpcm)

IB JC KC

Binh ly ddo cta dinh ly Desargues dugc phét biéu nhu sau: Cho 2 tam giac ABC
va MNP c6 ABNMN = I,BCNNP = J,CANPM = Kva I,],K thang hang.
Khi d6 AM, BN, CP dong quy tai O.
Chung minh.
Goi O la giao diém ctia AM va CP. Ap dung dinh ly Menelaus cho céc tam giac
CPK, PK]J,JKC, taco: -
OCMPAK_l.NP 1] MK_l_]ACIK

OP MK AC NJ IK MP BC AK I]
c o a2 OC NP BJ .
Nhan theo ve 3 dang thuc trén, ta co :::] = 1 = O, N, B thang hang
OP NJ BC

= AM, BN, CP dong quy tai O (dpcm)

(Dinh ly Pappus) Cho 2 duong thang a,b. Trén a lay cac diém
A, B,C; trén b 14y cac diém X, Y, Z. Goi M la giao diém ctia AX va BY, N la giao
diém ctia AZ va CX, P la giao diém ctia BZ va CY. Khi d6 M, N, P thang hang.
Dinh ly Pappus la mot truong hop riéng ctia dinh Iy Pascal khi conic suy bién
thanh cip duong thang

Chung minh.

Trang 8



Mathscope.org

, X D XE CF

Ap dung dinh ly Menelaus cho tam giac DEF v&i cat tuyen CN X, ta co —N_ :C:
. o _ o NE XF CD
ND D XF . PF /ZE BF ME AE YD

1 > = = —.—. Tu’dng tlI, ta co = " = _ =
NE F XE ° =~ PD ZD BE MF AD YF

Mat kli’c, ap dung dinh ly Menelaus cho tam giac DEF voi cac cat tuyén ABC,XYZ,

AE CD BE XF ZE YD D ME PF
ta co :C:: = . =1. Suy ra N:M:: = 1. Do do M, N,P
~ AD CF BE XE ZD YF NE MF PD
thang hang (dpcm)

(Bat dang thic Ptolemy) Cho tit giac 16i ABCD bat ky, ta c6 bat
dang thirc sau: AB.CD + BC.AD > AC.BD. Pang thiic xdy ra < ABCD la tw
gidc noi tiép.

Chung minh.

Trong tu gidc ABCD, lay diém E sao cho EAB = DAC;EBA = ACD

— L . AB BE AE
= BAC = EAD. Khi d6 AABE NjglCD;;n =D = AD
AC.BE va AAED ~ AABC. Suy ra aC = BC = AD.BC = AC.ED
Do d6 AB.CD + AD.BC = AC.(BE+ ED) > AC.BD.

= AB.CD =

Trang 9
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Déng thiic xay ra < E € BD < ABD = ABE = ACD < ABCD la t gidc noi
tiép.

Tir d6 suy ra dinh ly Ptolemy: Tit giac 10i ABCD la ti giac ndi tiép < AB.CD +
BC.AD = AC.BD

(DPinh ly Pascal) Cho 6 diém batki A,B,C,D,E,F cung nam trén
mot conic bat ki. Goi G, H, K theo thit tu 1a giao diém ctia cac cap dudng thang
(AB,DE), (BC,EF), (CD, FA). Khi d6 3 diém G, H, K thang hang.

Chung minh.

e Trudc hét, ta xét v6i truong hgp conic 1a duong tron

Cdch 1: St dung géc dinh hudng ctia 2 dudng thang. Goi I 1a giao diém thi 2 cta
2 duong tron (DBG) va (DFK) . Ta c6:

(IB,IF) = (IB,ID) + (ID,IF) = (GB,GD) + (KD, KF) (mod )

Mat khac:

(KD, KF) = % ((OC,04) — (OF,0D)) = ((OC,OB) + (OB,0A) — (OF, OE) — (OE, OD))
(mod 1)

(GB,GD) = % ((OA,OE) — (OD,0B)) = ((OA, OF) 4+ (OF,OE) — (OD,0C) — (OC,OB))
(mod 1)

(HB, HF) = % ((OB,OF) — (OE,0C)) (mod 7)

= (HB,HF) = (KD,KF) + (GB,GD) = (IB,IF) (mod 7) = B,H,I,F dong

Lai ¢6 (IB,IG) = (DB,DG) = (FB,FE) (mod 1)

4 diém B, H, I, F dong vién = (FB,FE) = (IB,IH) (mod 7)

Do d6 (IB, IG) = (IB,IH) (mod 7t) hay 3 diém I, G, H thang hang. Tuong tu, ta
c6 I, H,K thang hang, suy ra dpcm

Cdch 2: Ap dung dinh Iy Menelaus

Trang 10
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1 Goi cac giao diém nhu hinh vé. Ap dung dinh Iy Menelaus cho tam gidac MNP
Vi cat tuyén KCD, ta c6:
mm@_l KM CM DP

=5 = = .=
KN DP CM KN CP DN

HP FN EP GN AN BM

~HM FM'EN'GP AM BP

Nhan theo ve cac dang thuc trén, ket hop vdi cac biéu thiac phuong tich sau:
BM.CM = AM.FM; DN.EN = FN.AN; BP.CP = DP.EP

KM GN HP
KN GP HM )
e Ta xét v6i truong hgp conic bat ki:

Tuong tu, ta co:

Ta suy ra =1 = G, H, K thing hang (dpcm)

Gia stt 6 diém A, B,C, D, E, F nam trén conic (C) 1a giao tuyén ctila mat phzfmg (P)
v6i mat nén N truc A, dinh S. Xét mat phang (Q) vudng goc véi truc A cia mat
nén. Khi d6 thiét dién ctia (Q) va 91 1a duong tron (T). Xét phép chiéu xuyén tim
S tir (P) 1én (Q). Goi anh ctia diém X qua phép chiéu trén la X'. Ta c6 cac diém
A',B',C',D',E', F' nam trén duong tron (T) = G’, H', K'thang hang theo chiing
minh trén. Goi 6 1a duong thang di qua 3 diém G', H',K'. Ta ¢6 cac diém K, H, G
tuong ting nam trén cac duong thang SK’,SH’,SG’ nén K, H, G cting nam trén
mat phang (S,6). Ma K, H, G cing nam trén mat phang (P); (P) va (S,6) 1a hai
mat phang phan biét = G, H, K cling nam trén giao tuyén ctia (P) va (S,6). Do
dé K, H, G thang hang (dpcm)

Trang 11
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(Pinh ly Brianchon) Cho luc gidc ABCDEF ngoai tiép mot conic
bat ki. Ching minh rang ba dudng chéo 16n AD, BE, CF déng quy.

Chung minh.

e Xét voi truong hop conic la duong tron:

Ta ki hiéu céc tiép diém cua (O) trén AB, BC,CD, DE, EF,FAlanlugtla M, N, P,Q, R, S.
Xét cure va déi cuc ddi véi (O). Goi K, I, ] 1an luot la giao diém cta cac cap duong
thang (SM, PQ), (MN, QR), (NP, RS). Vi SM va PQ la dudong dbi cuc ctia A va
D nén AD la duong dbi cuc ctia K. Tuong tu BE va FC lan luot 1a duong déi cuc
cua [ va J.

Dung dinh ly Pascal cho luc gidc noi tiép MNPQRS ta c6 I, ], K thang hang. Nén
ta c6 cac duong dbi cuc ctia I, ], K (lan luot 1a BE, CF, AD) cung di qua cuc cuia
duong thang nay (dudng thang di qua I, ], K) nén AD, BE, CF dong quy (dpcm).
e V6i truong hop conic bat ki: Gia st luc gidc ABCDEF ngoai tiép conic (C) la giao
tuyén ctia mat phang (P) véi mat nén N truc 6, dinh S. Xét mat phang (Q) vuéng
gbc vdi truc 6 cia mat nén. Khi d6 thiét dién cta (Q) va 9t 1a duong tron (T). Xét
phép chiéu xuyén tdm S tir (P) 1én (Q). Goi anh ctia diém X qua phép chiéu trén
la X'. Ta c6 luc gidc A’B'C'D'E'F’ ngoai tiép duong tron (T) = A'D’,B'E/,C'F
dong quy tai G = AD, BE, CF dong quy tai giao diém ctia SG va (P).

Trang 12
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(Pinh ly Miquel) Cho tam gidc ABC va ba diém M, N, P lan luot

nam trén BC, CA, AB. Khi d6 cac dudng tron ngoai tiép cac tam gidc APN, BPM
va CMN dong quy.

Chung minh.

Goi S 1a giao diém cta (BPM) va (CMN).Ta c6:

(SN, SP) = (SN, SM) + (SM, SP) = (CN, CM) + (BM, BP) = (CA,CB) + (BC, BA) =
(CA,BA) = (AN, AP) (mod )

= S € (ANP), suy ra dpcm.

(Coéng thitc Carnot) Cho AABC nhon néi tiép (O, R), r 1a ban
kinh ndi tiép. Ki hiéu d,, dp, d. theo thu tu la khoang cach tur O dén céac canh
BC,CA, AB.Khi d6 ta ¢c6 hé thucsau: d, +d, +d. = R +r.

Chung minh.

Goi D, E, F theo tht tu 14 trung diém BC,CA, AB = OD,OE,OF L BC,CA, AB.
Ap dung dinh ly Ptolemy cho t gidc noi tiép AEOF, ta ¢c6 OA.EF = AF.OE +
AE.OF = aR = c.dy + b.d.; tuong tu: bR = a.d. + c.ds, cR = a.d, + b.d,. Suy ra
R(a+b+c)=a(dp+dc) +b(de +dg) +c(dy + dp).

Trang 13
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Mat khac, r(a + b+ ¢) = 2Spc = a.dy + b.dy, + c.d..
Dodé(a+b+c)(R+r)=(a+b+c)(ds+dy+d.),suyrad, +d,+d. = R+r.
(dpem)

Néu tam gidac ABC c6 A > 90° thi ta ¢6 —d;+dy+d. =R+

Chd y rang dinh ly Carnot twong duong véi hé thicc quen thudc sau: cos A +

cosB+cosC:1+%

(Pinh ly Carnot) Cho tam giac ABC, goi M, N, P lan lugt la cac
diém trén cac canh BC,CA, AB;dp, dn, dp 1a cac duong théng di qua M,N, P
va vudng goc véi cac canh tuong tng. Khi d6 dy, dy, dp dong quy < MB? +
NC? + PA*> = MC? + NA? + PB?

Chitng minh. Thuan: Goi O 1a giao diém ctia 3 dudng thang. Ta co:

MB? + NC? 4+ PA* = MC? + NA? + PB?

& MB? + OM? + NC* + ON? + PA* + OP*> = MC* + OM? + NA® + ON” +
PB?*+0OP?

& OB? + OC? + 0A% = OC* + OA* + OB?

Déng thitc nay luén ding nén ta c6 diéu phai chiing minh.

Déo: Goi O 1a giao diém ctia dpy, dy- Qua O, ha dudng vuong goc xudng AB tai P'.
Ap dung dinh thuén, ta c6 P’A*> — P'B> = PA> — PB*> = P = P/ = dpcm

(Khai niém vé hai tam giac truc giao) Cho tam giac ABC va
tam giac A;B;C; nhu hinh vé. Néu céc duong théng qua A1, By, C; va vuong
gbc véi BC,CA, AB dong quy thi cac duong thang qua A, B, C va vuong goc
B1Cy,C1A1, A1B dSng quy va ngudgc lai. Khi d6 2 tam gidc ABC va A1B1Cy
duoc goi la 2 tam gidc truc giao.

Chung minh.

Goi M, N, P, My, Ny, P; 1a chan cac duong vudng géc nhu hinh vé. Ap dung dinh
ly Carnot, ta co:
AM;, BNy, CP; dong quy

Trang 14
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N (Mlc% - MlB%) n (PlB% _ PlA%) n (NlA% _ Nlc%) —0
& (AC - AB}) + (CB} —ca}) + (BAT - BCP) =0
o <A1B2 - A1C2> + (131c2 - B1A2> + <C1A2 - c132> —0
= <MB2 - MC2> + (NC2 - NA2> + (PA2 - PB2> =0
& A1M, B1N, Cy, P dong quy (dpcm)
(Pinh ly Brocard) Cho ti gidc 16i ABCD noi tiép dudng tron tam

O. AD giao BC tai M, AB giao CD tai N, AC giao BD tai I. Ching minh réng
O la truc tam cta tam giac MIN.

Chung minh.

Cdch 1:

Goi H 1a giao thit 2 cta hai dudng tron ngoai tiép cac tam gidc AID, BIC. Xét ti
giac DOHC, ta co:

DHC = 360° — DHI — CHI = DAC + DBC = DOC

Tir d6 suy ra tir gidc DOHC néi tiép. Tuong tu, ta suy ra ti giac AOHB noi tiép.
Mat khac MA.MD = MB.MC, suy ra M nam trén truc dang phuong cta hai
duong tron (AIHD), (BIHC) = M, I, H thang hang.

Ta 6 THO = IHD — OHD = ADC + ACD — OCD = ADC + OCA = 90°
Tordésuyra IM L ON. Tuong tu, taco IN L OM, suy ra dpcm.

Cdch 2:

Ta chiing minh bé dé sau, tir d6 suy truc tiép ra khang dinh ctia bai toan: Cho 4
diém A, B,C, D nam trén dudng tron tdm (O), goi P, Q, R 1an luot la giao diém
ctia cac cap duong thang (AB,CD), (AD, BC), (AC,BD), khi d6 duong déi cuc
ctia P dbi véi (O) 1a duong thang QR

Chung minh:

Goi E, F 1an lugt 1a cyc ctia AB, CD déi véi (O), suy ra EF 1a dudng doi cuc cua P

Trang 15
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déi véi (O)

Ap dung dinh 1y Pascal cho luc gidc ADDCCB (CC la tiép tuyén tai diém C), ta
c0Q,F,R th:?mg hang. Tuong tu, taco Q,E, R thfmg hang, suy ra 4 diém E,F,Q,R
thang hang, do d6 P 1a cuc ctia dudong thang QR déi véi (O) (dpcm)

(Pinh ly Euler ve khoang cach gitta tim 2 duong tron noi, ngoai
tiép ctia tam giac) Cho AABC, ndi tiép (O, R), ngoai tiép (I,7). Khi d6 OI> =
R* — 2Rr.

Chung minh.

B

Goi D, E theo th ty la trung diém cac cung nho BC va AC thi OD | BC; BAD =
A ) :
5 Goi H la chan duong vudng goc ké tir I xuong OD. ] 1a trung diém BC. Theo

) ) A
mot ket qua quen biet, ta c6 ID = BD = 2R.sin 5
A
Trong AOID, 6 OI2 = ID? + OD? — 2.ID.0D = 4R?.sin? SR - 2.D0.DH
(cong thitc hinh chiéu).
— A A
Mt khac, DO.DH = DO.(DJ + JH) = R. (BD.sinE —|—r> = 2R?sin? 5 R

Tir d6 suy ra dpem.

(Pinh 1y Euler vé khoang cach gitra tim 2 duong tron ndi, ngoai
tiép cua t gidc (Pinh ly Fuss)) Cho tir gidc ABCD vira néi tiép (O, R), vira noi
tiép (I,7). Datd = OI. Khi d6 ta c6 hé thuc

1 1 1
R_d2  (R+dZ 72

Chung minh.

Trang 16
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Goi tiép diém ctia (I) trén AB, BC,CD, DA lan lugt 1a M, N, P, Q. BI, DI cat (O)
lan luot & E, F. Ta thay:

BA,BC) + (DC,DA
(DE, DF) = (DE, DC) + (DC, DF) = (BE, BC) + (DC, DF) = \PA-BC) + (DG, DA)

2

%T (mod 1)

Do dé E,O, F thang hang, nén O la trung diém cta EF. Theo cong thic duong
IE* +IF* EF*  IE*+IF?

trung tuyén trong tam giac IEF ta c6: d*> = > Yol > — R%
Suy ra:
P, 1 _ 2(R*+d*)  IE’4+IF?  IE? N IF?2
2 2 2 2 2 2

(R—d)*  (R+d) (R2 — d2) (PI/(O)> (PI/(O)> (PI/(O)>

IE? IF?
(IE.IB) | (IF.ID)?

.2 B .0 D

:1+1:sm§+smizl

IB>2  ID? IM? 1pP? r2

(Pinh ly Casey (dinh ly Ptolemy md& réng)) Cho tu giac ABCD
noi tiép (O, R). Dat cac duong tron a, B, v, 6 1a cadc dudng tron tiép xtic véi (O)
tai cac dinh A, B,C, D. Dt t,g 1a d dai doan tiép tuyén chung ctia hai duong
tron a, B. Trong do t,p la do dai tiép tuyén chung ngoai néu hai duong tron a,
cuing tiép xuc trong hodc ciing tiép xtic ngoai véi (O), va la do dai doan tiép
xuc trong vdi truong hop con lai. Cac doan f4,, tgy, . . . dugc xac dinh tuong tu.
Khi d6 ta 6 tug.tys + tgy-tas = tay-tps-

Chung minh.

Trang 17
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Ta chiing minh cho trudong hop a, B, 7, 6 ciing tiép xtic ngoai véi (O), cac truong
hgp khac chiing minh tuong ty. Goi tdm cac duong tron trén 1a A’, B’,C/, D’ va
ban kinh lan luot 1a x,vy,z, t. D4t d6 dai cac doan thfang nhu hinh vé va AC =
m,BD = n. Theo dinh ly Pythagore: tiﬁ = A'B? — (x — y)>. Ap dung dinh ly
cosin, ta co:

A'B? = (R+x)>+ (R +y)22— 2(R+ x)(R+y)cos AOB' = (R+x)%+ (R +

¥)? = 2(R +x)(R+) (1— 2%)
2
= (R+x)2+(R+y)2—2(R+x)(R+y)+(R+x)(R+y)% = (x—y)*+(R+
a2
X)(R+Y) pa

a
= top = 7/ (R+x)(R+y)
Tuong tu vdi cac doan théng con lai, ta 6 typ.toys + tgytas = tay-tps < ac+bd =

mn (luén diung theo dinh ly Ptolemy)
Chox =y =z =t =0, ta c6 dinh ly Ptolemy.

(Dinh ly Stewart) Cho 3 diém A, B, C thang hang va diém M bat
Ki. Ta c6 hé thitc sau: MA?.BC + MB?.CA + MC?.AB + BC.CA.AB =0

Chung minh. Qua M, ha MH 1 ABC, ta co

MA?BC + MB*>.CA + MC?.AB + BC.CA.AB

- (MH2 + HA2> BC + (MH2 + HB2> CA+ (MH2 T ch) AB -+ BC.CA.AB

= MH? (BC+ CA + AB) + HA*>.BC + HB*>.CA + HC*.AB + BC.CA.AB

= HA2.BC + HB?>.CA + HC?.AB + BC.CA.AB

= HA? (HC — HB) + HB* (HA — HC) + HC* (HB — HA) + (HC — HB) (HA — HC) (HB — H/
0

Trang 18
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(Pinh ly Feuerbach-Luchterhand) Cho t gidc ABCD noéi tiép, M
la diém bét ki trong mdt phang t giac. Ta 6 hé thuc:
MA?.BC.CD.DB — MB>.CD.DA.AC + MC*>.DA.AB.BD — MD?*. AB.BC.CA =
0

Chung minh.

Goi I la giao diém AC va BD. Ap dung dinh ly Stewart, ta co:

MA?.IC + MC?.IA — IA.IC.AC = MI?.AC; MB?.ID + MD?.IB — IB.ID.BD =
MI?.BC

= MA?.IC.BD + MC?.IA.BD — IA.IC.AC.BD = MI>.AC.BD = MB?.ID.AC +
MD?.IB.AC — IB.ID.BD.AC

= MAZ2IC.BD + MC2IA.BD = MB2ID.AC + MD?1B.AC(1)

y ) . IA  Sapp  AD,AB _ CB.CD . B
Mat khac, ta c6 IC ~ Scsp _ CB.CD = IC = AD.AB’IA' Tuong tu: ID =
DA.DC IB
BA.BC ' .
Thay vao (1), ta co:

CB.CD DA.DC
2 2 _ 2 2
MA 'ﬁD.AB'IA'BD+MC IA.BD = MB “BABC .IB.zI‘l;qLMD IB.AC
2 2 _ 2 2

& == (MA .BC.CD.?AB+Z\I/IBC .AB.BD.DA) = 3 C (MB AC.DC.CA + MD?.AB.BC.(
Laico AIAD ~ AIBC = D~ I’ thay vao (2), ta c6 dpcm.

(Pinh ly Lyness) Cho tam giac ABC, dudng tron ngoai tiép (O, R),
duong tron noi tiép (I, 7). Puong tron (O, p) tiép xtc trong véi (O) va tiép xtc
v0i cac canh AB, AC theo thi tu tai D, E. Khi d6 I 1a trung diém DE.

Chung minh.
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. r 1Y p—r 104 p—r r .
Tac6 Al = A0, = P = 10, = = —1-1L
aco A Oq A= O A :>A01 5 1 o Ap
SII’IE 511’13 811'15

dung dinh ly Stewart cho tam gidc AOO;, ta co: OO%.AI +0A%2.011 —OI?.AO; =

AI.O11.AO;. Chi y rang OO; = R — p,0I> = R*> —2Rr,0A = R, ta tinh dugc

sinZé =1- z. Suy ra 10, = sinZé = p_Z = 101.AOq = pz. Do d6 I nam
2 AOq 2 AO%

trén duong d6i cuc cia A ddi véi (O1) = I € DE = [ = AO; N DE = [ latrung

diém DE (dpcm)

(Pinh ly Lyness m& rong (B6 dé Sawayama)) Cho tam giac ABC
noi tiép duong tron (O). M thude BC (c6 cach phat biéu khéc la: cho ti giac
ABDC va M la giao ctia BC va AD...; nhung hai cdch phat biéu nay la tuong
duong). Mot duong tron (O') tiép xtc véi hai canh MA va MC tai E va F dong
thoi tiép xtic trong vdi duong tron (O) tai K. Khi d6 ta c¢6 tdm duong tron noi
tiép ctia tam giac ABC nam trén duong thang EF.

Chung minh.
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Goi G la giao diém khac K cta KF va (O). Phép vi tu bién (O') — (O) bién F —
G, BC — tiép tuyén ctia (O) song song véi BC tai G = G la trung diém cung BC
= GC2 = GF.GK. Goi I 1a giao AG va EF. Ta c6 IEK = [AK(= FKD) = AEIK
noi tiép

= AIK = EFK(= AEK) = AAIK ~ AIFK (g.g)

= GKI = GIF(= EKA) = AGIF ~ AGKI (g.g) = GI?> = GF.GK = GI =
GC = I la tam noi tiép AABC

(Pinh ly Thébault) Cho tam giac ABC ndi tiép duong tron (O). D
1a mot diém nam trén canh BC. Duong tron tam P tiép xuc voi 2 doan AD, DC
va tiép xtc trong véi (O). Duong tron tam Q tiép xuc véi 2 doan AD, DB va
tiép xtic trong véi (O). Goi I 1a tdm ndi tiép tam gidc ABC. Ta c6 P, I, Q thang
hang.

Chung minh.

Goi E, F 1a tiép diém cuaa (P) véi BC, AD; G, H la tiép diém cua (Q) véi BC, AD.

Trang 21



Mathscope.org

Goi I 1a giao diém cta EF va GH = I la tdm ndi tiép AABC. Goi X la giao
diém GH va QD; Y la giao diém EF va PD. Ta thdy IXDY la hinh chi nhat =

IX YD QX 2 X 2 . . L1
PD ~ PD ~ QD = P,I,Q thang hang (dang thuc tha 2 ¢6 1a do AQGD
ADEP)

(Pinh Iy Newton cho t gidc ngoai tiép) Cho ti giac ABCD ngoai
tiép duong tron (0). Khi d6 trung diém 2 dudng chéo ctia tit gidc thang hang
vai O.

Chung minh.
Cdch 1:
A
\'\\ \
Woe 2
// "\-‘ \'- \\
4 \ \- N
. f \w\ \
"\.I AO |
B —
e S
N\
N N /
P f‘ yap
Dﬁ"--\\ Y L
— \
\R\-*-%i-’-"'o

Goi P, Q, R, S lan luot 1a céc tiép diém ctia cac doan théng AB,BC,CD, DA d6i véi
duong tron (O). Pat SA = AP =a,BP =BQ =b,CQ=CR=¢,DR=DS =d.
Ap dung dinh 1y con nhim cho ti gidc ABCD ta c6:

(a+b)OP + (b+ )00 + (c +d)OR + (d +a)0% = 0

b a -
&Y (a+b) (—a+b(ﬁ+a+b@) ~0
& (b+d) (&H(Y) +(a+c) (O?Jr(f))) =0
& (b+d)b7\71qﬂ+i)>o—1\7 =0
Suy ra 2 vector OM, ON cling phuong = O, M, N thang hang (dpcm)
Cdch 2:
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Goi M, N theo thu tu 1a trung diém ctia hai duong chéo AC, BD. Ta xét truong
hop AB cat CD tai G. Ta ¢6:

Soas + Socp = %r(AB + CD);Sopc + Sopa = %r(AD + BC) (r la ban kinh
duong tron néi tiép ti giac). Ma ti gidc ABCD ngoai tiép = AB + CD = AD +
BC = Soap + Socp = %SABCD- Trén cac tia GA, GD lay cac diém H, I theo thu
tu sao cho GH = AB,GI = CD. Khi dbé Spag = Sona, Socp = Soig-

= Son1 = SoHG + 5016 — ScH1 = S04 + Socp — SGHI = 554BcD — SGHI-

Mat khac, ta cing c6 Sypag + Smcp = SnaB + Snep = ESABCD Suy ra Spoy; =
SmaI = Snu1 = d(0, HI) = d(M, HI) = d(N, HI) = O, M, N thang hang.

Véi truong hop AB//CD thid(O,AB) = d(M,AB) = d(N,AB) =r = O,M,N
thang hang (dpcm)

(Pinh ly Breichneider) Cho ti giac 16i ABCD, AB = a,BC =
b,CD =c¢,DA = d, AC = m,BD = n.Khi dé m*n® = a?c* + b*d* — 2abcd cos(A +
C)

Chiung minh.

D

Trén canh AB ra phia ngoai dung tam giac ABN dong dang véi tam giac CAD,

va dyng ra phia ngoai canh AD tam gidc ADM dong dang véi tam giac CAB. Khi

do6 dé thdy AN = %,AM = %,NB = DM = % va BDMN 1a hinh binh hanh.

Dong thoi co NAM = A+C.

n : .. > , 2 ac\2 bd \? ac bd

Ap dung dinh 1y cosin cho tam giac AMN, taco n” = <—> +(— ) —2.—.—.cos(A+
m m m m

C), suy ra dpem.

Vio° < A+ C < 360° nén ta c6 mn < ac + bd, do do bat déng thic Ptolemy la

mot hé qua caa dinh ly Breichneider.
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(Pinh 1y con nhim) Cho da gidc A1A4; ... A, bat ky, diém M bat
ky nam trong da giac. Goi e/ 1a cac vector don vi ¢6 goc tai M, huéng ra ngoai
n
da gidc va ¢/ L A;jA; 1 (coi A1 = Ap). Khidétaco Y A;A; e = 0. Cac
i=1
vector Az’Ai+1-?i> duoc goi la cac “long nhim”.

Chirng minh. Gia st da gidc A1A; ... A, c6 huéng duong (tic 1a chiéu di theo
thut tu chi s6 cac dinh da gidc ting dan ngugc chiéu kim dong ho). Goi f 1a phép
quay 90° ngugc chiéu kim dong ho.
/ — n n - n
Taco f(AjAi1.¢)) = AiAi1 = Y f(AiAi1.e]) = Y AiAi1 = 0= ) AiAir. el =
i=1 i=1 i=1
0 (dpcm).

(Pinh ly Gergonne-Euler) Cho tam gidc ABC va diém S trong

mat ph ng tam giac. AS,BS,CS cat BC,CA, AB lan luot tai D, E,F. Khi do
SD SE SF
AD BE CF

S S S +S S
Chung minh. Ta c6 _SD _ 2ISBD] _ 2[SDC] _ ISBD] [SDC] _ 218BC]
SiaBp]  Siabpc]  SiaBp)t+Siabpc) Siasc

S SF S . .
Tuong tu: S:E = Zlscal ; S:F — S4B Cong theo ve 3 dang thuc trén, ta co
E Siapc) CF S14BC]

dpcm.

(Dinh ly Peletier) Ta néi AABC ndi tiép trong AA;B,C; (nghia
la A € B,Cy,,B € CA,,C € AyBy) déng thoi ngoai tiép AA1B1Cy (nghia la
Ay € BC,By € CA,C; € AB) néu AxBy//A1By,ByCy/ /B1Cy, CoAy/ /C1A;,.
Khi d6 $% = $;.S,.

Chung minh.

Ta quy uéc chisd 1 cho AA1B1Cy, chi 6 2 cho tam gidc AA;ByCp. Vi AA1B1Cy ~

1 .
AAyByCy nén 2—1 = Do do6 51.5, = 1 (clhz)z. Trong do h; 1a duong cao xuat
2

hz
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phat tir dinh C ctia cdc tam giac.
MatkhacS = Sap,c, +SBc,A, +Sca,B, +54,B,c,-Laico Sap,c, = Sc,B,c,s SBA,C, =
Sc,4,¢y:Sc,AB, = Sc,Bc; + Sc,a,c; + SaBicy, suy ra S = Scap, + Sc,AB, =

5C1 (W' +H1"), trong d6 I’ va h" tuong ting 1a khoang cach tir ¢ va c; dén A;B;, ma

W+h =hynén S = %clhz. Tir d6 suy ra dpem.

(Pinh ly Viviani) Trong tam gidc déu ABC ta lay 1 diém S. Khi
dé tong cac khodng cach tir diém S tdi ba canh sé c6 do dai bang 1 duong cao
cta tam giac.

Chirng minh. Goi khoang céach tir S dén BC,CA, AB lan luot 1a x, vy, z; goi d6 dai
canh tam gidc déu la a, d6 dai duong cao ctia tam giac 1a h. Ta c6 ah = 2Sspc =
Z(Ssgc—f-SSCA +SSAB) =ax+ay+az = x+y+z=h(dpcm)

(Cong thitc Lagrange md rong) Goi I 1a tim i cu ctia hé diém A;
tng vdi cac hé s6 a; thi véi moi diém M ta c6
Z aia]-AiA]Z

1 1<i<j<n L

2 aZMAlz = - + Mlz 2 a;
i=1 Z a; i=1
i=1

2
n — n
Chitng minh. Do I 1a tdm ti cu ctia hé nén (2 ai.IAi) =0« Y @IA7 +
i=1 i=1
——
2 Z aiajIA,-IA]- =0

1<i<j<n
A TPr) 2 2 2 - L 2
o YA+ Y an (1424147~ AA3) =0 (Yo ) [ Lala?] -
i=1 1<i<j<n i=1 i=1
Z aiainA]Z =0
1<i<j<n
a:A:A2 1A A2
1gi§jgnala]AlAj ; i ; i 1§i§jgnala]AlAj L
- = Y ai.lA7 & ) aMA7 = - + MI?) a
L a =1 i=1 Y g i=1
i=1 i=1

(Puong thang Simson) Cho AABC va diém M nam trén duong
tron ngoai tiép tAm O cuia tam giac. Goi N, P, Q lan lugt 1a hinh chiéu vuong
gbc ctia M trén cac duong thang BC, CA, AB thi ching cting thudc mot duong
thang (goi 1a duong thang Simson ctia diém M dbi véi AABC)

Chung minh.
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[

(PN,PQ) = (PN,PM) + (PM,PQ) = (CN,CM) + (AM, AQ) = (BC, MC) +
(MA,BA) =0 (mod )

(Duong thang Steiner) Cho tam gidc ABC va diém D trén duong
tron ngoai tiép tam giac. Goi Ay, By, Co lan luot 1a cac diém doi xung voi D qua
cac duong thang BC,CA, AB thi chiing cing ndm trén mot dudng thang dugc
goi la duong thang Steiner ting vé6i diém D ctia tam gidc ABC. Puong thang
Steiner cia mot tam giac thi di qua tryc tdm ctia tam gidc d6. Diém D dugc goi
la diém anti-Steiner.

Chung minh. Dua vao dinh nghia duong théng Simson, ta suy ra Aj, By, Cp théng
hang va duong thang Steiner la anh ctia duong thang Simson qua phép vi tu tam
D, ti s6 2. Dé chiing minh dudng thang Steiner di qua truc tam tam gidc, ta c6 2
cach sau:

Cach 1:

Goi Hy, Hg, He 1an luot 1a cac diém dbi xung voi truc tam H qua BC,CA, AB =
Hy, Hp, Hc nam trén dudng tron ngoai tiép tam gidc. Goi E, F 1a giao cia CH, BH
voi AB, AC. Ta co:

(HCy,HB,) = (HCy, HB) + (HB,HC) + (HC,HBy) = (HcB, HeD) + (HF, HE) +
(HgD, HgC) = (AB,AD) + (AC,AB) + (AD, AC) =0 (mod )
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= H nam trén dudng thang Steiner ctia D ddi véi AABC.
Cich 2:

Y
W,
W
YoE™
N,
z,'-.\-\ *,
b,
{\\ T
el ) M,
L W
.-"('-\ I".\ lr'.
,.-" - \ ,'\
- S Y
- Y
! 3
v = ."I. N I“" \
b"/ L 8
s !
\ Iy !
*, i
\\\ r g 4
“ | o’

Khéng mét tinh tdng quat, gia st D nam trén cung AC khong chita B ctia (ABC).
Goi E, F 1a chan duong vuong goc tir D xubng BC, AB; N 1a giao diém AH va EF;
K 1a giao diém khac A ctia AH v6i (ABC).

Vi H la truc tam AABC nén NK L BC = NK//DE (1)

DEB = DFB = 90° nén D, E, F, B déng vién = NED = ABD.

NKD = ABD (vi ABKD la tit gidc néi tiép), do d6 NED = NKD = NKED la tit
giac noi tiép. (2)

Tir (1) va (2) suy ra NKED la hinh thang can. Do dé NKE = DNK. 3)

Vi H la truc tdam AABC nén H va K déi xtiing v6i nhau qua BC. Suy ra NKE =
KHE. (4)

T (3) va (4), ta suy ra DNK = EHK. Do d6 DN/ /EH, két hop véi (1), suy ra
DNHE la hinh binh hanh.

Vay EF di qua trung diém DH. Suy ra H nam trén dudng thang Steiner ctia D dbi
v6i AABC (vi EF la dudng thang Simson ctia D déi véi AABC).

(Dinh 1y Collings) Cho tam gidc ABC va duong thang d di qua
truc tam H cta tam gidc. Goi d,, dy, d. 1an lugt 1a cac dudng thang déi xting véi
d qua BC,CA, AB. Cac dudng thang d6 dong quy tai mot diém nam trén duong
tron (ABC) (diém anti-Steiner ctia d). Va d 1a duong thang Steiner ctia diém do.

Chung minh.
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Goi Hy, Hg, He 1an luot 1a diém d6i xung cua H qua 3 canh = Hy, Hp, He cung
nam trén (O) ngoai tiép ABC va Hu, Hp, Hc lan lugt thudc d,, dy, d... Ta co:
(da,dy) = (da, BC) + (BC,CA) + (CA,dy) = (BC,d) + (BC,CA) + (d,CA) =
2(BC,CA) = (CH4,CHg) (mod 7)

Goi giao diém ctia d,, dy, 1a G thi G € (O). Tuong ty, ta suy ra d,, d, d. dong quy
tai G. Mat khac, dé théy d chinh la duong théng Steiner ctia G (dpcm)

Ta c6 mot tinh chat khac ctia diém anti-Steiner nhu sau: Goi P 1a mot diém bat ki
trén d. P4, Py, Pc 1an lugt 1a cac diém déi xing v6i P qua cac canh tam gidc. Ta c6
cac duong tron (APgPc), (BPcPy), (CP4Pp) cung di qua G.

Chitng minh: (APc, APg) = 2(AB,AC) = (d.,dp) (mod ) = G € (APpPc).
Tuong tu, ta c6 dpem.

(Pinh 1y Napoleon) Cho tam giac ABC, vé phia ngoai tam giac
dung cac tam giac déu BCA’, CAB’, ABC'. Goi Ay, By, Cp theo tht tu 1a tim cta
cac tam giac déu trén. Khi d6 A¢ByCy 1a tam giac déu

Chung minh.
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'I'.'u

1
> _ 0 _ o -
Pit 7, = Z (c,30 f3> 7y = 7 (3,30 , ﬁ)
Ay — A/,BO — AvaZ,: A — Ag,A — Cyp. Do dd ZyoZy : By — Cyva
Ay — Ap. Matkhac, k1.kp = 1,21 + ap = 60° nén Z; o Z; la mét phép doi hinh, cu
thé 1a phép quay tam Ag bién By — Co. Ma géc quay bang 60° nén AyByCo la tam

Xét tich Zp, 0 Z1. Ta théy VAR

giac déu (dpcm)

(Pinh ly Morley) Nhitng duong chia ba ctia nhitng cip goc ké
nhau ctia moét tam giac bat ki cat nhau tai ba diém xac dinh mot tam giac deéu.

Chung minh.

Cich 1:

Dét A = 3a,B = 38,C = 3. Liy diém K trong tam gidc sao cho KBA =
B, KCA = 7. Goi D la giao diém céc dudng phan gidc ctia tam giac DBC. Lay
E, F theo thu tu tren KB, KC sao cho KDE = KDF = 30° = AKED = AKFD =
DE = DF. Lai co EDF = 60° nén tam gidc DEF déu.

Goi M, N theo thtt ty 1a diém ddi xing véi D qua KB, KC. Vi KD la phan giac cta
goc BKC nén ta ching minh dugc DM = DN. Tam giac can DMN c6 DK la phan
giac goc MDN (dé thay) nén DK L MN. Tam gidc déu DEF c6 DK la phan giac
goc EDF nén DK L EF. Suy ra MN//EF.

Ta c6 MEF = 360° — 60° — 2DEB = 300° — 2DEB, DEB = 300+%B/K\C,ﬂ<\c =
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180° — 2(B + ) = 180° — 2(60° — &) = 600 + 2a. Tix d6 suy ra MEF = 180° — 2
Lai c6 ME = ED = EF nén AMEF can c6 goc & dinh bang 180° — 2& nén
MFE = 2a. Suy ra MEN = EFN — MFE = 180° —3a. Lai c6 A = 3a =
ti gidc AMFN ndi tiép. Mat khac, MEFN 1la hinh thang cAn nén MEFN Ila tu
gidc noi tiép. Vay nam diém A, M, E,F, N dong vién. Vi ME = EF = FN nén
MAE = EAT = FAN. Suy ra D, E, F 1a cac giao diém ctia cac dudng chia ba cac
goc cua tam gidc ABC = dpcm.

Cich 2:
Dit AE = n,AF = m.Tacoa+pB+v = 60° = a+p = 60° — . Ap dung
dinh ly sin cho tam giac AEB, ta co L= ﬂ = n = ﬂ
c sin(a + B) sin(60° — 1)
bsi ,
Tuong tu: m = % Ap dung dinh ly sin cho tam giac ABC, ta co

b sin3p Lm_ sin 3B. sin . sin(60° — )

¢ sin3y n  sin37.sinpB.sin(60° — B)’

Mat khac, ta c6 hé thuc sin3x = 4sinx.sin(60° + x).sin(60° — x). Suy ra o
$in(60° + B) .
sin(60°+1) T ° _

60° +a = FEA+ AEB + BED = 300° = DEF = 60°. Tuong tu, ta suy ra tam
gidc DEF c6 cac goc bang 60° = tam gidc DEF déu.

. Do d6 AEF = 60° + B, AFE = 60° + . Tuong tu, ta 6 BED =

Sau day la bai toan md rong nhat vé dinh ly Morley: Néu chia 1 (n > 3) tit ca cac
gbc ctia mot da gidc m canh, thi tat cd cdc giao ctia cac dudng thang la cac dinh

1 X 2
phan biét cia mot hé im(m —1)n(n — 1)? da gidc déu n canh, c6 thé phan chia
1 < .
lam Em(m —1) ho, mbi ho ¢6 n(n — 1)* da gidc c6 tam thang hang.

(Binh ly con budém véi duong tron) Cho duong tron (O) va day
cung AB. I 1a trung diém ctia AB. Qua I vé hai day cung tuy y MN va PQ sao
cho MP va NQ cat AB tai E, F. Khi d6 I 1a trung diém ctia EF.

Chung minh.
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F M

Goi K, T la trung diém MP va NQ. Ta ¢6 OIEK,OIFT la t& giac ndi tiép =
(OE,OI) = (KE,KI),

(OI,OF) = (TI, TF) (mod )

Lai c6 AMIP ~ AQIN = (KE,KI) = (TI, TF) (mod 7) = (OE,OI) = (OI,OF)
(mod 1) = AEOF can tai O = I 1a trung diém EF (dpcm)

(Pinh 1y con buém véi cap duong thang) Cho tam gidc ABC.
Goi I 1a trung diém ctia BC. Qua I ké cac duong thang A cat AB, AC tai N, Q,
duong thang A’ cdt AB, AC tai P, M. Goi MN, PQ cat BC tai F, E. Khi d6 ta c6 I
1a trung diém ctia EF.

Ching minh.

Ap dung dinh Iy Menelaus cho tam gidc ABC, ta c6 cac hé thiic sau:
IBQC NA _ QC NA _ IC PB MA , ﬁMA_1

= . = ’ _ — = = =
IC' QA NB QA NB IB'PA ' MC PA MC

Soce A
QA'PB NA MC
EB QC PA FC NB MA EB FC .
EC QA PB FB NA MC E FB
(dpcm)
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(Dinh ly Blaikie) Cho tam giac ABC va dudng thang d sao cho d
cat BC,CA, AB lan luot 8 M, N, P. Goi S 1a 1 diém bat ki trén d. Goi M/, N’, P’
lan lugt 1a diém dbi xing cia M, N, P qua S. Khi d6 AM’, BN', CP’ dong quy
tai mot diém D va ta goi D 1a diém Blaikie ctia d va S d6i voi tam giac ABC.

Chung minh.

Goi D la giao diém AM’ va BN'. Ap dung dinh Iy Menelaus, ta cé:

AP DB M'N’ _

Xét APBN' véi cat tuyén ADM: =—.—. =1
AB DN'_M'P
) CM AB NP
Xét AMBP voi cat tuyen CAN: —=.=—=.—= =1
CB AP NM
£ 2l T DB NP
Nhan theo ve 2 dang thic trén, cha y rang M'N’ = N M, ta cé __C_M =1
DN’ M'P CB
DB P'N’ .
Laico NP = PPN',M'P = P'M = __NC_M =1= D,CP thang hang
DN" P'M CB

= AM’,BN’,CP’ dong quy tai D (dpcm)

(Pudng tron Apollonius) Cho 2 diém A, B c6 dinh. Khi d6 quy
tich cac diém M sao cho % = k # 1 1a mot duong tron c6 dinh duoc goi la

duong tron Apollnius cta hai diém A va B véi ti s6 K.

Chung minh.
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DA EA
Lay D, E trén dudng thang AB sao cho 5~ F5 =k = (DEAB) = —1.
MA EA DA
Thuan: Tac6 — = = k = MD, ME la phan giac ngoai va trong cta

~___MB EB DB
AMB = DME = 90° = M nim trén duong tron du’dng kinh DE.

Déo: Lay M’ trén dudng tron duong kinh DE = DME = 90° = M'E Ia phan
giac trong cta AMB (vi (DEAB) = —1) = dpcm.

(DPinh ly Blanchet) Cho tam giac ABC c6 AH la duong cao ung
vdi canh BC. Goi I 1a mot diém tuy y thudc doan AH. Cac doan thang BI,CI
cat cac canh tam giac tai E va F. Chiing minh rang HA la phan giac cta EHE.

Chung minh.

Qua I ké duong thz?mg song song v6i BC cat AB, HF, HE, AC lan luot tai M, N, P, Q.

. ) IN CH IQ BC CH 1IQ
Ap7d1,mg dinh ly Thales, ta c6 ™M CB'IP — BH'BH — BM
3 dang thuc trén, ta c6 IN = IP = AHNP céan tai H = dpcm.

Nhan theo vé

(Pinh ly Blanchet m& rong) Cho tam giac ABC, lay D, E, F lan
lugt thudc cac doan BC, CA, AB sao cho 3 dudng thang AD, BE, CF dong quy
tai mot diém [.Goi L la giao diém ctia AD va EF.Goi H la hinh chiéu cta L
xuéng BC. Khi d6 HL 1a phan giac cta EHF.

Chung minh.
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K B D H ©
) DB EA FB
Ap dung dinh ly Céva cho tam giac ABC,tacd =—= = ——.—
DC EC FA .
; ) KB
Ap dung dinh ly Menelaus cho tam giac ABC véi cat tuyen KEF, ta co = =
EA FB
EC FA -
= (KDBC) = —1 = (KFLE) = —1. Lai ¢6 LHK = 90° = HL la phan giac cta
FHE (dpcm)

(Dmh ly ]acob1) Cho AABC va cac diém Al, Bl, C; trén mat phang
sao cho BAC1 = CAB1 = q, ABC1 = CBA1 = B, BCA1 = ACB1 = 7. Khi do
AAq1,BBy,CC; dong quy tai diém Jacobi J.

Chung minh.

Ta co AAl, BAl, CA4 dong quy tai A;. Ap dung dinh ly Céva sin, ta co:

smCBA1 s1nBAA1 smACA1 N sin . smm sin(C+v) 1

sin ABAl. sin CAAl. smﬁ sin(B + B).sin m sin 7y
Xay dung 2 dang thic tuong tu cho By, C; rdi nhan theo vé 3 dang thic trén, ta
o - .

in BAA;.sin ACC;.sin CBB .
St /\1 sm/\l Sm/\l = 1= AA,,BB;,CC; dong quy (dpcm)
sinCAA;.sin BCC;.sin ABB;
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(Pinh ly Kiepert) Dung ra phia ngoai tam giac ABC cac tam gidc
can dong dang BCM, CAN, ABP (can & M, N, P). Khi ay ta c6 AM, BN, CP dong
QR

Chirng minh. Dé thay dinh ly Kiepert 1a hé qua tryc tiép cta dinh ly Jacobi khi
X = ﬁ = ")/_

(Pinh ly Kariya) Cho tam giac ABC ¢6 (I) la duong tron noi
tiép. O phia ngoai tam gidc lay cc diém M, N, P sao cho IM = IN = IP va
IM, IN, IP tuong ing vudng goc BC,CA, AB. Khi d6 ta c6 AM, BN, CP dong
quy-

Chung minh.

Ta thdy ABIM = ABIP (c.g.c) = IBM = IBP = MBC = ABP. Tuong tu:
BAP = CAN, ACN = BCM. Theo dinh ly Jacobi ta c6 dpcm.

(Cuc truc giao (khai niém md rong cua truc tam tam giac)) Cho
tam gidc ABC; d 1a mot duong thang bat ki trong mat phang. Goi Ay, By, C; lan
luot 1a hinh chiéu ctia A, B, C trén d. Goi Ay, By, Cy 1an luot 1a hinh chiéu cta
A1, By, Cy trén BC,CA, AB. Khi d6 A1 Ay, BBy, C1C, dong quy tai mot diém goi
1a cuc tryc giao ctia dudng thang d déi v6i tam giac ABC.

Chung minh.
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Ap dung dinh ly Carnot, ta c6:

A1A3, B1By, C1C, dong quy

& (AB? — AyC?) + (ByC? — ByA?%) +
& (A1B? — A1C?) + (B1C? — B1A?) +
& (A1B? — C1B?) + (B1C? — A1C?) +

(CLA% — C,B?)
(C1A%? — CB?)
(C1A% — B1 A?)
& (A1B? — C1B?) + (B1C} — A1C?) + (C1 A7 — B1A?) = 0 (hién nhién diing)
Truc tdm la truong hop riéng cta cuc truc giao khi 4 trung véi mot trong ba canh
cta AABC.

0
0
0

(Khai niém tam giac hinh chiéu, cong thuac Euler vé dién tich
tam giac hinh chiéu) Cho AABC néi tiép trong (O; R), M la diém bat ky ndm
trong tam giac. Goi Ay, By, C; theo thu tu 1a hinh chiéu ctia M trén BC,CA, AB.
AA1B1Cq duogc goi la tam gidc hinh chiéu ctia M dbi v6i AABC, tacé S A{BC; =

1 d2
1 1-— Sapc , trong d6 d = MO.

Chung minh.

Goi D la giao diém cua AM véi ( ),D 7é A. Ta thay MC1A1 = MBA1 va
MC1B1 = MA31 — DBC nén A1C1B1 — MBD. Ap dung dinh ly sin cho tam
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B D
giac MBD, ta co M/\ = M/\ Do do:
1 sin ADB  sin MBD1 .
SABiC, = §.B1C1.C1A1.sin A1C1B; = EMA.sin A.MB.sin B.sin MBD = EMA.MD.sin A.sin B.
b S
Mét lfhéC, MA.MD = Py 0) = R?> — OM? va sin A.sin B.sinC = % = —2‘355,
Tir d6 suy ra dpcem.

(Khdi niém hai diém lién hgp dang gidc) Cho tam giac ABC. M
1a mot diém nam trong tam gidc.
1. Khi d6 cac duong thang dbi xing v6i AM, BM, CM qua tia phan giac dong
quy tai M'. M’ dugc goi 1a diém lién hop dang gidc ctia M trong tam gidc ABC.
2. Lan lugt dat D, E, F va D', E’, F' 1a chan cac dudng cao ha tir M va M’ xuéng
BC, AC, AB.
a. Khi d6 D,E,F,D’,E', F’ cing thuéc mot duong tron tam O. Va O 1a trung
diém cua M va M'.
b. Khi d6 cing c6 AM" | EF,BM' | FD,CM' | DE;AM 1 E'F,BM 1
F'D',CM 1L D'E".
3. AM.AM' n BM.BM’ n CM.CM’ 1
AB.AC BC.BA CA.CB

Chung minh. 1.

B M J C

BI  Sapr  AB.AI B]  Sapy AB.AJ

C]  Sacy AC.AJ'CI  Susc;  AC.AI
IB JB  AB?
IC'JC — ACY

dpcm.

Mot cach chitng minh khac xem bai tap 28, chuong 1, SBT hinh hoc 11 nang cao.

2.

a.

(vi BAI = CAJ,BA] = CAI)

Ta c6 2 dang thiic tuong tu, két hop véi dinh Iy Céva ta c6
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(BA,BM) = (BM',BC) & (DF,DM) = (FFM',F'D') < (DF,DM) +

N[N
Il

(F'M,F'D') + g (mod 77)

< (DF,DM) + (DM, DD') = (F'M', F'D') + (F'E, F'M") (mod 7)

& (DF,DD') = (F'F,F'D) (mod )

= FF'DD’ noi tiép. Dé thay tdm duong tron ngoai tiép tit gidc nay chinh la trung
diém O ctia MM'. Tuong ty, ta suy ra 6 diém D, D', E, E/, F, F/ cing nam trén mot
duong tron tam O.

b.

MAF = M'AE,AMF = AEF = AAMF ~ AAEG = AGE = AFM = 90°.
Tuong tu, ta suy ra dpem. 3.

Trén tia BM, ly diém K sao cho BCK = BMA. BMA > BCA = K nim ngoai
AABC.
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AB BM AM . T
ﬁ = E = W.TacoABK—

Cé MBA = CBK = AABM ~ AKBC =
AB  BM

BK ~ BC
. AABK ~ AMBC = 4B _ BK AR st khdc, CKM' = MAB = MAC =

- BM BC CM
A,M',C,K dong vién.
Ap dung dinh ly Ptolemy, ta c6 AC.M'K = AM'.CK + CM'.AK = AC(BK —

MBC,

AM.BC AB.CM AB.BC
') = AM'.CK 'AK.Laic6 CK =~ AK = =" BK =
BM) AAE/BI B(EZ e Aa]t/IC’OACM BC B](\Z/IM”AB CM BM ’ M
: . Y _ . . . . N
AC ( i BM) BM + BM . Tt d6 suy ra dpcm.

(Pinh ly Reim) Cho hai dudng tron (Oy), (O,) cat nhau tai A, B.
Mot duong thang qua A cat (O1), (0,) tai M, N; mot duong thang qua B cat
(01), (02) tai P, Q. Khi d6 MP/ /NQ.

Chung minh.
Chirng minh:

(MP,MN) = (MP,MA) = (BP,BA) = (NQ,NA) = (NQ,NM) (mod 7) =
dpcm.

(Khai niém ti giac toan phan) Mot ti gidc toan phan la mot hinh
dugc tao nén bdi bén duong thang, tiing d6i mot cat nhau nhung khong c6 ba
duong nao dong qui. Mot hinh ti gidc toan phan c6 4 canh la 4 duong thang da
cho, c6 6 dinh 1a 6 giao diém ctia ching va 3 dudng chéo 1a 3 doan di qua dinh
déi dién (cha y hai dinh nay khong cung thuoc mot canh). Ching ta c6 mot két
qua co ban va thu vi vé ti gidc nay nhu sau: Trong hinh t gidc toan phan cap
dinh d6i dién nam trén mot dudng chéo va cip giao diém cta duong chéo do
v6i hai duong chéo con lai 1ap thanh moét hang diém diéu hoa.

Chung minh.
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T4 DC BE _

IC DE BA j(m.]A)D_Cﬁ_E__l

JA FC EB B IC JC E FC AB

JCFB'EA |
FB DC AE ) IA JA
FC DE AB IC JC

—1= A,C,I,] la hang diém diéu hoa.

(Puong thang Droz-Farny) Cho hai dudng thang bat ki vuong
gbc v6i nhau tai truc tdm cta tam gidc ABC. Chung tuong ting cat cic canh
BC,AC,AB tai X,X;Y,Y’;Z,7'. Khi d6 ta c6 M,, My, M, tuong tng la céc
trung diém ctia XX', YY’, ZZ' thang hang.

Chung minh.

Dat (C) 1a duong tron ngoai tiép tam gidc ABC. C, la duong tron ngoai tiép HX X’
va H, la diém déi xiing véi H qua BC. Tuong tu véi cac dudng tron khac.
= C,, Cp, Cc c6 tam lan luot 1a M,, My, M. XX’ 1a duong kinh cua duong tron C,,
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H, nam trén duong tron C, = H, la giao ctia (C) va C, va HH, | BC.

Ap dung dinh ly Collings véi duong théng XYZ diqua H, tacé H, X, HyY,H.Z
dong quy tai N trén C. Ap dung dinh Iy Miquel cho tam giac XNY véi cac diém
H, Hy,,H = (C),C,,C, cung di qua M. Tuong tu C, cing di qua M. Nhu vay
Ca, Cp, C. cung di qua H va M suy ra tam cua ching thfmg hang.

(Puong tron Droz-Farny) Cho diém P bat ki va tam giac ABC.
Diém Q la diém lién hop dang giac véi P d6i v6i tam giac ABC. Chan cac duong
vudng goc véi cac canh BC, AC, AB ctaa P 1a Py, Py, P.. Léy P, lam tam vé duong
tron di qua Q cat BC tai Ay, As; By, By, C1, Co duoc dinh nghia tuong tu. Khi do
6 diém A1, Ay, B, By, C1, C; cing nam trén mot duong tron tam P.

Chung minh.

Goi O 1a trung diém PQ. Ta da biét O cach déu P,, Py, P.. Ap dung cong thic trung
tuyén, ta c6:
PQ?

PC} = PPE + PcCl = PPE+ QP = — + 2Pc0? Tuong ty, ta suy ra dpem.

(Pinh ly Van Aubel vé tit gidc va cac hinh vudng dung trén canh)
Vé phia ngoai ti gidc ABCD ta dung cac hinh vuéng ABEF, BCGH,CDI], DAKL
Vi cac tm tuong ting 1a 4M, N, P, Q.Khi d6 ta c6 MP va NQ vuong goc va bang
nhau.

Chung minh.
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I

Goi O la trung diém doan AC. Ta théy Z (C, v2,45°) : N = B;Z (A, %,450) :

1
B — M.Do dé F = Z(C, \/5,450) o7 (A,ﬁ,w) . N — M. Mt khéc,

F 1a phép dong dang thuan, c6 goc quay bang 90°, ti s6 1 va ¢6 O la diém bat
dong nén F la phép quay tam O, goc quay 90°. Lai ¢6 F(N) = M,F(Q) = P =
dpcm.

(Heé thitc Van Aubel) Cho AABC va mét diém S nam trong tam
giac, 3 duong AD, BE, CF dong quy tai S (D, E, F tuong ing ndm trén cac canh
BC,CA, AB cua tam gidc). Khi do ta c6 hé thic —= = —= + —.

SD FB EB
Ching minh. Ap dung dinh Iy Gergonne-Euler cho diém A v6i AABC, ta c6
AD AF AE_ | _AF AE_AD | _7As .
SO BF CE B EC SD  sD 'V

(Pinh ly Pithot) Tt giac 16i ABCD la tu giac ngoai tiép khi va chi
khi: AB+ CD = BC + DA.

Chung minh.

Thuan: Tt gidc ABCD ngoai tiép == AB + CD = BC + DA. (dé ching minh)
Ddo: AB + CD = BC + DA =t gidc ABCD ngoai tiép.
Khong giam t6ng quat, gia st AB < AD = BC < CD. Khi d6 ton tai M, N trén
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CD,DA sao cho AN = AB,CM = CB. Suyra DN = DM.

Do dé cac duong phan gidc ctia cac goc tai dinh A, D, C sé 1a ba duong trung truc
ctia tam gidc BMN nén ching dong quy tai mot diém O.

Dé thay O cach déu 4 canh ti gidc nén ta c6 diéu can chiing minh.

(Dinh ly Johnson) Cho ba duong tron cé cung ban kinh R véi tam
lan lugt 1a M, N, P va cing di qua mot diém A. Khi ay ba giao diém khac A ctia
ba dudng tron dy cting nam trén mot dudng tron 6 ban kinh 1a R.

Chung minh.

Ki hiéu cac giao diém nhu hinh vé. Dé thdy cac ti gidc AMBN, APCN la hinh
thoi, suy ra ME = 1?

(= m) = MPCB la hinh binh hanh = M va C, P va B d6i xing vdi nhau qua
trung diém O ctia MC. Tuong ty, ta c6 D va N dbi xiing v6i nhau qua O. Do d6
phép dbi xing tam O bién (MNP) — (CBD)

= dpcm.

(Bai toan Langley) Cho AABC can tai A c6 géc & dinh bang 20°.
Trén cac canh AB, AC léy D, E sao cho BCD = 50°, CBE = 60°. Tinh goc BED.

Chung minh.

Dit BED = x, trén canh AC, lay diém F sao cho BF = BC.
Mat khéc tam gidc BDC cén tai (vi BCD = BDC = 50°) = BD = BC = BD =
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BF.
Ta tinh duge DBF = 60° = ADBF déu = DF = BF.
ABFE can tai F (BEF = BFE = 40°) = EF = BF

180° — 40°

:DF:EF:ADFEcéntaiFix—{—LLOo:zj:?)oo

(Pinh ly Eyeball) Cho hai duong tron (O) va (O) ngoai nhau. 2
tiép tuyén ké tir O dén (O') cat (O) tai A va B. 2 tiép tuyén ké tir O’ dén (O) cat
(O’) tai C va D. Khi d6 ABCD la hinh chi nhat.

Chung minh.

A D
(0]
o
'\B C

2R.R’
oJo N

Dt ban kinh ctia (O) va (O) lan Iuot1a R va R'. Ta 6 AB = 2R sin [00" =
Tuong tu, ta suy ra AB = CD.

Mt khac, ta c6 A va B, C va D dbi xtiing véi nhau qua OO’. Suy ra ABCD la hinh
chtt nhat (dpcm)

(B6 dé Haruki) Cho AB va CD la hai day cung khong cat nhau
ctia cuing mot dudng tron va P 1a mot diém bat ki trén cung AB khong chia CD

ctia duong tron ay. Goi E va F lan lugt 1a giao diém cta PC, PD véi AB. Khi d6
AE.BF

gid tri biéu thic khong phu thudc vao vi tri diém P.

Chung minh.

Goi G la giao diém khéac E cua (PDE) v6i AB. Ta ¢6 AGD = CPD khong déi
= G c6 dinh = BG khong ddi. Mat khac: AF.FB = PF.FD = EF.FG = (AE +
EF)FB = EF(FB + BG)

= AE.FB = EF.BG = Ang

= BG khong déi (dpem)
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(Pinh ly Paul Yiu vé dudng tron bang tiép) Cho AABC, cac duong
tron bang tiép trong cac goc tiép xtic v6i cac canh nhu hinh vé. Cac duong thang
MN, PQ, RS cat nhau dé6i mot tai Ay, By, C;. Khi d6 AA;, BB, CC; dong quy tai
truc tam H cta tam gidac ABC.

Chung minh.

Goi I 1a tAm duong tron noi tiép tam gidc ABC, D la tiép diém cta (I) v6i BC. Ta
sé chiing minh AA; 1 BC.

Ta biét rang: CR = p,CD = p—cnén RD = c. Suyra RB = RD —BD =
¢ — (p—b) = p — a. Hoan toan tuong tu thi ND = buNC = p — a. Ta thay

RI> — RC? 4+ AC* — AB*+ NB* — NI?

= (RP-NI>) 41> 2= (DR?=DN>) +1? -2 =c* -1+ -*=0

Tir d6 theo dinh 1i Carnot thi dudng thang di qua A vudng géc v6i BC, duong
thang di qua A vudng géc véi CI va duong thang di qua N vuong goc véi Bl
dong quy.

Do d6 AA; vuong goc voi BC, hay AA; di qua H.

Hoan toan tuong tu, ta c6 BBy, CC; di qua H. Nhu vay ta c6 dpcm.

Ta ¢6 két qua sau: Cac duong théng NP,RQ, MS cat nhau doi mot tai Ay, By, Co.
Khi d6 cac bo 3 diém (A, A1, Az), (B, By, By), (C,Cq,Co) théng hang va cac duong
thang qua chiing dong quy.

Chuing minh:
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Goi H,K la giao diém ctia PQ va MS véi BC. Ap dung dinh 1i Menelaus cho

. . QB CiM HN
AMBK véi cat tuyén C,RQ) va ABMN vdi cat tuyen QCq H ta c6: Q ity =
o QM GN HB
1,%Q:£ = 1.Nhéntheové2d:fmgth1’1c trén, suy ra ﬂgﬁﬂ =
CGM QB RK CiN CM RK HB
1 (1). Ap dung dinh li Menelaus cho AABC v&i cat tuyén MSK va QPH, ta c6
MAKBSC | FC QB PA
MB'KC'SA =~ HB QA'PC

Mat khdc, ta tinh dugc MA =BQ =p—¢,SA=CP=p—1»
SC PAMA QB KB HC

> — = ,——_:>:—:
SA PC'MB QA KC HB -
e 3
= KB(HC + CB) = HC(KB + BC) = HC = BK = HB = CK, HN = RK, — =

CN

CK__

(Vi NC=BR = £(p —a))

Thay vao (1), ta ¢6 %Q_MC_N =1 = C,C;,C, thang hang. Hai bo 3 diém
CM CiN CK

con lai ching minh tuong tu.

(Binh ly Maxwell) Cho AABC va moét diém P, cac canh cta
AA'B'C’ song song v6i cac duong thang di qua mot dinh AABC va diém P.
Qua A’, B/, C' ké cac duong thang song song v6i cac canh ctia AABC. Khi d6 ta
c6 cac duong thang nay dong quy tai mot diém P’

Chung minh.
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Dé kiém tra dugc cac goc bang nhau nén 4p dung dinh ly Céva sin thuan va dao,
ta c6 dpcm. Trudng hop tuong tu cling xdy ra néu déi 'song song’ thanh ‘vudng
goc’.
(Pinh ly Brahmagupta vé ti giac ndi tiép c6 hai duong chéo
vuodng goc) Cho ti gidc noi tiép ABCD c6 AC vudng goc voi BD tai S. Khi do
doan ndi trung diém mot canh vdi S sé vudng goc véi canh déi dién.

Chung minh.

Ta ching minh dai dién,chéng han goi M 1a trung diém BC ta can ching minh
MS vuodng goc véi AD. That vay, MS cat AD & H. Ta c6 BSC = 90°, M 1a trung
dlem BC nen MS = MC = tam glac SMC can tai M.

= ASH = MSC = MCS = ACB = ADB. Tix day dé suy ra dpem.

(Pinh ly Schooten) Cho tam gidc déu ABC noéi tiép (O). Khi d6
v6i moi diém S nam trén (O) thi mét trong 3 doan SA, SB, SC c¢6 mot doan ¢
do dai bang tong do dai hai doan con lai.

Chung minh.
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Goi d¢ dai canh tam giac déu la a. Khong gidm tinh téng quat, gid s S ndm
trén cung nhé BC. Ap dung dinh ly Ptolemy, ta c6 BS.AC + CS.AB = AS.BC =
a.BS 4+a.CS = a.AS = BS 4+ CS = AS (dpcm)

(Pinh 1y Bottema) Cho 2 diém B, C c6 dinh, diém A di dong trong
nita mit phang bd BC. Vé phia ngoai tam gidc ABC, ta dung hai hinh vudng
ABDE, ACFG. Goi M la trung diém DF. Khi d06 tri diém M khong phu thudc
vao vi tri diém A va tam gidc MBC vudng can tai M.

Chung minh.

. TN | N TN Lo T TN |
Taco Q <C'E) :F— AvaQ (B, 2) A — D.Dodo/F— Q (C, 2) oQ (B, 2) :
F — D.Mat khdc, F phép quay goc 7w nén F la phép doi xing tdm c6 tdm la trung
diém DF. Goi Bx, Cy 1a 2 duong thang dugc xac dinh béi (Cy, CB) = (BC, By) =
g (mod 7t), D(A) la phép dbi xting truc A thi ta co

F=0Q (cg) oQ<B,g> — (D(Cy) o D(CB)) o (D(BC) o D(Bx)) = D(Cy) o

D(Bx) nén M la giao diém ctia Bx va Cy hay MBC la tam giac vuong can (dpcm)

(Pinh ly Pompeiu) Cho tam gidc ABC déu, va mot diém D trén
mat phéng tam giac. Khi do luén ton tai mot tam giac (co thé suy bién) véi do
dai caccanhla DA, DB, DC.

Chitng minh. Ap dung bat dang thtic Ptolemy, ta suy ra 3 BDT sau: DA + DB >
DC,DB+ DC > DA,DC + DA > DB. Do d6 ton tai mot tam giac véi do dai
3 canh l1a DA, DB, DC, ki hiéu 1a (DA, DB, DC). Néu mét (va chi mot) trong 3
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bat dang thiic trén trd thanh dang thitc thi tam gidc T suy bién thanh mét doan
thsfmg. (dpcm)

(Dinh ly Zaslavsky) Cho tam giac ABC va diém O. Tam giac
A1B;C; 1a anh ctia tam gidc ABC qua phép ddi xtiing tam O. Tix Ay, By, C; ké cac
duong thfang song song voi nhau cat BC,CA, AB tai N, P, M. Khi d6 M, N, P
thang hang.

Chung minh.

T B ké duong théng song song voi CiM cat ACy,CAq, A1C; tai H, K, P;. Vi
BK, A1C; 1a 4nh cta By P, AC qua phép dbi xing tdm O nén Pj la nh ctia P qua

. s e MB PA NC
h’ dA. l:l’ tA O, PC — —ﬁé,PA - —Z;ZS _ . =
pheép doi xung tam O, suy ra P1Cy 1 Aq uy ra A PC NB
C1H.2.A1C = —Cl:Hﬁ = —Clpl.z = 1. Do d6 M, N, P thang hang
C1A PC A:K A1K PC AP, PC
(dpcm)

(Pinh ly Archimedes) Cho duong tron (O) va 2 diém A,B c6 dinh
trén (O). M 1a trung diém cung AB cta (O), diém C chuyén dong tuy y trén
cung AB chiua M. Tu M ké MD 1 AC.Tacé AD = BC +CD.

Chung minh.
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Lay dlem E dbi xu(ng véi B B qua MC. MC cat BE tal H.

Ta c6 BCH = MAB = BCE = 2MAB = ACB + BCE = AMB + 2MAB =
180° = A,C,D,E thang hang. C6 ME = MB = MA = AAME cantai M = D la
trung diém AE = AD = DE = DC + CE = DC + CB (dpcm)

(Dinh ly Urquhart) Cho 2 b6 3 diém thang ABB; va ACCy, D la
giao diém BC va B;C;. Chung minh réng AB+ BD = AC;+CD & AB; +
B1D = AC+CD.

Chung minh.

o o B
B6 dé: Voi moi AABC,tacoa = p (1 — tan 5 tan %)

Ching minh: Ap dung dinh Iy sin, ta c6

sin —

a_ _ 2p _ P I 2 _
sinA  sinA+sinB+sinC 2cosécosgcosg P COS — COS —
2 2 2 2 2
cos > CcoSs 5 sin > sin 5
Cos > Ccos >
= dpcm
Ap dung b6 dé, ta c6
BAD ADB AD DA
AB+BD = AC;+(C1D < tan tan = tan c tan G & /2\
2 2 2 2 BAD
tan
ADB
tan
ADGC,
tan
BAD ADB AD DA
AB1+B1D = AC+CD &< tan tan 1 :tanc tanC & /2\
2 2 2 2 BAD
tan
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ADB;
tan
o ADC
a 2 —_— —_—
ADB ADB,
o o tan tan
Mt khéc, ADB + ADC = ADC; + ADB; = 180° = — 2 — 2
ADCq ADC
tan tan
Suy ra dpcm.

(Pinh Iy Poncelet vé ban kinh duong tron noi tiép, bang tiép trong
tam gidc vudng) Cho tam giac ABC c6 r 1a ban kinh noi tiép; 7,, 1y, 7c 1a cac ban
kinh bang tiép. Tam giac ABC vuéng tai A khivachikhir, =r+r, + ..

. . S s S S 1 1
Chung minh. 7, = r+r,+1r. & = —+ + EN - - =
p—a p p-b p-—c p—a p
1 n 1 o a _ a
p—=b p—c plp—a) (p=b)(p—c)
S p(p—a)=(p—-b)(p—c) & a®>=b*+¢* (dpem)

(Binh ly Marion Walter) Cho tam giac ABC va D,E,F,G, H, 1

1a cac diém chia 3 cdc canh, cic giao diém dugc xac dinh nhu hinh vé. Ta ¢6
1
S = —SagC-
PQRSTU = 7g°ABC

Ching minh.

BS dé: Cho AABC, cac diém N, M trén dudng thang AB, AC sao cho MA =

mm,ﬁ — uNB. Goi P la giao diém BM va CN, ta c6 % —_

1—mn
Chung minh:

Goi Q la giao diém ctia AP va BC, ap dung dinh ly Céva, ta c6 Q:f: = %
Ap dung dinh Iy Van Aubel, ta c6: g = % + g _ 1 + 2o dpcm
PN MA QB m m

Ap dung bé dé nhiéu lan, ta tinh dugc
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7 1 2 5
SBIPFC = ESABC, SAQF = ESABC/ SAHR = ESABC; SHIoS = ESABC/ Sour =

1
—S

1
= SpQRSTU = 10 —S4pc (dpcm)
Cung véi gia thiét trén, ta c6 két qua sau: Cacbd 3 diém (A,S,P),(B,U,R),(C,Q,T)
thang hang va cac duong thang di qua ching dong quy tai trong tdm tam giac
ABC.

Chung minh: o L o
Ta tinh duge 20 = LPE _ 25B 5 L AGPESE 4 4ps
AF 2" PB 3”5 AF PB SG

. . X B A 1

thang hang. Goi X la trung diém BC, ta co :C = -1, S: = -3, —G = - =
XB SG AC 3

X—CS:B£ =1 = A,S, X thang hang = duong thang ASP la trung tuyén ctia
XB SG AC

AABC. Tuong tu, ta suy ra dpcm.

(Binh ly Hansen) Cho tam giac ABC c6 r la ban kinh no6i tiép;
*a, 7y, Tc 1a cac ban kinh bang tiép. Khi d6 cac khang dinh sau 1a tuong duong:
1. AABC vuodng.
2.r+r,+rp+rc=a+b+c
3.+t tre=a+b+ ¢

Chung minh.

Ta ¢ cac bé dé sau:

a.r =4R inAsinBsinE dZsmA 4HCOS—
I ARy sy 2. )

b.r, :4Rsin5cos§<:os§ e. Ztanztani =1

c.) sin® A=2+2]]cos A
Céc b6 dé trén tuong ddi don gian nén khong néu ra ching minh & day.
Ta co:

A A B C .
r+r,+ry+rc.=a+b+c< 4R <H51n§+251n3c055c055) :ZRZsmA

. A . A B C A
@Hsmz+25m3cos§c0s§:21}—Icosi ] -
Chia ca 2 ve cho Hcos o dat x = tan E,y = tan E'Z = tan o ta co
2) e xyz+x+y+z=2=1+xy+yz+zx < (1-x)(1-y)(1—2z) =0« (1)

A B C
2 24 2D 2L
P42 tri+r =a?+b*+c* < (4R) (Hsm = +) sin 5 €0s” = cos 2)
2R)? (Y sinA)
B ,C

. A LA
@4(Hsmzz—i—25m2§c052§cos E) :2(1+HcosA)
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2(14]JcosA)

o4 ([0 2) ([T 2 4 Do )

Chu v ra __L A—ﬂt .
uyrar(1gcos22 = 1;; xz,cos = 1+2x2’ a co:
2 ((xyz)=+ X x B 1—x ) 2\ ’
(3) & A+ =1+] |1+x2¢)2<(xyz) +) x>_||(1+x)+

I <1 — x2>
& (xyz)? + sz =1+ Z;(xy)2 s 1-x)1-v»)(1-2%) =0.Vix,y,z >0
nén (3) < (1) (dpcm)

(Pinh ly Steinbart suy rong) Cho tam gidc ABC ndi tiép (O). Cac
tiép tuyén ctia duong tron tai A, B, C giao nhau tai Ay, By, C;. Trén (O) lay cac
diém Ay, By, Co. Ching minh rang AjA,, B1By, C1C, dong quy khi va chi khi
AAs, BBy, CCy déng quy hodc céc giao diém ctia AA,, BBy, CCy v6i 3 canh tam
gidc thang hang.

Ching minh.

5(ABA;]
S[A1CA2] CA».CA;.sin (C
BA,.sin (BAZ; BA1> sin (

CAj.sin (64_2),64_1)) B sin (A‘lazm)

BA, sin (A—Az),zﬁ> sin (E@, ]3—Al>>
CAz B sin (A—Az),zﬁ> N sin ((_3743,(_374_1))

Ta co

BAj;.BAj.sin <1;4_2>,1;4_1>) B A1B.A1A>.sin <A‘1§,m)
) =

A1C.A1A,.sin (AT&;AlAZ)

=

Ap dung dinh Iy sin, ta c6 —

sin (m;A1A2> z@)
Do do - = — —
sin <1T1(>:;A1A2> (sin (AAZ;/T(%>
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sin (A—A;,zﬁ) sin (B—B;, E&) sin (EZ—C—;, CT%) ? sin <A‘1§;A1A2> sin <a
tuong tu, suy ra = — N —
& Y sin (A—Ag, ﬁ) sin (B—B2>, BTK) sin (C—Cz),@) sin <R;A1A2> sin <C1
Dat biéu thirc trong ngodc & vé trai 1a E, biéu thirc & vé phai (khong tinh dau - 1a
F).Khi AA,, BBy, CC, déng quy hodc céc giao diém ctia AA,, BBy, CCy v6i 3 canh

tam gidc thang hang thita c6 E = +1 & F = —1 & AjAj,, BB, C1C, dong quy
(dpem)

Dinh ly Monge & d’Alembert 1 Cho 3 duong tron (A, Ry), (B, R2), (C, R3)
c6 ban kinh khac nhau va ngoai nhau. Tiép tuyén chung ngoai ctia mdi dudng
tron giao nhau 1an luot tai M, N, P. Chung minh réng M,N, P théng hang

Chung minh.

Vi M, N, P 1a tam vi tu ngoai cta cac cap duong tron (B) va (C), (C) va (A), (A)
. . ,PA Ry MB R, NC Rj . £ o 22 A
va (B) nén ta c6 PB_ R,y MC Ry NA R Nhan theo ve 3 dang thuc trén
va 4p dung dinh ly Menelaus, ta c6 dpcm.
(Pinh Iy Monge & d’Alembert 2) Cho 3 duong tron (A, R1), (B, Rz), (C, R3)
c6 ban kinh khac nhau va ngoai nhau. Tiép tuyén chung trong ctia (A) va (C),
(B) va (C) giao nhau lan lugt tai N, M; tiép tuyén chung ngoai ctia (A) va (B)
giao nhau tai (P).Chiing minh rang M, N, P thang hang.

Chung minh.
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Cach ching minh hoan toan tuong tu voi cach chitng minh dinh ly 1. Ngoai ra,
ta con suy ra rang néu ca 3 cdp la tiép tuyén chung trong hoac 1 cap tiép tuyén
chung trong va 2 cap tiép tuyén chung ngoai thi AM, BN, CP dong quy.

(Pinh Iy Steiner vé ban kinh cac duong tron) Trong tam gidc bat
ki ta c6 hé thacsaur, +r, + 1. = 4R + .

. . S S
Chu’ngmmh.ra—i—rb—l—rczélR—l—r(:)p + + :——I—;<:>

s? ( ! + ! + LI 1) = abc
p—a p=b p—c p o
S pO).(p—a)p-b))—(p—a)(p—b)(p—c) = abc Khai trién vé trai va rut

gon ta co dpcm.

(Dinh ly Steiner-Lehmus) Mot tam giac c6 2 duong phan giac
trong bang nhau la tam gidc can.

Chung minh.

Gia sit AABC ¢6 2 dudng phan gic trong BN, CM bang nhau. Dung hinh
binh hanh BMDN va ki hiéu cac goc «, 8,7y, nhu hinh vé. ACMD can tai M
nén a+y = & (1) Néu a > B, ta xét hai tam giac BCN va CBM c6 BC chung,
BN = CM,CBN > BCM = CN > BM = ND = 7 > 6 = a +9 > +6, mau
thuan voi (1).
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Tuong ty, truong hgp a < B cing khong thé xay ra. Do d6 &« = B, suy ra
dpcm.

(Bat dang thitc Erdos — Mordell) Cho tam giac ABC va diém
M nam trong tam giac (M khong nam trén bién cda tam giac). Goi dg, dy, d. 1a
khoang cach tut M dén cac canh tam giac; Ry, Ry, R 1a khoang cach tr M dén cac
dinh tam giac. Khi d6 ta c6 bat déng thacsau R; + Ry + Re > 2 (dy +dy + d,)

Chung minh.

Goi A1, B, C; theo thit tu 1a hinh chiéu ctia M trén cac canh BC,CA, AB. Léy M
déi xting véi M qua phan gidc trong ctia géc A, goi B}, C; 1a hinh chiéu cia M’
trén AC, AB. Goi D la giao diém AM’ va BC; H, K la hinh chiéu ctia B, C trén
AM'.

Tacéa = BD+DC > BH+ CK = aM'A > BHM A +CKM'A = 2S,psp +
2Sprca = ¢M'Cy + b.M'B}. Vi M’ va M dbi xing v6i nhau qua phan giac trong
goc Anén R, = M'A, M'C] = MBy = dy, M'B} = MCy = d.. Do déa.R, > c.dy, +
bd. = R, > gdb + ch. Tuong tu, ta c6 2 bat déng thuc tuong tu: R, > gdc +

%da, Re > %da + %db. Cong theo vé cac bat dang thiic trén va dp dung bat dang

thitc Cauchy, ta ¢6 R, + Ry + Re > <%+§) d. + (é+%) do + (§+§) dy >
2(dy +dp+d.) (dpem)
Déng thic xay ra < AABC déu va M 1a tdm ctia tam giac.
(Pinh ly Bellavitis) Cho ABCD la moét "balanced quadrilateral”
(t& gidc c6 tich cac cdp canh dbi bang nhau); ki hiéu cac géc nhu hinh vé, khi
dotacoap+ Bc+yp+04a=ap+Pa+ 78+ dc =180°

Chung minh.
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Goi cac goc cua tu giacla «, B, 1, 4, goc gitta hai duong chéo la e. Ap dung dinh ly
sin va dinh nghia "balanced quadrilateral"”, ta co:

sinyp.sinap = sinag.sinyp

= cos (yp +ap) —cos (yp —ap) = cos (ag + yp) — cos (ag — YD)

= cos (v +ap) — cos (g — & + apg) = cos (ag + yp) — cos (ag — 7y + vB)

= cos (yp +ap) + cos (a + ) = cos (ag + yp) + cos (y + 6)

Hoan vi dang thtic trén, ta 6

cos (0c + Ba) +cos (o + B) = cos (Bc+4) +cos (a+ )

Cong cac dang thiic trén, chd ¥ rang cos (« + ) = cos (7 + 4), ta c6

cos (g +ap) + cos (6c + fa) = cos (ap+ yp) + cos (Bc + J4)

1 1
= cos = (ap+Ba+7v8+dc).cos= (ap — Pa~+ v —9¢)

2 2
1 1
:cosi(ocB+,3c+’yD+(5A)-COS§(0€B—,BC‘i"YD—(SA)

ChﬁyranngD—IBA—l—’)/B—éc :3600—2€—ﬁ—5,a3—ﬁc+7D—5A = 2¢ —
1 1
,B—(Svai(zxp—i—ﬁA—i—'yB—i—(SC)+§(0¢B+ﬁc+'yD—|—5A):1800.Tasuyra

2

1 1
:>cos§(ocD+,BA+"yB—|—(5C).cose.cos§(,B+(5) =0

1. Nhan t dau tién béng 0, ta c6 ngay dpcm.

1 1 1 1
cos = (ap + Ba+ v+ dc).cos <e+§([3—|—5)) :—cosz(ocp+[3A+’yB+(5c).cos <e—§([3+

2. Nhan tr thit 2 bang 0, ta suy ra ABCD 1a ti gidc ¢6 hai dudng chéo vuong goc,
suy ra AB? 4 CD? = AD? + BC?. Két hop v6i AB.CD = AD.BC (dinh nghia), suy
ra méi canh ti gidc bang v6i mot trong 2 canh ké véi né. Dé thay dinh ly Bellavitis
dung trong truong hgp nay.

3. Nhan ti tha 3 bang 0, khi d6 ABCD 1a tit gidc noi tiép, theo tinh chat goc noi
tiép, ta c6 dpcm.

(Dinh 1y Gossard) Cho tam gidc ABC, duong thang Euler / ctia
tam gidc cat cac canh tai A’, B, C’. Goi I, I, I 1a dudng thang Euler ctia cac tam
giac AB'C/,BC’'A’,CA’B’. Khi d6 tam gidc dugc tao bsi cac duong thang I, Iy, I,
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1a 4nh ctia tam gidc ABC qua mot phép dbi xiing tdm c6 tdm ddi xiing nam trén
duong thang Euler ctia tam gidc ABC.

Ching minh. Ta c6 2 b6 dé sau:

1. Puong thang Euler ctia tam gidc AB'C’ song song vé6i BC.

A

/N
A

W1
C A

y R(AB’C’) R
bit (BC,OH) = a (mod 7),k = R Y = Quo Vi, h* = szOV%,M la

ABC
giao diém khac A cta (ABC) va (AB(’C').) Ta c6 fy : (MBC) — (MB'C') =
(MO, MO') = « (mod 7). Do A dbi xiing v6i M qua OO’ nén (AO, AO') = a
(mod 7). Suyra f,*: 0 — O’ (1)
Goi ¢ 1a phan giac trong cta BAC, ta c6 Dy o Vayeosa : H — O,H — O Suy ra
AAOQ’ ddng dang nguoc hudng véi AAHH'.
Goi Hj 1a diém déi xing v6i H' qua AH, ta c6 AAOO’ dong dang ciing hudng
v6i AAHH. Do d6 f7% - H — Hy (2)
Tir (1) va (2), ta c6 f,* : OH — O'H, = (OH,0'H;) = —a (mod 7). Ma
(BC,OH) = a (mod 71) nén ta ¢6 (O'H,, BC) = 0 (mod 71) = O'H,//BC =
O'H, L. AH = O/, H’, H, thang hang = O'H’/ /BC
2. Cho tam gidc ABC ndi tiép (O), dudng thang d bat ki qua O cat BC,CA, AB
tai A’,B’,C’. Goi Ay, By,Cy la cac diém ddi xiung voi A',B/,C' qua O, khi do
AA1, BBy, CCy dong quy tai mot diém trén (O).
Ching minh don gian bang cach st dung géc dinh huéng.
Trd lai bai toan:

Goi Ay, By, Cq 1a giao diém ctia I,, I, I v6i . Ta sé ching minh AA;, BBy, CCy doi
mot song song.
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Goi By, C; 1a giao diém ctia MB, MC v6i (AB'C’). Dat | = B,Co N1,

Ta chung minh duge f,* : B — B;,C — C; = f,% : BC — B;C;. Mat khac
fa¥:1 = 1A =1NBC ] =1,NBCy = f;*: A' — ]. Ta chiing minh dugc
B'C,C’B, 1a hinh thang can va O 1a trung diém A1]. Goi Az = h% (A1) = Az € L.
Taco b’y : Ay = Az, ] — A',04 — O, suy ra O trung diém A’ Az. Tuong tu ta
xéac dinh cac diém Bs, C3. Theo bd dé 2, ta c6 AA3, BB3, CC3 dong quy tai P nam
trén (O). T d6 suy ra (A1A,AB) = (B1B,BA) = (CCy, AB) (mod 7). Suy ra
AAj, BBy, CCy d6i mét song song vdi nhau.

Do AA1//BBynén (AA1,l) = (BBy,l) (mod 7) = tam giac A'B1B dong dang

A'B R tuong tu, ta co =
A'B, R’ ONE T AC,

= B'C’ = B1C;. Chitng minh tuong ty, ta c6 A'B’ =

cung hudng voi tam giac AA;Az. Suy ra ——-
R BC R _BC
R~ B,C;, R _ BC
A1By,B'C' = B1Cy,C'A’ = C1A1 = cac doan A’Aq,B'By,C'Cy ¢6 cung trung
diém X. Suy ra 2 tam giac ABC va tam giac A(l,, I, Ic) d6i xing voi nhau qua X

(dpcm)

(Pinh ly Mobius) Cho ngti giac ABCDE c6dién tich S. Dat S spc =
a,Sgcp = b,Scpeg = ¢,Spga = d,Sgap = e. Tacod déng thic: S% — S(El +b+c+
d+e)+ (ab+bc+cd+de+ea) =0

Chung minh.

—

BG dé: Vi 4 vector bat ki %, 7/, Z,

0

Chung minh:

Trudc hét, véi 3 vector bat ki, ta ¢ X.(if A Z) + i.(Z A X) + Z.(X A i) = 0. Mt khéc

(XA ENE) =X A (J.(ZAT)). Suy ra:

(x/\y YEAED) + (RAZ)(EAY) + (RAD(AZ) =%
ANEGAD)) =XAFEAND)+Z(EANT) +EGTA

Trélaibéitoan,datx— j=AC,Z = AD,T = AE. Khi do

SACD:%y’/\i’:S:a—l—iy/\z—i—déy/\z=2(S—a—d).Dodo’(5c’/\f)(y’/\

7) = 4(S—a—d)e. Tuong tw: (¥ AN§)(ZAT) = 4ad, (X NZ)(EAY) = —4(S—b —

d)(S—a—c).
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Ap dung b6 dé, tasuyra (S—a—de—(S—a—¢c)(S—d—b)+ad = 0 =
S2—S(a+b+c+d+e)+ (ab+bc+cd+de+ea) = 0 (dpcm)

(Puong tron Hagge) Cho tam giac ABC noéi tiép (O), P la mot
diém batki trong tam giac. Cactia AP, BP, CP cat (O) tai A1, By, C1.Goi Ay, Bo, Cy
lan luot 1a diém dbi xung véi A1, By, C1 qua BC,CA, AB. Khi d6 truc tam H cta
AABC nam trén duong tron ngoai tiép AA>B,Co

Ching minh. Ta c6 3 b6 dé sau:
1. Cho AABC noi tiép (O), D 1a mot diém trén (O). Dudng thang qua D vudng
géc véi BC cat (O) tai G. Khi d6 AG song song v6i duong thang Simson ctia D.

Goi E, F la chan cac duong vudng goc ké tir D 1én BC, AC, ta c¢6 EF la duong
thang Simson ctia D.

Ta ¢6 (AG, AC) = (DG, DC) = (FE,FA) (mod ) = AG//EF (dpcm)

2.Cho AABC noi tiép (O), E, F 1a hai diém trén(O). Khi d6 géc gitrta hai duong
thang Simson ctia E va F bang mot nira s6 do cung EF.

Goi I, ] 1a hinh chiéu vuéng goc ctia E trén AB, BC, G, H 1a hinh chiéu vudng goc
cta F trén BC, AC, K = I] N GH, L 1a hinh chiéu vudng goc cua L trén BC.

Taco (K]J,KL) = (JE,JI) = (BE,BA) (mod 7); (KL, KG) = (GK,GF) = (CA,CF)
(mod 77)

= dpcm.

3. Cho AABC noi tiép (O), ] 1a mot diém bat ki trong tam giac. AJ, BJ,CJ cat
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(O) tai D, E, F. Goi D', E/, F' 1a diém déi xtiing v6i D, E, F qua BC,CA, AB. Khi d6
AD'E'F’ ~ ADEF.

Goi M, N 1a diém ddi xing véi F/, D’ qua AC; R = D'NNAC,Q = D'DNBC,S =

BCNED,L=BENAC,P=FF NAB,T=MF nAC.

Ta ¢6 RQ//ND = NDE = RUE = QDS — D'QR = 90° — BSD — D'CR =

90° — BSD — (ACB — BCD) = 90° — ACB — EDC = 90° — ACB — ECB = 90° —

(AC,BE) ((AC, BE) 1a ki hiéu géc gitta hai duong thang AC va BE).

Tuong tu, ta c6 MFE = 90° — (AC, BE) = NDE = MFE (1)
y . ND 2RQ D'C.sinC DC.sinC JC.sinC

Mat khac, = = — = — = . 2

atxhac MF 2TP  F'AsinA FAsin A JAsin A @

Goi D”E"F” 1a tam giac hinh chiéu cta ] trong AABC, khi d6 ADEF ~ AD"E"F" =

DE _ D'E" _JCssinC

FE F'E" JAsinA

T (1), (2) va (3), ta suy ra ADNE ~ AFME =

DE EF FD
Tuong tu, suy ra DE TP D dpcm.
Trd lai véi bai toan:

DE FE DE FE

= = = )
NE ME D'E’ F'E’
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Goi As,C; 1a diém dbi xing voi H qua BC, AB, khi d6 A3, C3 € (O);Ay =
A1A2N (0),Cy = C1Co N (O).

Ta co AA3//A1Asva A, Aq, Az, Ay déng vién = AA4A1A3 la hinh thang can.
Mat khac, HA; A1 Az la hinh thang can = HAp = AA4. Tuong tu, tacd HCy/ /CCy.
= GHA, = (AA4, CCy). Ap dung bd dé 1, ta c6 (AAy, CCy) = (dg, d.), trong d6
dg,d.: la duong thfang Simson cua A1, C;.

Ap dung bé dé2, (d,,d.) = C1B1A; = C2HA, = C1B1A;.

Ap dung b3 dé 3, AA1BiC; ~ AAB,Cy = CiBiA; = GByAr = CHA, =
CyBoAs = H, Ay, By, C dong vién (dpcm)

1.2 Mot so diém va duong dac biét dugc xac dinh duy
nhat voi tam giac va tu giac
(Puong thang Euler ctia tam giac) Cho tam giac ABC, tam ngoai
tiép O, trong tam G, truc tim H. Khi d6 O, G, H thang hang va OH = 30G.

Chung minh.

Goi D, E, F 1a trung diém céc canh ctia tam giac ABC, dé thy O la truc tim tam
gidc DEF. Ta c6 phép vi tu tam E; ti s6 —2 bién tam gidc DEF thanh tam giac
ABC. Do d6 bién O thanh H = GH = —2G0. Tir d6 suy ra dpem.
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(Pudng tron va tam Euler) Cho AABC, 3 trung diém cac canh, 3
chan duong cao, 3 trung diém ctia 3 doan thang néi 3 dinh tam giac véi truc
tam cung nam trén duong tron Euler cuia AABC. Duodng tron Euler cia AABC
c6 ban kinh bang g (R 1a ban kinh ngoai tiép ctia AABC) va tdm E ctia n6 la
trung diém OH.

Chung minh.

Dit tén cac diém nhu hinh vé. Dé thdy O va H 1a 2 diém dang giac trong AABC,

suy ra cac diém M,, M, M., H,, Hy,, H, cung nam trén mot duong tron tam la

trung diém E ctia OH. Mat khdc, ta ching minh dugc AH = 20M,, suy ra

A’HM,0 la hinh binh hanh = M, d6i xting véi A’ qua E, do dé M,, My, M., H,, Hy, He, A', B/, C’
ciing nam trén (E).

Ta c6 EA’ la dudng trung binh cia AAOH = Ry = EA’ = %OA = %R
(dpem)

(Duong dbi trung, diém Lemoine) Trong tam gidc, duong thang
dbi xting véi trung tuyén qua phan giac tai cing mot dinh dugce goi 1a duong
dbi trung cta tam gidc. 3 dudng ddi trung ctia tam gidc dong quy tai diém
Lemoine ctia tam gidc. Diém Lemoine con dugc goi la diém symmedian (sym-
median point) hodc diém Grebe.

Chung minh.

Day la mot truong hop riéng ctia hai diém lién hgp dang gidc va diém Lemoine
1a diém lién hgp dang gidc clia trong tdm gidc. Ta c6 mot sb két qua sau lién
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quan dén duong doi trung va diém Lemoine (Goi trung diém cac canh tam giac
la D, E, F; chan cac duong doi trungla X,Y, Z; diém Lemoine la L)
1. Buong ddi trung xuat phét tir mot dinh 1a quy tich cac diém c6 ti s6 khoang
cach dén hai canh ké ctia tam giac ti 1é thuan véi do dai hai canh. Quy tich nay
con mot dudng thang nita la tiép tuyén ctia duong tron ngoai tiép tai dinh xuat
phét ctia duong déi trung.
2. Puong déi trung xuat phat tir mot dinh tam giac di qua giao diém cta 2 tiép
tuyén voi duong tron ngoai tiép tai 2 dinh con lai.
3. Duong dbi trung chia canh tam gidc thanh 2 doan ti 1é vdi binh phuong 2 canh
ke.
A AX _ 2bc

AD b+ c? o .
5. Tong binh phuong cac khoang cach tir mét diém bat ki nam trén mot canh cta

tam gidc dén 2 canh kia nho nhét khi diém d6 trung véi chan duong dbi trung
ung voi canh do.

6. Téng binh phuong cac khoang cach tir mét diém bat ki trong tam gidc dén 3
canh ctia n6 nho6 nhét khi diém d6 triing v6i diém Lemoine.

7. Diém Lemoine la trong tdm ctia tam giac hinh chiéu ng véi né trong tam giac
ABC.

oA - . N < A 2 - R . Y 125?43(?
8. Dién tich tam giac hinh chiéu cua diém Lemoine bang

(112 + b2 + CZ)Z'
9/.Trong tAt ca cac tam gidc noi tiép trong mot tam gidc thi tam giac hinh chiéu

ung Vd_i> diém Lemoine c6 tégg binh phuong cac canh nho nhat.
10. LA + 12LB + *LC = 0

(Diém Gergonne, diém Nobb, dudng thang Gergonne) Tam gidc
ABC véi duong tron néi tiép (I). Tiép diém cta (I) trén BC,CA, AB lan luot la
D, E,F.KXhi d6 AD, BE,CF dong quy tai diém Gergonne cta tam gidc ABC.
Két qua vé diém Nobb va duong thang Gergonne (van véi cac ki hiéu trén): Mot
tam giac khong can c6 3 diém Nobb tuong ting la giao diém cta cac cap duong
thang EF va BC, DE va AB, DF va AC. Va 3 diém Nobb cling nam trén mot
duong thang goi 1a duong thang Gergonne ctia tam gidc ABC.

Chung minh.
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1. Ap dung dinh ly Céva va cac két qua don gian: DB = DC,EA = EC,FA = FB
ta c6 ngay dpcm.

2. Xét cyc va dbi cuc déi véi (I): dudong doi cuc cia A 1a EF di qua G, nén duong
dbi cyc ctia G di qua A. Mat khéac dé thiy duong déi cuc cta G di qua D nén suy
ra duong ddi cuc ctia G la AD. Hoan toan tuong tu ta c6 dudng doi cuc cta H la
BE va duong dbi cuc cta K 1a CF. Ma AD, BE, CF dong quy nén ta c6 diéu phai
ching minh. Ngoai ra ta c6 két qua sau: (BCDG) = (CAEH) = (BAFK) = —1;
goi M, N, P la trung diém cta cac doan GD, HE,KF thi M, N, P théng hang va
duong thang di qua ching 1a truc dang phuong ctia 2 dudng tron ndi tiép va
ngoai tiép tam giac.

Két qua trén c6 thé md rong nhu sau:

Cho tam gidc ABC va 3 diém D, E, F theo thu tu thudéc BC, CA, AB sao cho AD, BE,CF
déng quy va D, E, F khac trung diém doan théng. Goi M, N, P lan luot 1a giao
diém ctia cac cap duong thang (EF,BC), (DF,CA),(DE, AB). Khi d6 M, N, P
thang hang. Két qua nay chinh 1a hé qué cta dinh Iy Desargues.

(Piém Nagel) Cho tam gidc ABC, cdc dudng tron bang tiép tiép
xtic véi cac canh tuong tng tai D, E, F. Ta ¢6 3 duong thang AD, BE, CF dong
quy tai diém Nagel ctia tam gidc.

Chung minh.

Ap dung dinh ly Céva, chu y réng FA=CD =p—-b,AE =BD =p—¢,CE =
BF = p — a, ta c6 dpcm.
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(Dlern Brocard) Trong tam glac ABC ton tai 2 diém M va N thoa
man MAB = MBC = MCA = a va NAC = NCB = NBA = «. Méi diém nay
dugc goi la diém Brocard ctia AABC. Trong mot tam gidc thi 2 diém Brocard
lién hop dang gidc v6i nhau. Ta ¢6 hé thitc cota = cot A + cot B + cot C.

, 242 yz
Chung minh. Dat MA = x, MB = y,MC = z,ta cé cota. = ———— =
4SpaB
?+yr—z2 PP+ —x AP+
Smpc Smca 45AzBC 2 2 2, .2 12 2,12 2
b= +c*—a cc4+a-—>b ac+b-—c
Mat khac, cot A + cot B + cotC = + + =
4S5 spc 4S5 4pc 4S 4pc
a? + b% + 2

, suy ra dpcm.
4S Apc yracp

Mot s6 tinh chat cta hai diém Brocard:
1. Pudng thang OL (O 1a tdm ngoai tiép, L 1a diém Lemoine) 1a trung truc cta

MN va4diém O,L, M, N cung nam trén duong tron Brocard.
, 1 _ 1 1 1

"sina sin?A  sin?B  sin?C
3.sin’a = sin(A — a) sin(B — a) sin(C — «)
4. MA.MB.MC = 8R3sin’ w

5. Tam giac hinh chiéu ctia 2 diém Brocard dong dang vdi tam giac ABC va dién

tich ctia chiing bang nhau.

(Diém Schiffler) Cho tam gidc ABC c6 I la tam noi tiép. Khi d6
4 duong thang Euler ctia 4 tam gidc IAB, IBC,ICA, ABC ddng quy tai diém
Schiffler ctia tam giac.

Chung minh.

/

Goi O 1a tdm ngoai tiép tam giac, G 1a trong tam tam giac ABC, M la trung diém
BC, Gy 1a trong tam tam giac IBC, Al cat BC tai D, cat (O) tai J, (I) tiép xtc voi
BC tai K, JGy cat AM tai E, OG tai S.

Dé thay ] la tdm ngoai tiép tam giac IBC. Do d6 JG; la duong thang Euler ctia
tam giac IBC. Ap dung dinh ly Menelaus cho tam gidac GOM véi cat tuyén SE]J,
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SG JO EM SG _ JM EG
— = =1 A hl 1 h
tac 535 M EG =30 - R EM p dung dinh ly Menelaus cho tam
JI EA GiM EA _JA _,JI
gidc [AM véi cat tuyén JGE, ta c6 JAEM Gl =1= M ZH ]D
" ]E;:“ZG ]AC];IZDV} 1 AM 1 /EA J1
Dodé6 — = — 1=z —-1=s|=—+1|-1=(5—-1) =
COEM T EM 3 EM 3 EM+) (]D )
21D 2IK 2r SG M EG 2r
= = = — = *—.—— = —. Tuong tu ta thdy cdc duong

3 JD  3/M  3M SO R 'EM 3R
thang Euler ctia cdc tam gidc IAC, IAB ciing di qua diém S dugc xac dinh nhu
trén, suy ra dpcm.

(Diém Feuerbach) Trong mot tam gidc, dudng tron Euler tiép xuc
trong v6i dudng tron ndi tiép ctia né, va tiép diém dé duge goi la diém Feuer-
bach ctia tam gidc trén, ngoai ra dudng tron Euler con tiép xtic ngoai véi 3
duong tron bang tiép cda tam gidc.

Chung minh.

Ta c¢6 nhan xét sau:
<m(74 + n(ﬁ + pO?)z = R? <m2 +n?+ p2> —|—mn.OT‘§O? + np.O?.O? + pm(YO*/i
= R? (mz +n? + pz) + mn <2R2 — cz> +np (ZR2 — a2> +pm <2R2 — b2>
=R?>(m+n+p)* — (mn.c2 + np.a® + pm.b?
OH = OA + 0B + 0C; s { 2p01 = aOA + bOB + cOC

Ttr cac hé thic vector quen thudc: ~
' 1 ' {aﬁﬁbféwﬁ_o 2pOF = pOA + pOB + pO

Do d6 OF — Ol = IE = _a(D—/i-l——(ﬁ—}— O?apdungnhanxet ta
co:
e R (p=b)(p-ca®+(p—c)(p—a)b’+ (p—a)(p—b)c2

4 4p?

Mat khac, ta co

4((p=b)(p =+ (p—c)(p— )b + (p—a)(p — b)?)
=at+vt+ct -2 <a2b2 +b?c + c2a2> + 4pabc

= 4pabc — 165% = 16pSR — 16p*r*> = 16p*r(R — 1)

Trang 67



Mathscope.org

(khai trién cong thirc Hérone S = \/p(p —a)(p—Db)(p—rc))

R? R\’ R
VéyEIZZZ—RrJrrZ: (E—r) :>EI:E—r,suyradpcm.

Dé chiing minh duong tron Euler tiép xtic ngoai véi duong tron bang tiép, ta sit

— £
dung hé thuc vector —ala—A> + blﬁ + clu? = 0, (Irq) 1a duong tron bang tiep
trong goc A cua tam gidc.

Tuong tu nhu trén, ta co Iﬁ = O? — O—I,: = L(ﬁ + Lﬂ_b@ +
2(p—a) 2(p—a)

p—a—co

2(p—a)
SuyraIaE2=R—2—;(P(P—a—b)-czw(v—a—C>-b2+(p—a—b)(p—a—C)-az)
4 4(p-a)
R? 1 ) R? 1 2 o )
_Z—m<—45 +abc(a—p))—z—m<—4(p—a) 17 —R(p—a) .ra)
, p ) p
R R R
:Z—I—rg—i—Rra:(E—l—ra) :>IaE:§+ra:>dpcm.

Goi M, N, P 1a trung diém céc canh tam giac ABC thi trong s6 3 doan thang
FM,FN, FP c6 mot doan do dai bang tong do dai hai doan con lai (F 1a diém
Feuerbach cta tam giac)

(Diém Kosnita) Cho tam giac ABC, tam ngoai tiép 0. X,Y, Z theo
thit tu la tam ngoai tiép cac tam giac BOC, COA, AOB. Khi d6 cac duong thang
AX, BY,CZ dong quy tai diém Kosnita ctia tam giac ABC.

Chirng minh. Ta xét bai toan téng quat sau: Cho tam giac ABC, tim ngoai tiép O.
Céc tiép tuyén tai A, B, C cta (O) cat nhau tao thanh céac giao diém A’, B/, C'. Goi
5 PSRN '~ . - OX OY 0Z
X, Y, Z lan luot la cac diém chia doan OA’, OB’, OC’ theo ti s0 ) . .
OA’ OB’ OoC’

d6 cac duong thang AX, BY, CZ dong quy.

Goi H la truc tam tam giac ABC, M la trung diém BC. Gia st duong dang giac
cia AX trong géc BAC cat OA’ tai X' va L la giao diém ctia AX’ va OH. Do O
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Va H la 2 diém lién hdp dang gidc trong tam giac ABC nén OAX = HAX =

AXO,0X'A = HAX' = XAO = AAOX' ~ AXOA = OM.OA = 0A? =
ray'd OA/ ox/ ey
OX.0X'. Suy ra ox'_ o4 _ 1 OL _0ox'_ OX _ 1 = L c6 dinh
OM OX t LH AH 20M 2t
= AH di qua diém lién hgp dang giac L' ctia L trong tam giac ABC cb dinh.

2 1
Tuong ty cac duong thang BY,CZ di qua L'. Khi t = 5 thi X, Y, Z la tdim ngoai
tiép cac tam giac BOC,COA, AOB thi AX, BY,CZ dong quy tai diém Kosnita la
diém lién hgp dang gic ctia tam Euler trong tam gidc ABC.

(Piém Musselman, dinh ly Paul Yiu vé diém Musselman) Cho
tam giac ABC ndi tiép (O), cac diém A’, B/, C' 1an lugt dbi xtiing véi A, B, C qua
cac canh dbi dién. Khi d6 cac duong tron (AOA’), (BOB'), (COC’) c6 mot giao
diém chung (khac O) 1a &nh ctia diém Kosnita qua phép nghich dao dudng tron
ngoai tiép tam gidc ABC (tic la OK.OM = R?, K la diém Kosnita, M la diém
Musselman)

Chung minh.

Goi M va E lan lugt 1a anh ctia diém Kosnita K va A’ qua phép nghich dao
duong tron (ABC). Khi d6 ta c6 OK.OM = OA? = OE.OA" = AOAK ~
AOMA,AOAE ~ AOA' = OMA = OAK,0A’A = OAE. Ta c6 diém Kos-
nita K Vé tam Euler N, O va truc tam H la 2 cap diém lién hop dang gidac =
OAK = NAH. Mt khéac, néu goi O’ 1a diém ddi xung véi O qua BC BC thi AHO @)
la hinh bmh hanh = A, N A, N, O’ thang hang = NAH = O'AH = OA’A = OAK =
OA’A = OMA = OA'A = O, A, A', M dong vién. Tuong tu vdi 2 dudng tron
con lai ta suy ra dpcm.

Pinh 1y Paul Yiu vé diém Musselman: Véi gia thiét nhu trén thi 3 duong tron
(AB'C'),(BC'A"), (CA'B’) ciing di qua diém M.

Trang 69



Mathscope.org

Tac6 (MB, MC') = (MB', MO) + (MO, MC') = (BB, BO) + (CO,CC') = (BB', BC) +
(BC, BO) +(CO,CB) +(CB,CC') = 2 — (CB,CA) + 2 — (BA, BC) +2(AC, AB) =
3(AC,AB) (mod )

Mit khéc, (AB', AC') = (AB', AC) + (AC, AB) + (AB, AC') = 3(AC, AB) (mod 7)

= (MB',MC') = (AB’, AC") (mod 7) = M, B/,C’, A ddong vién (dpcm)

(Diém Gilbert) Cho tam gidc ABC, diém Musselman M. My, My, M3
1a cac diém dbi xing v6i M qua cac canh tam gidc. Khi d6 cac duong thang
AM;1, BM,, CMj3 dong quy tai mot diém trén duong tron ngoai tiép tam gidc.

Chung minh.

Goi giao diém cua AM; va BM; 1a G. Ta co:

(GMy,GB) = (AM;, AB) + (BA,BM,) = (A'B,A’M) + (B'M,B’A) = (C'B,C'M) +
(C'M,C’'A) = (C'B,C’A) = (CA,CB) (mod 71) = G nam trén (ABC). Ching
minh tuong tu, ta c6 dpcm.

(Khai niém duong tron cuc cta tam gidc ti) Cho tam giac tu ABC.
Chan cac duong cao déi dién cac dinh 1a H,, H,, H,. Khi d6 duong tron cuc cta
tam gidc la duong tron c6 tam la H va ban kinh r xac dinh béi v = HA.HH, =
HA.HH, = HA.HH. = —4R? cos A cos Bcos C = 4R* — % <a2 + b+ c2>
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C
.-

D .

Pudng tron cyc ctia tam giac tit c6 tinh chat: cho 3 diém bat ki chuyén dong trén
cac duong canh cta tam gidc ABC dung cac duong tron ¢6 duong kinh la doan
thang néi mot dinh vé6i diém chuyén dong trén canh dbi dién thi khi d6 vong cuc
clia tam gidc truc giao vdi tat ca cac duong tron dé (2 duong tron duge goi la truc
giao v6i nhau néu chiing c6 2 giao diém va tai méi giao diém thi tiép tuyén cda 2
duong tron tai giao diém d6 vudng goc véi nhau).

(Truc Lemoine) Cho tam giac ABC noi tiép duong tron (O). Tiép
tuyén tai A cia duong tron cat duong thang BC tai X. Dinh nghia tuong tu cho
Y, Z.Khi d6 X, Y, Z thang hang va duong thang di qua X, Y, Z duoc goi la truc
Lemoine ctia tam giac ABC.

Chung minh.

Cdch 1:

Hai tam gidc ABX va CAX dong dang =
Tuong tu, ta co Y:C = BC* Z_A = CAz.

" YA BA?’ 7B  CB?

dung dinh ly Menelaus, ta c6 dpcm.

Cch 2:

Goi S la giao diém ctia BY va CZ = BC la dudng dbi cuc cua S déi véi (ABC) =
duong dbi cyc cia X di qua S. Mt khac AX 1a tiép tuyén ctia (ABC) tai A =
duong ddi cuc ctia X di qua A. Do d6 AS la duong dbi cuc ctia X déi véi (ABC).

XB  AB XA_AB:>X_B_AB2
XA  AC’XC  AC ~ XC AC*

Nhan theo vé 3 dang thtic trén va ap

Tir cach xac dinh diém S, ta suy ra AS la duong dbi trung cta tam giac ABC (xem
muc 2.3). Suy ra 3 dudng dbi cuc cta X, Y, Z 1a 3 duong dbi trung trong tam giac
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ABC = X,Y,Z thang hang va duong thang XYZ la duong dbi cuc ctia diém
Lemoine d6i v6i (ABC).

(Tam Morley) Tam Morley thit nhat 1a tdm ctia tam gidc Morley.
Tam Morley thit hai la tam phoi canh ctia mot tam giac voi tam giac Morley cta
noé (tam phéi canh, néu cg, cta 2 tam gidc la diém déng quy cua 3 duong théng
noi cac dinh tuong ting ctia 2 tam giac)
Chitng minh: (sy ton tai tim phéi canh ctia 2 tam giac)

Chung minh.

Trong tam gidc ABC c6 AD, BD,CD dong quy tai D, theo dinh ly Céva dang
sin, ta co

. . /\ . . 2B . C
sin BAD.sin CBD.sin ACD sinBAD  Smt5-Sinz .
— — — =1 = — = B 2C.Tu’0ngt1_1v012
sin CAD.sin ABD.sin BCD sinCAD sin — sin —
3 3

diém E, F, ta suy ra AD, BE, CF dong quy (dpcm)

(Tam Spieker va dudng thang Nagel) Cho tam giac ABC; A, B/, C’
la trung diém cac canh tam gidc. Tam Spieker dugc dinh nghia la tim ndi tiép
tam giac A’B'C’. Ta c6 4 diém trong tam, tdm ndi tiép, diém Nagel, tim Spieker
cing nam trén duong thang Nagel ctia tam giac ABC.

Chung minh.

Trudc hét, ta cd nhan xét sau: cho cac diém M, N, P thudc cac duong th:fmg BC,CA, AB
va thoa man
a+p+y#0

ﬁ]\ﬁ—kvmzym—kam:alﬁ—kﬁﬁ:ﬁ
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Khi d6 AM, BN, CP dong quy va 2OA + ﬁ(ﬁ + ’y(Yj = 7. (chtiing minh bang
cach st dung dinh ly Céva va dinh ly Van Aubel).

Goi M, N, P theo thtt tu 1a cac tiép diém ctia cdc dudng tron bang tiép vdi cac
canh BC,CA, AB. Ta tinh dugc BM = p —¢,MC = p—b,suyra (p —b) ME +
(p—rc) MC = 0. Turdé va 2 hé thuc vector tuong tu, taco (p — a) I\ﬁf—k (p—0) NB +
(p—c NC=T = p@: (p—a)a-l—(p—b)@—l—(p—c)&.Métkhéc,ta
céaIA_—J—bI?_—i;cI%_:) 0= 2p5f = a@+b@+c(ﬁ. Do déZpCﬁ—i—pCﬁl =
0= GN =2GI = IN = 3IC.

Xét phép vi tu tam G, t s6 —2 bién tam gidc A’'B'C’ thanh tam giac ABC = Gl =
2@, suy ra dpcm.

Ngoai ra ta con c6 diém Spieker 1a tdim dang phuong ctia 3 dudng tron bang tiép
tam giac ABC.

(Hai diém Fermat) Cho tam giac ABC. Dung ra phia ngoai (vao
trong) AABC cac tam giac déu BCM, CAN, ABP. Khi d6 tdm phbi canh ctia hai
tam giac ABC va MNP duoc goi 1a diém Fermat thit nhat (thit hai) hodc con
goi 1a diém Fermat duong (am).

Ching minh. Goi giao diém cua AM, BN, CP véi BC,CA,AB la X,Y,Z. Ta c6

XE  Supy  BM.BA.sin (BM;BA

e . Tuong tu, tasuy ra —.—.— =
XC  SiacM]  CM.CA.sin (CM;CA XC

sin (ﬁ/l, ﬁ) .sin (C—I>\l,@> .sin (ﬁ;A >
sin (CT/L C_1>4> .sin (zﬁ,z@) .sin (ﬁ,ﬁ
<ﬁ, R) = (ﬁ,ﬁ) + <zﬁ, R) = (R,ﬁ) + (zﬁ,zﬁ) = (z@,m)
(mod 7). Tir d6 suy ra dpem.

Trong trudng hop tam gidc ABC khong c6 goc nao qua 120°, diém Fermat duong

5 54)
)

B

. Mt khéc:

con duge goi 1a diém Torricelli va 1a cyc tiéu ctia ham diém f(X) = XA + XB +
XC v6i moi diém X trong mat phang tam giac.
Hai diém Fermat cting v6i tdm ngoai tiép O, tdm dudng tron Euler E ndm trén
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duong tron Lester, duong tron nay truc giao véi duong tron duong kinh GH (or-
thocentroidal circle). Trung diém ctia 2 diém Fermat ndm trén dudng tron Euler
cta tam giac ABC.

(Diém Parry reflection) Cho tam giac ABC. Ké qua A, B, C cac
dudng thang &, B, v song song vdi dudng thang Euler ctia tam gidc. Goi a/, 8,9/
la cac duong thang dbi xing véi «, 8,7 qua BC,CA, AB. Khi d6 cac duong
thang nay dong quy tai diém Parry reflection ctia tam giac ABC.

Chung minh.

Goi H, O la truc tam, tdm ngoai tiép tam gidc ABC. Phép vi tu tam O, ti s6 2 bién
tam giac ABC thanh tam gidc A;B;C; = duong thang Euler ctia 2 tam gidc nay
triing nhau. Ay, By, C; 1a cac diém dbi xing véi A, B, C qua cac canh déi. Goi giao
diém ctua AA; v6i BC, B1Cy 1a D, F. E 1a trung diém BC.

Taco HA; = AA,— AH =2 (AD — OE) =2 (AH + HD — OE) =2 (HD + DF) =
2HF. Do d6 A, dbi xiing v6i H qua B;C;. Tir d6 suy ra &’ dbi xing véi duong
thfing Euler cua tam giac A1B1C; qua B1Cy. Tuong tu véi cac duong thfmg con

lai, ta suy ra &/, B/, 4’ dong quy tai mét diém trén dudng tron ngoai tiép tam giac
A1B1C; (dinh ly Collings)

(Buong tron Taylor, tdim Taylor) Cho tam gidc ABC, cac duong
cao AD, BE, EF. Ta c6 6 chan cac duong vuong goc ha tir D, E, F xubng cac canh
tam gidc ciing nam trén dudng tron Taylor clia tam gidc va tim ctia dudng tron
nay dugc goi la tam Taylor cua tam gidc.

Chung minh.

Trang 74



Mathscope.org

Tac6 (SM,SP) = (DA,DP) = (HA,HE) = (FA,FE) = (NM,NA) (mod n) =
M,N,S,P déng vién. Tuong tu cho cac bo 4 diém (R,S, M, Q), (P,Q,R, N). Lai
6 (RM,RQ) = (SM, SQ) = (SM, SP) + (SP,SQ) = (NM,NA) + (NP,NQ) =
(NM,NQ) (mod )

= M,N,Q,R d6ng vién, suy ra dpcm.

(Piém Bevan) Cho tam gidc ABC. I;, I, I 1a cac tam bang tiép.
Khi d6 tam ngoai tiép tam giac I, I I. dugc goi 1a diém Bevan ctia tam giac ABC.

Chung minh.

Mot s6 tinh chat ctia diém Bevan:

1. Ta thdy tam noi tiép I ctia tam gidc ABC la truc tdm cta tam giac 1,1, 1., tim
ngoai tiép O ctia tam gidc ABC la tam duong tron 9 diém ctia tam giac 1,1, I.. Suy
ra O l1a trung diém cta I va B,.

2. Tam Spieker 1a trung diém ctia tryc tim H va diém Bevan.

3. Diém Bevan la trung diém ctia diém Nagel va diém de Longchamps, trong d6
diém deLongchamps 1a diém ddi xiing vdi truc tdm qua tdm dudng tron ngoai
tiep.

(Diém Vecten) Cho tam gidc ABC, dung ra phia ngoai (vao trong)
3 hinh vudng trén cac canh tam giac. Khi d6 duong néi mot dinh cta tam gidc
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voi tam hinh vuong dung trén canh débi dién déng quy tai diém Vecten ctia tam
giac ABC.

Chung minh.
G
N E
H N —
— A S ———
/
Ce / ® |
L , s
-_Egl |C / B H /f C
L\ I'| /N /
ll g I| F‘\\\x ,j
o e

Theo dinh ly Kiepert thi diéu nay hién nhién va cting dé dang suy ra c6 2 diém
Vecten trong (ngoai) hay duong (4m). Ta c6 tinh chat sau vé diém Vecten: 2 diém
Vecten thang hang véi tim dudng tron Euler ctia tam gidc ABC.

(Piém Mittenpunkt) Cho tam giac ABC, I;, I, I 1a cac tam bang
tiép. D, E, F 1a trung diém céac canh tam gidc ABC. Khi d6 cac duong 1,D, I, E, I.F
dong quy tai diém Mittenpunkt ctia tam giac ABC.

Chung minh.
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inT,.cos I inI.cos [, —s .
Ta ¢6 21D = LB + L,C = %m n %Iuh. Chiéu hé thiic trén
b c

in I.. I, —— in [j,. Ij——
theo phuong I,D lén truc I,I, ta c6 MXIC + MXIZ, =0=
sin I, sin I,

XI, sin I,
XI.  \sinl,
Ta c6 mdt s6 tinh chat sau ve diém Mittenpunkt:

2
) (X la giao diém ctia I,D véi I,I;). Tuong tu, ta suy ra dpcm.

1. Goi M, N, P 1a céc tiép diém ctia dudng tron ndi tiép tam giac vdi cc canh thi
I,M, I,N, I.P dong quy tai diém lién hop dang giac véi diém Mittenpunkt trong
tam giac ABC.

2. Diém Mittenpunkt, truc tam va tam Spieker thang hang.

3. Diém Mittenpunkt, tim noi tiép va diém Lemoine thang hang.

4. Diém Mittenpunkt, trong tdm va diém Gergonne thang hang vé6i G,G : GM; =
2:1.

5. Diém Mittenpunkt 1a diém Lemoine ctia tam giac I, I} ..

(Diém Napoleon) Cho tam giac ABC, dung ra phia ngoai (hay
vao trong) cac tam giac déu trén cac canh BC,CA, AB. Khi d6 duong néi mot
dinh ctia tam giac v6i trong tim tam gidc déu dung trén canh dbi dién dong
quy tai diém Napoleon ctia tam giac ABC.

Chirng minh. Ap dung dinh ly Kiepert, ta c6 ngay dpcm.

(Puong tron Adam) Cho tam giac ABC v6i diém Gergonne J. Goi
(I) 1a duong tron ndi tiép tam giac ABC, tiép diém ctia (I) trén BC,CA, AB lan
lugt 1a D, E, F. Duong thang qua J song song véi EF cat AB, AC & S, P. Duong
thang qua | song song v6i DE cat AC,BC & Q, M. Pudng thang qua | song
song vdi DF cat BA,BC & R, N. Khi d6 cac diém M, N, P,Q,R,S cuing thudc
mot duong tron goi la duong tron Adam caa tam giac ABC.

Chung minh.
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Duong thang qua A va ] song song véi BC tuong ung cat DE, DF & (H,K), (V, T).
lezhéy:AK BD C AF BF EC

AH ~ BD'DC'AH _ FB'EC AE 1=AK=AH=]JT=]V

Dé y rang JTDN va JVDM la hai hinh binh hanh nén ta cing c6 DM = DN.
Két hop v6i ID L BC tacd IM = IN. Tuong tu IP = IQ,IR = IS. Ta c6
IC L DE = IC L MQ; IC di qua trung diém DE = IC di qua trung diém
MQ (theo Thales), do dé tam gidc IMQ can tai [ = IM = IQ. Tuong tu ta cing
c6 IN = IR. Tix cac khang dinh trén ta suy ra diéu can ching minh.

Goi X, Y, Z 1a cac giao diém ctia cac cap duong thang (MS, NP), (NP.RQ), (RQ, MS)
thi diém Gergonne ctia AABC la diém Lemoine cua AXYZ.

(Tam gidc Fuhrmann, duong tron Fuhrmann) Cho tam gidac ABC
ndi tiép (O). Goi D, E, F 1a trung diém cac cung BC,CA, AB khong chuia dinh
dbi dién. Lay cac diém trén ddi xiing qua cac canh tuong tng ta duge 3 diém
M, N, P. Tam giac MNP dugc goi la tam giac Fuhrmann cua tam giac ABC
va dudng tron ngoai tiép tam giac MNP duge goi 1a duong tron Fuhrmann.
Duong tron Fuhrmann la mét truong hop riéng ctia duong tron Hagge.

A
E
F
/
B C
D
Tinh chat:
Y a®+3abc — ¥ a®’b | Sapc
LS _(a+b+c)0I* sym
POMNP T 4R ~ (b+c—a)(c+a—Db)(a+b—c)
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2. NP — \/(”b“;ﬁb“_”)omm _ \/(””“)CDEC”_Z’)OI;MN _

a+b+c)(a+b—c

\/( tbtc)(atb—o) .
ab )

3. Truc tam cta tam giac Fuhrmann trung véi tam duong tron ndi tiep caa tam

giac ABC.
4. Tam dudng tron chin diém ctia tam gidc Fuhrmann va tam gidc ABC trung

nhau. Ban kinh duodng tron ngoai tiép tam gidc Fuhrmann bang OI.
5. Tryc tdm va diém Nagel cia AABC nam trén dudong tron Fuhrmann va doan
thang nbi ching 1a mot dudng kinh ctia dudng tron Fuhrmann.

(Hinh lyc gidc va duong tron Lemoine thit nhat) Cho tam giac
ABC, diém Lemoine L. Qua L ké cac duong thang song song véi cac canh cat
cac canh con lai tai M,N,P,Q,R,S. Luc gidc MNPQRS dugc goi la luc giac
Lemoine thit nhat ctia tam giac ABC. Luc gidc Lemoine thit nhat noi tiép trong
duong tron Lemoine thi nhat ctia tam giac.

Chung minh.

S L \P

M ~—" N

Goi T la giao diém cta AL va RQ; m, n lan luot la khoang cach tir T dén AB, AC.
Tix gidc AQLR la hinh binh hanh nén T la trung diém RQ = Satr = Sarg =

m.AR = n.AQ
. AQ m __ AB —

Tuong tu, ta <6 ACBA ~ ACPN = CBA = CPN. Suy ra AQR = CPN = QPNR
1a hinh thang can. Do d6 4 diém N, P, Q, R dong vién. Tuong ty, ta ¢ 4 diém
Q,R,S,M d@)ng vién. Mat khac, ta c6 A/-Q\R = A/BTZ = Z\SP = P,Q,R,S déng
vién. Suy ra luc giac MNPQRS ndi tiép (dpcm)

Tinh chét:

1.MN:PQ:RS=a®:0>:¢°

2.NP = QR = SM

3.BM: MN:NC=c*:a*:

4. Tam cua luc gidc Lemoine thtt nhét la trung diém doan OL.

abe/a?b? + b2c2 + 2a2 R*+ R
g , t d Z R ]_\ b , k,
(a2 4+ b2 + 2) A4S opc 1 rong do R la ban kinh

5. Ban kinh R; =
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duong tron Lemoine thi hai.

(Hinh luc giac va duong tron Lemoine thit hai)
Khdi ni¢m vé duong doi song (antiparallel): Cho tam gidc ABC. Chon 2 diém D, E
trén AB, AC sao cho tam gidc AED dong dang védi tam gidc ABC. Khi d6 DE va
BC dugc goi la cadc duong ddi song trong goc A.
Tinh chat cua duong dbi song: Puong dbi trung ludén di qua trung diém ctia
cac duong doi song tuong tng véi cing mot dinh.
Két qua vé hinh luc gidc va duong tron Lemoine thit hai: Cho tam giac ABC
va diém Lemoine L. Qua L ké cac dudng dbi song tuong tng véi cac canh ctia
tam gidc ABC cat cac canh con lai tai M, N, P, Q, R, S. Khi d6 luc gidc MNPQRS
dugc goi la luc giac Lemoine thit hai ctia tam giac ABC. Luc giac Lemoine thua
hai noi tiép trong dudng tron Lemoine thit hai ctia tam giac, con dugc goi la
duong tron cosin (cosine circle).

Chung minh.

_—

Vi SP, RN la cac duong doi song trong AABC nén ta c6 ASL = ACB = BRL =
ALRS cantai L = LR = LS. Tuong tu, tacé LM = LN, LP = LQ.

Mat khéc, L la trung diém SP (tinh chat duong dbi song), suy ra LM = LN =
LP =LQ = LR = LS. Do d6 6 diém M, N, P,Q,R, S cung nam trén mot duong
tron tam L.

Tinh chat: b

1. Ban kinh R, = m \

2. Cac cap doan thang (MN, QR), (PN, RS), (PQ, SM) song song va bang nhau.
D06 dai cua cac doan thfmg MN, PQ, RS ti1é véi cosin ctia cc goc cia AABC, diéu
nay giai thich cho tén goi duong tron cosin.

(Hinh binh hanh Varignon cuaa ti giac) Cho tu giac ABCD c¢6
M, N, P,Q lan lugt 1a trung diém cta AB,BC,CD,DA. Khi d6 M,N,P,Q la
bén dinh ctia mot hinh binh hanh goi 1a hinh binh hanh Varignon ctia ti giac
ABCD.

Chung minh.
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MN, PQ tuong ung la duong trung binh cta cac tam giac ABC va ACD =
AC
MN//PQ,MN = PQ = - Do d6 MNPQ Ia hinh binh hanh (dpcm)
(Diém Euler cta ti gidc noi tiép) Cho ti gidc noi tiép ABCD.
H,, Hy, H., H; lan luot 13 truc tAm cac tam giac BCD,CDA,DAB, ABC. Khi

d6 cac duong thang AH,, BH,, CH,, DH; dong quy tai diém Euler cta ti gidc
ABCD.

Chung minh.

Ta c6 AH. va CH, song song va cling bang 2 1an khoang cach tir O dén BD nén
ta giac ACH,H, 1a hinh binh hanh, suy ra AH, va CH, giao nhau tai trung diém
ctia moi duong. Tuong tu ta suy ra dpem.

Ta c6 mot so tinh chat sau ve diém Euler:

1. Biém Euler d6i xing véi tdm O ctia dudng tron ngoai tiép ti giac qua trong
tam G cuda tu giac.

2. Diém Euler ndm trén dudng vudng goc ha tir trung diém mot canh tdi canh dbi
dién (hodc trung diém dudng chéo tGi duong chéo con lai).

3. Diém Euler nam trén dudng thang Simson ctia dinh A véi tam gidc BCD, tuong
tu vdi 3 dinh con lai.

4. Puong tron 9 diém ctia 4 tam giac ABC, BCD,CDA, DAB doéng quy tai diém
Euler.

(Puong thang Steiner ctia tir giac toan phan) Cho tir gidc toan
phén ABCDEF. Khi d6 truc tam caa cac tam gidac AEF, DCE, ABC, BDF cung
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nam trén duong thang Steiner ctia ti gidc toan phan.

Chung minh.

Goi H;, Hy, H3, Hy 1an luot 1a truc tAm cac tam giac AEF,DCE, ABC,BDF. Goi
X,Z la trung diém céc duong chéo BE, AD. Ta ¢6 Py,,(x xp) = H2P.HRE =
H,Q.H,D = Py, /(7,7p)- Do d6 Ha nam trén truc dang phuong cta hai duong
tron (X, XB) va (Z,ZD). Tuong ty vdi 3 diém con lai, ta suy ra dpem.

(Puong thang Gauss ctia ti giac toan phan) Cho tir gidc toan
phan ABCDEF. Khi d6 trung diém cac duong chéo cting nam trén mot duong
thang dugc goi 1a duong thang Gauss ctia ti giac toan phan.

Chung minh.

Goi M, N, P la trung diém cac duong chéo BE, CF, AD; I]K 1a tam gidc trung binh
cta tam giac ABC. Khi d6 cac diém M, N, P nam trén cac canh ctia tam giac I]K.
Ap dung dinh 1y Thales, ta c6:

MK _EANI 5Pl _DC_ WKNIFl _EATE
MI EC NJ FA PK

dpem.

@

™
<
2
g
~
T
0
<z
38

(Diém Miquel cta ti gidc toan phan) Cho ti giac toan phan
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ABCDEF. Xhi d6 cac dudng tron ngoai tiép cac tam giac AEF, DCE, ABC, BDF
dong quy tai diém Miquel ctia ti gidc toan phan.

Chung minh.

()
<
o

Goi M la giao diém khac E ctia (AEF) va (CDE). Ap dung dinh ly Miquel cho
tam gidc DBF va 3 diém C, E, A ta ¢6 (ABC) di qua M.
Vay M nam trén dudng tron ngoai tiép tam giac ABC. Tuong ty, ta suy ra dpcm.

(Pudng tron Miquel ctia tit gidc toan phan) Cho tit gidc toan phan
ABCDEF, ta c6 diém Miquel M va tdm ngoai tiép cac tam gidc AEF, CDE,
ABC, BDF cung nam trén dudng tron Miquel ctia ti gidc toan

Chung minh.

G0i 01,07, 03,04 1a tam ngoai tiép cactam giac AEF,CDE, ABC,BDF.Goi X, Y, Z
la trung diém cac doan thang MD, MC, MB. Ta ¢6 MD la giao ctia (O4) va (O»)
nén 040, L MD. Tuong tu, ta c6 MY L O30,, MZ L O304. Mat khac, X, Y, Z
thang hang (theo Thales). Do d6 theo dinh li ddo vé dudong thang Simson ta c6
M,0,,03,04 déng vién. Tuong tu, ta suy ra dpcm.
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